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A O [ay any Twing in Praife of the
84 enfuing Treavife, were an Ate
B sempr as needle[s and impertia
nent, asto write & Panegyrick
on its Auwthor. ’Tis enough that the Sub-
ject ¢ Algebra s and thar it was written by
Sir Haac Newton :  Thofe who know any
Thing of the Sciences, need not to be told
the Value of the former ; nor thofe whe
bave beard any Thing of Philofophy and -
 Mathematicks, 10 be inflructed ins the Praifes
of the laster. If any Thing could add to
whe Efteem every Body bhas for the Analytick
Art, it muft be, thar Sir Haac bas conde-
Jeended to handle it 5 nor could axy Thing
‘add to the Opinion the World bas of that
| _ illuffriows




it Tothe READER.

illuffrious Author’s Meris, but thas he bt
written with [0 much Succefs on tlmﬁ Yy oite

z[erful Subject.

"Tis true, we bave already a great many
Books of Algebra, and one might even fur-
nifl a moderase Library purely with Authors
on that Subjed : But asuno Body will ima-
gine that Sir Haac would have taken the
Pains to compofe a new one, bad he not
found all the old ones o{ef"ﬁzve ; [0, it will
be eafily allow'd, that none was, more able
than he, -either to difcover the Errors and
Dicfects in other Books, or to fupply and
reﬁzf}’ them in his own.

The Book was oazgmzzl{y writ for the
private Ufe of the Gentlemen of Cambridge,
and was deliver’d in Leftures, at the pub-
lick Schools, by the Anthor, then Lucafian
Profeffor in that Univerfity. Thus, not be-
 ing immediately intended for the Prefs, the
Authoy - had nos profecuted his Subject [o far
as might otherwifé have been expetted 5 nor
indeed did he ever find Leifure to bring bis
Work to a Conclufion : So that it muf¥ be
obferv'd, that all the Conflruétions, both
Geometrical and Mechanical, which occur
| | towards



Tothe READER., - i
towards the End of the Book, do only [erve
for finding the firft two or three Figures of
Roois 5 the Author having bere only given
us the Conflruttion of Cubick ABquations,
thd’ he bad a Defign to bave added, a ge-
neral Method of conflvulling Biquadratick,
and other bigher Powers, and to bave par-
vicudarly fhown in what Manner the other
Figures of Roots were to be extvalled. In
his unfinifl’d Stave it conting’d till the Year
1909, when Mr. Whilton, the Author’s
Succeffor in the Lucalian Chair, confidering
that ir was bus [mall in Bulk, and yet am-
ple in Matter, not too much crowded with
Rules and Preceprs, and yes well furniflid
with choice Examples, { [erving not  only
as Praxcs on the Rules, but as Inflances of
the grear Ufefulnefs of the drt itfelf 5 and,
in fbort, every Way qualify’d to conduct the
young Student from bis firfb [etting our on
this Study ) thought it Pity [o moble and
ufeful a Work [bould be doowid to aCollege-
Confinement, and obtain’d Leave to make
it Publick., And in order vo [upply whas
the Author had left undone, f[ubjoyw’d the
General and sruly Noble Method of extract-
ing the Roors of Ahgquarions, publif’d by

Dr.



v Tothe READER

Dy, Halley i the Philofophieal Tranfaél-

ons, having fir@ procur’d both thofe Gentle-
? y » N .

men’'s Leave for bis [o dving.

- ds 30 the publifbing a Tranflation of this
Book, the Editor @ of Opinion, that ’tis
enough 1o excufe his Undertaking, thar [uch
Great Men were concerin'd in the Original 3
and is per[waded, that the [ame Reafon
which engag’d Sir Haac ro write, and Mr.
Whifton to publifb the Latin Edition, will
bear him ous in publifhing this Englith one -
Noyr will the Reader vequive any farther E-
vidence, that the Tran(lazor bas done Fuftice
to the Original, after I bave affur’d him,
that Mr. Raphfon and Mr. Cunn were
bath concern’d in this Tranflation.

Univerfal



Univerfal Arithmetick ;

TREATISE

Arithinetical ComposiTIoN
~ and RESOLUTION.

lOMPUTATIQN is éither perforid by

| Numbers, as in Vuolgar Arithmetick, or by
| Species, ‘as ufual among, Algebraifts, They are
% both biilr on the fame Foundations, and aim
SN at the fame End, wiz. Arithmetick Definite-
${0 1y and Particulatly, 4lgebra Indefinitely and

- " Univeifally ; fo that almoft all Expreffions
that are found otit by this Compttation, and particalarly Con=
clufions, may be call’d Theorems: But Algebra is patticularly
excellent in thig, that whereds in Arithmetick Queftions are:
nly tefolv’d by proceeding from given Quantities to the
&aantities fought, Algebra pfocécds‘, in a rettograde Ofr’der,
aepantiies 10 erRE! et = fom
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fiom the Quantities fought as if they were given; to the
Quantitics given as if they were fought, to the End that we
may fome Way or other come to a Conclufion or Aquationy
from which one may bring out the Quantity fought. And .
after this Way the moft difficult Problems are refolv’d, the
Refolutions whereof would be fought in vain from onlycom-
mon Arithmetick, Yet Arithmerick in all its Operations s,
fo fubfervient to Algebra, as that they feem both but to make
one perfect Science of Computing ; and therefoxe I will explain
them both together, L G e

‘Whoever goes upon this Science, muft firft underfland’-the
Signification of the Terms and Notes, [or Signs] and leatn® -
the fundamental Operations, viz. Addition, Subffrallion, Mul-
siplication, and Divifion ; Extrattion of Roots, Reduttion of Fra=
ttons, and Radical Quantities; and the Mechods of ordering the
Terms of e Lquations, and exterminating the snknown Quanti-
ties, (where they arc more than one), Thenlet [the Learner]
proceed to exercife [or put in Praétice] thefe Operations, by
bringing Problems to Aquations ; and, lafily, let him [learn
or] contemplate the Nature and Refolution of Aquations.

Of the Signification of fome Words and Notes.

By Number we underftand ‘not fo much 2 Multitude of U
nities, as the abfiradted Ratio of any Quantity, to another
Quantity of the fame Kind, which we take for Unity.

[Number] is threefold ; integer, fradted, and furd, to which -
Iaft Unity is incommenfurable. Every one underftands’ the
Notes of whole Numbers, (0, 1, 2, 3, 4, %, 6; 7,8, 9) and the
Values of thofe Notes when more than one are fec together, But
as Numbers plac’d on the left Hand, next before Uhity, denote
‘Tens of Units, in the fecond Place Hundreds, in the third
Place Thoufands, &¢, Io Numbers fet in the firft Place after
Unity, dencte tenth Parts of an Unit, in' the fecond Place
hundredth Parts, in the third thoufandth Parts, ¢¢, and thefe
ave call'd Decimal Frattions, becaufe they always decreafe in a
Decimal-Ratio § and to diftinguifh the Integers from the Deci-.
mals, we place.a Comma, or a Point, ora feparating Line :
Thus theNumber 732 L56g denotes feven hundred thirty twe |
Units,  together witly five tenth Parts, fix centefimal, or
hundredeh " Parts,  and nine millefimal, or thoufandth Pares
of Unity, - Which are alfo written thus 732, L5éo 5 or

‘thus, v32.860 3 or alfo*thus, 732 Lg6g, and fo the Number.
571 2093 fifty feven thenfind one’ hundred and four Units,
s : - " together
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together with two tenth Parts, eight thoufandth Parts, and
three ten thoufandth Parts of Unity ; and the Number 0,064
denotes fix centefimals and four millefimal Parts. The Notes
of Surds and frated Numbers are fet down in the follow-
ing [Pages], : o \

When the Quantity of any. Thing is unknown, or look'd -
upon as indeterminate, fo that we can’t exprefs it in Numbers,
we demniote it by fome Species, or by fome Letter, And if we:
confider known Quantities as indeterminate, we denote them,
for Diftin&tion fake, with the initial [or former] Letters of the
Alphabet, as 4, b, ¢, d, &c. and the unknown ones by the fi-
nal ones, z,y, &, &c.  Some fubfticute Confonants or great
Letters for known Quantitics, and Vowels or little Lettersfor
the unknown ones, - ;

Quantities are either Affirmative, or greater than nothing ;
or Negative, or lefs than nothing. Thus in humane Affairs,
Pofleflions or Stock may be call'd affirmative Goods, and Debts
negative ones.  And fo in local Motion, Progreflion may be
cajl'd affirmative Motion, and Regreflion negative Motion ¢
becanfe the firft angments,and the other diminifhes[the Length
of ] the Way made, And after the fame Manner in Geome-
try, if a Line drawn any certain Way be reckon'd for Affir-
mative, then a Line drawn the contrary Way may be taken
for Negative : Asif 4 B be drawn to the right, and B C'to
the left 5 and .4 B be reckon’d Affirmative, then B ¢ will be
Negative ; becaufe in the drawing it diminithes .4 B, and re<
duces it either to a fhorter, as 4 C, or to none, if € chances’
to fall ypon the Point A4, or to a lefs than none, if BC be
lenger than 4 B from which it is taken [vide Fig. 1.] A
negative Quantity is denoted by the Sign — ; the Sign ~-is
preficd to an affirmative one ; and T- denotes an uncertain
Sign, and i a contrary uncertain one, ‘

In an Aggregate of Quantities the Note < fignifics, - that
the Quantity it is prefix’d to, is to be added, and the Note —-,
that it is to be fubtradted, And we ufually exprefs thefe
Notes by the. Words Plus (or amore) and Adinus (or lefs).
Thus 2-}-3, or 2 more 3, denotes the Sum of the Numbers
2 and 3, thatis 5, And g§—3, or 5 lefs 3, denotes the Dif-
ference which arifes by fubdu&ling 3 from 5, that is 2:
And —s-}-3 fignifies the Difference which arifes from fubdu&-
ing 5 from 3, that is 2; and 6—1-}3 makes 8, Ao 4-b.

denotes the Sum of the Quantitics # and b, and 4—b the Dif- -

Ference which arifes by fubduing b from a; and a—b--c fig--
nifies the Sum of that Difference, and of the Quantity c.
' o ‘B2 Suppofe



L4 .
Suppofeif abe 5, b 2, and ¢ 8, then a-b will ige 2, angl
a—~b 3, and a—b4-c will be 11, Alfo'2a34 s 54, and‘
gh—oa—b-4-34 is 2b-t-4 5 for gb—1D n}akes 2b, and ‘-—_\—‘mﬁ—gq
makes 24, whofe Aggregate, or Sum, is 1b--24, and {0 in'g.
thers, “Thefe Notes -}- and — are called Signs, ~ And when
meither is prefix'd, the Sign -~ is always to be underflood, =
Mulriplicarion, properly fo call'd, is that which is ‘made by
Integers, as fecking a new Quantity, {o many times greater’
than the Multiplicand, as the Multiplyer is greater than Uni~
ty ; but for want of a'better Word Multiplication is alfo made’
Ufe of in Fra&tions and Surds, to find a new Quantity in the
* fame Ratio (whatever it be) to the Maultiplicand, as the Mul.
tiplier has to Unity, Nor is Multiplication made qnly by’
abftraft Numbers, but alfo by concrere Quantities, as by Lines,
Surfuces, Local Motion, Weights, &, as far as thefe may
be conceiv’d to cxprefs [or involve] the fame Ratio’s to fome -
other known Quantity of the fame Kind, efteern’d as Unity,
as Numbeys do among themfelves. Asif the Quantity A4 be
to be multiply’d by a Line of 12 Foot," fuppofing -a° Line of
2 Foot to be Unity, theré will be produc’d by that Multipli-
cation 6.4, or fix times 4, in the fame manner asif 4 were
to be multiply’d by the abftrad Number 6; for 6.4 isin the -
fame reafon to 4, as a Line of {2 Foot has to aLine of' 2 Foot.
And foif yoy were to multiply any two Lines, 4 C and 4 D;
by one arother, take A B for Unity, and drdw B C, and pa~ .
7allel to it DE, and AE will be the Produ& of this Multi-
plication’; becaufe it isto A D as AC, to Unity AR, [vide
Fig. 2] Morcover, Cuftom has obtain’d, that the Genefis or
Defcription of a Surface, by a Line moving at right Angles
upon ‘another Lin¢, " fhonld be’called’ the Multiplication of
thofe two Liries. " For tho''a Line, however muleiply'd,’ cand
not become a Surface,” and corifequently’ this Genération of a
Surface by Linesis very different from Multiplication, yet they
‘agree in thils, that the Number of Unitiek in €ither Line, mul-
tiply’d by the Number of “Ubities in the other, ‘produces an -
abfiracted Number of Unities' in" the Surface' comprehiended -
arider thofe’Lines, " if the {uperficial Unity be defin’d as it ufed
to be; wix.'-a Square Whofe Sides are’ linear Unities.” *As if -
the right'Line 4 B'confift of four Unities, and .AC of three;
then the Réﬂatlgle' AD will confift of ' four times three, or
15 {quare Unities, as from' the'Scheme will 4ppear, [wide'
Fig. 3"} - And chere is thelike Analogy of » Solid and a Prow:
duct made by ‘the continual ‘Multiplicatioh of three Quanti-.
tids, Aud hence it is, that the Words to mulbiply ints, the
CrEeEe e R R T S A N e e .’fr“ @ori{ehr;i‘
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Contenty a Reflangle, a Square, a Cabe, 2 Dimenfin, a Side;
and the like, which are Geometrical Terms, are made Ufe of
in Arithmetical Operations. For by a Sguare, or Reflangle,
ot a Quantity of two Dimenfions, we do not always under-
ftand a Surface, but mof} commonly a Quantity of fome other
Kind, which is produc’d by the Multiplication of twp other
Quantities, and very often a Line which is produc’d by the
Multiplication of two other Lines. And o we call a Cube,
or Parallelopiped, or a Quantity of three Dimenfions, that which
is produc’d by two Multiplications. We fay likewife the Side
fora Roor, and ufe Dugere in Latin inflead of Adulriply; and.
fo in others, B ol T
" A Number prefix'd before any Species, dinotes that Species
to be fo often to be taken ; thus 24 denotés two 4, 3b three
U’s, 15% fifteen x’s,” Two or more Species, immediately con-
nected together without any Signs, denote a Praduét or Quan-
tity made by the Multiplication of all the Letters together.
Thus 4b denotes a Quantity made by multiplying 2 by b, and
aba denotes a Quantity made by multiplying « by &, and the
Produ& again by ». Asfuppofe, if 4 were 2, and b 3, and
x &, then b would be 6, and aba 30.. Among Quantities
multiplying one another, take Notice, that the Sign x, or
the Word by or ints, is made Ufe of to denote the Produ&
‘fometimes ; thus 35, or 3 by orinto 5 denotes 15 ; but the
+ chief Ufe of thefe Notes is, when compound Quantitics are
multiply'd together ; as if y—2b were to multiply y-+5 ; the
Way 15 to draw a Line over cach Quantity, and then writg
them thus, y—2b into y-4-b, ory—2b X y+b.
" Divifion is properly that which is madc” Ufe of for integer
or whole Numbers, in finding a new Quantity fo much lefs
than the Diyidend, as Unity 13 than the Divifor. But be-
caufe of the Analogy, the Word may allo be ufed when a
hew Quantity is fought, that fhall be in any fuch Ratio to the
Dividend, as Unity has to the Divifor, whether that Divi-
for be a Fraflion or furd Number, or other Quantity of a-
iy other Kind. Thus to divide the Line 4 E by the Line
AC, 4B being Unity, ' you ae to draw ED parallel to CB,
and 4 D wil} be the Quotient, [vide Fig. 4.] Moreover, it
is call’d Diwifibn, by reafon of the Simihmde [it carries with
it] when a Re&tangle is divided by a given Line as a Bafe,
in order thereby to know the Height. N
' One Quantity below another, with a Line interpos’d, de-
hotes @ Quotient, ot s Quancity asifing by the Divifion of
S R e o
" ' i

YRR
[ERE I
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¢he upper Quantity by the lower; Thus ¢ denotes 2 Quan;
tity arifing by dividing 6 by 2, that is 3 ; and § a Quantity
arifing by the Divifion of § by 8, that is one eighth Part of

the Number 5. And %( denotes a Quantity which arifes by
dividing 4 by b ; as fuppofe 4 was 15 and b 3, then fb-—woulc_l
A Do) o e
» p denotes 2 Quaptity arifing
by dividing ab—bb by a-}x; and fo in others, Lo
" Thefe Sorts of Quantities are called Fraftions, and the up-
per Part is calPd by the Name of the Numerator, and the
Tower is call’d the Denominator. ‘ o
Sometimes the Divifor is fet before the divided Quantity,’
[or Dividend] and feparated from it by [a Mark refembling})
an Arch of a'Circle, Thus to denote the Quantity which a+
vifes by the Divifion of v by s—b, we write it thus,
axy 4+b - ;
Altho’ we commonly denote Multiplication by the immes
diate. Conjunction of the Quantities, yet an Integer, [fet] be.
fore a Fradtion, denotes the Sum of both ; thus 3 £ denotes
three and a half. : ‘ S
If a Quantity be multiply’d by it felf, the Number of
Fafls or Produdtsis, for Shortnefs fake, fet at the Top of the
Letter, Thus for aas we write &, for 4aaa 4°, for aanaa a°,
and for aaabb we write 43bb, or 4*b*; as, fuppole if 2 were
5 and b be 2, then 4* will be 5%5%3 or 125, and 2* will be
§X& X 5K g or 625, and 4’7 will be §XgxX5%X2X2 Or 500,
Where Note, that if a Number be written immediately be- -
tween two Species, it always belongs to the former ; thus the -
Number 3 in the Quantity #°bb, does not denote that bb is ta
be taken thrice, but that 4 is to be thrice mulriply’d by it felf,
Note, morcover, that thefe Quantities are faid to be of fo
many, Dimenfions, or of fo high a Power or Dignity, as they =
confift of Fadtors or Quantities multiplying one another ; and
the Number fet [on forwards] at the top [of the Letter] is -
called the Index of thofe Powers or Dimenfions ; thos 4a is’
[a Quantity] of two Dimenfions, or of the 2d. Power, and "
4 of three, as the Number 3 at the top denotes. 44 1s alfa
call’d a Square, 4 a Cube, a*a[Biquadrate, ot] [quared Sqnarve,
4’ a Quadrato-Cube, a° a Gubo-Cabe, 4° a Qnadraro-Quadrate-
Cabe, {or Squared-Squared Cube] and fo on, ‘N. B, Sir lf?‘; :

denote - Likewife thus
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bas not here taken any Notice ahf the muore mdern Way of expref-
fing thefe Powers, by calling the Root, op 3, the firff [or frnple]
Power, a* the fecond Power, a3 the third Power, &c.  And the
Quantity 4, by whofe Multiplication by it felf thefe Powers
are generated, is called their Roor, vie. it is the Square Root
of the Square #4, the Cube Root of the Cube aas, &:  But
when a Root, multiply’d by it felf, produces a Squaré, and that -
Square, multiply’d again by the Root, produces a Cube ¢&c. it
will'be (by the Defnition- of Multiplication) as Uity to the
Root ; fo that Root to the Square, and that Square to the
Cube, @e. and confequently the Square Root of any Quantis
ty,will be a mean Proportional between Unity and that Quan-
tity, and the Cube Root the firft of two mean Proportionals,
and the Biquadratick Root the firft of three, and fo on, W here~
fore Roots have thefe two Properties or Affedtions, firft, that
by multiplying themfelves they produce the fuperior Powers ;
2dly, that they are mean Proportionals between thofe Powers
and Unity:  Thus, 3 is the Square Root of the Number 64,
and 4 the Cube Root of it, is hence evident, becaufe 8x 8,
and 4X4X4 make 64, or becaufe as 1to8, fois 8 to 64,
and 11 to 4 as 4 to 16, andas 16 to 64 ; and hence, if the
Squave Root of any Line, as 4B, is to be extraéted, - proZuce
it to €, and let BC be Unity ; then npon.4 C defcribe a Semi-
circle, and at B ere& 2 Perpendicular, occurring to [or meet-
ing] the Circle in D; then will BD be the Root, becaufe it
is 2 mean Proportional between 4B and Unity B C, [wide
Fig. 5.} ' » T :

ql"c? denote the Root of any Quantity, we ufe to prefix this
Note + for a Square Root, and thisy/3 if it be a Cube Root,
and this v4 for a Biquadratick Root, &, Thus v64 de-
notes 8, andv3:64 denotes 4 ; and Vaa denotes 4 ;" and V'ax
denotes the Square Root of ax ; and v3:4axx theCube Root
of gaxx: Asif abe 3 and x 12 ; then Vax will be v36, or
65 and v'3:4axx will be v3:1728, or 12, Aud when thefe
Roots can’t be [exadlly] found, or extralted, the Quantities
are call'd Swrds, as Vax 3 or Surd Numbers, 3s V'12. ,

- There are fome, that to denote. the Square or firft Power, |
make Ufe of g, and of ¢ for the Cube, gq for the Biquadrate,
and g¢ for the Quadrato-Cube, &, ~After ‘this Manner for
the Square, Cube, and Biquadrate of A, - they write 4q, . Ac,
Aqq, @ and for the-Cube Root of abb——x’, -they write
v ¢rabb—x?, Others make Ufe of: other Sogts of Notes, but
- they are now almoft out of Fafhion, - et

" The



" The Mark [or the Sign] == fignifies, that the Quiantities ori
each Side of it afe eqiial, Thus #=F denotes x to be equal
tOb' [ Lt ‘ J N T 3 T T S TP ! 7,,‘
" The Note :: fignifies that the Quantities on both Sides of
it are Proportiondl.  This 4.b ! ¢.d fignifies, that 4 1S to b
[in the fame Proportion] as ¢ to d 5 and a.b.e i cid,if fig-
* pifies that 4, b, and e, are to one another refpeiively, as ¢, d;
and f, ate among themfelves ; of that 4to ¢, b to d,and e to f;
are in the fame Ratig, Laflly, ‘the Interpretation of any
Marks or Signs thit may be coripounded out of thefe, will
eafily be knowii by the Analogy [they bedr to thefe], Thus
1 o3bb denotes three quarters of b, and 3:— fignifies thtice

' f_, and 7va¥ feven times vax;, Alfo ~ 4 denotes thie Pro-

b
[ . K NEe
dad of » by% 5 ‘and )

723 denotes the Prodié made by
qa-tge : o
°_, that is the Quotieht aiifing by the

g es 4
multiplying #” by —2 : ,
Divifion of ‘gee by 4a-tge; aqd 3;1»;/ ax, that which ig
imade by multiplying Vax by g-ci, and M the Quotitrit z’{-‘

[ RS

. e . ‘ 4 8aviex .

fifing by the Divifion of 7vax bys; dnd ———— the
sfiog by VoV Byes e g ¢
Quootient atifing by the Divifion of 84vcx by the Sum of the
e axe—yd L
Quax-)t\;tie‘s 24—[- 14 cxs Agd thiis %—{-—*x ‘ denotes the C%li:o;
tient atifing by the Divifion of the Differenice 3antw—y’® by

" the Sum tz,—{éx, and v M denotes the Root of thaf

. N ’ SN W L Y ‘.;“ ‘. L '. ‘ R ,
Quotient, & 24+ 3G.VM denotes the Prodaé& of the
A g ;

Multiplication of that Root by the Sum 2036, Thus alfo
l./ a4 denotes the Root of the Sim. of the Quans
tities § aq and b?z, and §, PNz wmurs denotes the Roc\tz

of the.Sum  of the Quantities & 4 and Yizalh, &nd
,a_;,"‘t ;;[/{2-4—{—// 344-Fbb dénotes that Root multiply'd by
2 . and fo in other Cafes,
AG=—=RR ’ o '
| | B

et [N
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But note, that in Complex Quantities of this Na-
ture. there is no Neceffity of civing a navricniar A etomsiarm
> LALIE LS DO INectinty UI.‘ Brviily & particuiar osiention
to, or bearinz in your Mind the Signifization of each

- Letter ; it will fuffice in general to underftand, e. g. that
’/§a+ V% aa+-bb fignifies the Root of the Agaregate [or

Sum] of 2a+V1aa-+bb, whatever that Aggregate may
chaiice to be, when Numbers or Lines are fubftituted in the
Room of Letters. And thus [ir isas fufficient to underftand]

a—Vab ,
the Divifion of the Quantity !/ a4V Eaathh by the
Quantity 4 —4/ ab, as much as if thofe Quantities were
fimple and known, though at prefent one may be igno-
rant what they are, and not give any particular Attention
to the Conflitution or Signification of each of their Parts, -
Which T thought T ought here ‘[to infinuate or] admonifl,

Teaft young Beginners fhould be frighted [or deterrd] in the
very Beginning, by the Complexnefs of the Terms.

gnifies the Quotient arifing by

Of ADDITION.

THE Addition of Numbers, where they are not com-
pounded, is [eafy and] manifeft of it felf, Thus itis
at firft Sight evident, that 7and g, or 749, make 16, and
11-+15 make 26, But in [longer or] more compounded
Nuambers, the Bufinefs is perform’d by writing the Numbers
in a Row downwards, or one under another, and fingly col-
le@ting the Sums of the- [refpe&ive] Columns. As if the
Numbers 1357 and 172 are to be added, write either of
them (fuppofe) 172 under the other 1357, {o that the U.
- nits of the one, ziz. 2, may cxa@ly fland under
“the Units of the other, viz. %, and the other Num- 1357
bers of the one sxaély under the correfpondent 172
ones of the other, wiz. the flace of Tens under — ——
Tens, wiz. 7 under §, and that of Hundreds, viz. 1, 1529
under the Place of Hundreds of the other, wiz. 3,
Then beginning at the right Hand, fay, 2 and 7 make g,
which write underneath ; alfo 7 and § make 12;the laft of
which two Numbers, iz, 2, write underneath, and referve

. 4]
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in your Mind the other, wiz. 1, to be added to the two next
Numbers, ziz. 1 and 3 ; then fay ¢ and 1 make 2, which
being added to 3 they make g, which write underncath, and
there will remain onfy 1, the firft Figure of the upper Row
of Numbers, which alfo muft be writ underneath ; and then
you have the whole Sum, viz. 1529.

Thus, to add the Numbers 87899-+ 13403885+ 1920
into one Sani, write them one under another, o that all
the Units may make one Colunin, -the Tens another, the
Hundredths a third, and the Places of Thoufands a fourth,
and fo on.” Then fay, 5.and 3 muke 8, and'8 4 9 make
‘173 then write 7 underneath, ‘and the 1 add to the next
Rank, faying 1 and § make g, 9+ 2 make 17, and 11+ 9
makes 20 ; and having writ ‘the o underneath, ‘
" fay again as before, 2 and 8 makes 10, and 10 87899
- ¢ make 19, and 19 -+ 4 make 23, and 23 13403
-+ 8 make 31 ; then referving 3 [in your Memo- 1620
ry] write down 1 as before, and fay again, 3 . gg p
- 1 make 4, 4 - 3 make 7, and 7 + 7 make
14, wherefore write underneath 4, and lafily fay, 114107
1 2 make 3, and 3 -+ 8 make 11, which. in -
the laft Place write down, and yon will have the Sum
of theny all.

After the fame Manner we alfo add Decimals, as in the
. following Example may be feen : A

630,953
51,0807 ‘
30927 o
987,3037

Addition is perform’d in Algebraick Terms, [or SpeciesT
by conneéting the Quantities to be added with their proper
‘Signs ; and moreover, by uniting into one Sum thofethat can
be fo united. Thus # and b make « -+ b; 2 and —- b make
g1 ; —aand —) make —g-—0b; 74 and 94 make
7a-t9a; —avacand bvac make —avac 4 bvac,,
or bV ag meas/ac 3 For it isall one, in what Order fo-

ever they are written. w ,
A firmative Quantities which agree in [are of the fame Sort,
of ] Species, are united together, by adding the prefixd Num-
~bers that are multiply’d into thofe Speciecs, Thusy a4+ 94"

make 164 And 11bc-+15bc make 26bc.  Allo 3,

+




[ 1x

+ 5 g make 87 5 and 2 ¥ac - 7 Fac make 9#a¢; and
;

2
6Vab—xx + 7 1//;1) — x4 make 13 V2D — x 1o
And in like manuer, 6+ 3+ 7v3 mike 13V 3. More.
over, av ac -+ b Vﬁc make 2 -F b b v ac, by adding toge-
L,ethu aand b as Numbers multiplying \/ac. And fo

e e O —

24 ?cf/ zzxv-—-—-x’ L ; . 3
3 | 3 al’3 a v '—""ﬁ P ke
A ,,4, ¥
54 3¢ V3w — o Decavfe 2.2 + 3¢ and 34 make

_l— "\.“
54+ 36
Aflirmative Fragtions, that have the fime Denominator,
arc united [or added togcthcx] Iwy addmg their Numrm-

A Jax I .’L
tors. Thus ¢ - 2 nuake and 2 e Y °b make 3% [
7
8avix 174 25avcn
leld thkh e e a1 - m.?. ‘/ nlakc ._..3.4.,:‘_{_.',______ ,
A vex U pad Vex C2a - Viex
aa b an -t b ‘
and " -l make e o
v

Negative Qy;mriti,s are :uidcd altertie fame Way as Aflir<

. . . qax T1ax
mative, Thus — 2 8 w5 make vong 5 = R g
: b _
T8 a.a mm———
make _,-l,. Ly emgVan and — byvan m.tkc eV A
}

But when o Neégative Quantiry is to lﬁc added to an Aflir-
mative one, the, Afirmuive muft be diminit’'d by a Nega-
ot A?

b

make _._../7'\‘ ;e d Y 2 and b WV oae mike be—avae, And
'

note, that when the Negative Quantity is preater than the

Aflirmative, the Aggregate [or Sum | will be Nugative, Thus

1raw qax ax
2 d — 3 Make em 15 e and o -
b

-  Thus. 2 : 1A 1
tive onc. ws, 3 il —— o make 1y - oy and —

ke

and 2V e 'm\l —7V ac miky —g v ae.
In the Addition of a greater Number of Qumtlms or

more compounded ones, it will be convenient to wﬁ.r;u,
' ‘ ' 2 the
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¢he [Method or] Form of Operation we have laid down

bove in the Addition of Numbers. As if 174x ~ 144
3, and gua -+ 2 —8ax, and 74— gax, were to be
added together, difpofe them fo in Columns, that the Terms
thar contain the fame Species may fand in a Row one un-
der another, oz, the Numbers 3 and 2z in one Column,
the Species — 14.4,and 44, and 74,
in another Column, and the Species

gy ~— 1441 3

___%‘zf,_,_ Tﬁlg 1748, and —8ax, and —gax
B ® in a third ; then I add the Terms of

—pdx 74

: cach Column by themfelves, faying,
# == 3413 gpand 3 make 5, which1 write un-
derneath, then 74 and 4.4 make 114,

d moreover ~ 144 make —3 4, which  alfo write under-
th s Llly,— gav,and — 8 a.x make — 17 2, to which

1AL
1yay added makes o, And {o the Sum comes out — 3 4
% 5. After the fame Manner the Bufinefs is done in the
follawing Exampics
a4 va Itbe—7¥ae . 4ax ¥
x4+ 9a 15bc 4 2vae T T + 6v3 +—'§
e 4 16a 2bbe e §yVac 114x 2
‘ el LT
b 5
7ax
— a4 i ' gt
§af 4w ‘ ﬂ43‘+3“’“”;7
S —bax fix e 2aYy—4aay B ad
3} 4 243y —Faay
. 2 a*
3} K e=3iday 4547 e —
2y

sat 4 2480
3t e ngxd F 824V Van - xx
— 2%t shad —— 204 Vag—xx
—4b¥} — 7543 Vaa + xx

Hbrt 4 6’ Vea 4 kx =204 Vag— x 1

of
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of SUBTRACTION.

"E‘“ HE Invention of the Difference of Numbers [that arc])
- not too much compounded, is of ‘it {elf evident ; as if
you take ¢ from 17, there will remain 8, But in more
compounded Numbers, Subtraction is perform'd by fubferib~
ing [or fetting underneath] the Subtrahend, and fubtracting
each of the lower Figures from each of the upper ones. Thus
to fubtrad 63543 from 782579, having fubferibd 63543,
fay, 3 from g and there remains 6, which write underneath;
then 4 from + and there remains 3, which write likewife
underneath ; then g from 5 and there remains nothing, whicly
in like manner fet underneath ; then 2 comes to be taken
from 2, but becaufe 3 is greater [than 2] you muft borrow,
"1 from the next Figure 8, which fet down, together with 2,
makes 12, from which 3 may be taken, and there will re-
main g, which write likewifc undesneath ; and then when
befides 6 there is alfo 1 to be taken from 8, add the 1 ro
the 6, and the Sum % .[being taken] from 8, there will be
Yeft v, whichin like manner write underneath. ‘
Lafily, when in the lower [Rank] of Numbers  »82579
there remains nothing to be taken from 7, write 63543
underneath the «, and fo you have the [whole] 719526
Difference 719036, : 3
But efpecial Care is to be taken, that the Figures of the
Subtrahend be [plac’d] or fubferib'd in their [proper or] ho-
mogeneous Places ; wix. the Units of the one under the U.
nits of the other, and the Tens under the Tens, and likewife
the Decimals under the Decimals, ¢9c. as we have fhewn' in
Addition. " Thus, to take the Decimal 0,65 from the Inte-

ger 547, theyare not to be difpos'd thus osgz, but thas
Eha

%Z 63> wiz. To that the o’s, which fupplies the Place of U-
3 .

nits in the Decimal, muft be plac’d under the Units of the

other Number, Then o being underflood to fland in the

empty Places of the upper Number, fay, 3 from o, which

fince it cannot be, 1 onght to be borrow’d from the foreyo-

" ing Place,  which will make 10, from which 3 is to be taken,

and there remains 7, which write underneath. Then thag

1 which was borrow’d . added to ¢ makes 7, and this is ro

g i il s e
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b tiken from - above it ; but fince that can’t be, you muft
again borrow 1 from the foregoing Place to make 10 ; then
7 from 10 leaves 3, which in like manner is to-
be writ underneath ; then that 1 being added to o,
makes 1, which 1 being taken from 7 leaves 6,
—=221 ywhich again write underncath, Then write the
S+937  ¢wo Figures 54 (fince nothing renmins to be taken

from them) undemeath, and youll have the

Remainder 546,37,
For Exercife fake, we here fet down fome more Exam-
plcs, both in Integers and Decimals :

1573 1673 458074 3572 46,5003 3087
isit 1580 9205 T4z 3078 2574
132 93 249869 21,4- 43,4223 282,06

T¢ 2 greater Number is to be taken from a Jefs, you mufi.
#i:1 fubrradk the lefs from the greater, and then prefix a ne-
sative Sian to it. As if from 1541 you are to fubtraét 1673,
vit the conteary I fubtra& 1941 from 1673, and to the Re-
maunder 132 T prefix the Sign m—,

In Alzebraick Terms, Subtra&tion is perform’d by con-
nefting the Quantitics, afrer having chang’'d all the Signs of
the Subtrahend] and by uniting thofe together which can be
united, s we have done in Addition. Thus 474 from
+ g leaves ga——ga or 24; ——7q from 4 92 leaves
+.9a 4+ g4, 0r16a; -+ 5a from — g4 leaves — 94—y 2,
or —164; and — 74 from — 94 leaves 94 + 74, or

a a . a i
— 24 ; O 5~ from be leaves 273 74/ ac from 24/ ac leaves

5 _3;

-y ac; 2 from X leaves 7
9 2

—% from 3_leaves ~;
7 -7 "

24 3 54x, 8a or ~——I7;z‘/cx‘

- ax, . o
- from 2o feaves 2~ — — from L2
J b I) ! 1 4’/ . ,‘/
28 +4¢x a4 Vex

. —oasaven . aa ba by

feaves 2t 3 — from — leaves n,_‘"_...f_f. 8 e [3
cadVex € ) ¢ s ¢ ’

1ot - b e )

from 24 4+ b leaves 2;175—11-—4-;-1;, or ;z—}-‘zb;-gq‘.z.,

23t ac from 34z leaves 42— 34z 4+ nz— ac,

. ' or
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. e . oaa-—ab da - ab
or  wz4C j T from -

' w—2ad +ab _—aat2ab . L
aa -+ ab  or 227 and 4 — wvan

. ¢ ¢
from a + x Vax leavesa+ & —a + x¥/ax, or 22V ax;
and foin others. But where Quantities confit’ of more -
Terms, the Operation may be manag'd as in Numbers, as i
the following Examples : ‘

leaves

128 + 74 15be +2¢ac g’ 4 S
7% 4+ 0a —11be 4+ 7¥ac  bx’—ix
g ¥ —24 26bc == 5vac  §x} —bxx 45X
1Tax 2
an V3 +§-j
4a4x T
b '—61’,/3'"_5_
7ax w 3“
3 V3 + "

Of MULTIPLICATION,

N UMBERS which arife [or are produc’d] by the Mul-
‘ tiplication of any two Numbers, not greater than. g,
are to be learnt {and retain’d] in the Memory : Asthat 5
into 7 makes 25, and that 8 by ¢ makes 7z, &%, and then
the Mulriplication of greater Nunibers is to be perform'd af-
ter the famz Rule-in thefe Examples,’ o
1f 795 is to be multiply’d by 4, ‘write 4 underncath, as
you fee here.  Thenfay, 4 into 5 makes 20, whofe
laft Figure, viz, o, fet under'the 4, and refervethe .
former 2 for the next Operation.  Say morcover, = 729
' 4 into 9 makes 36, to which add the former 2, and 4
there is made 38, whofe latter Figure. 8 write an- 3 180
derneath as before, and referve the former3. Laft-
ly, fay, 4 into 7 makes 28, to which add the former 3 and
there is made 31, which being alfo fer underneath, you'll
have the Number 3180, which comes out by multiplying
the whole 795 by 4. S

Moreover,
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Moreover, if 9c43 be to be multiply’d by 23¢5, write
either of them, wiz. 2305 under the other 9043 as before,
and muliply the upper 9243 firlt by 5, alter the Manner
fhewn, aud there will come out 45215 ; then

y . .
by o, and there wx.ll come out oceo ; thirdly, 9043
by 3, and there will come out 27129 ; lafily, 2305
by 2. and there will come out 18086.: Then m—
diipofe thefe Numbers fo coming out ina de- oggos

f:cnding Series, [or under one another] fo that
the laft Fioure of[cvcry lower Row f{hall fland §7é§9
ane Place nearer to the left Hand than the lafp 18996
of te nexe fuperior Row, Then add all thefe 20844115
tooethior, and there will arife 20844115, the
Numler that is made by multiplying the whele go43 by
the whaole 23¢s.

in the fune Manner Decimals are muleiply'd, by Integers,
or ather Decimals, or both, as you may fee in the following

Examples :

724 50,18 3,9025
29 2,75 0,0132
¢q16 25090 78050

1448 35126 117075
2099.6 1c036 39025
137:9950 c,05131300

Dut note, in the Number coming out [or the Produ@] fo
many Figures muft ke cut’off to the right Hand for Decimals,
as there are Decimal Figures both in the Multiplyer and
the Mulriplicand, And if by Chance there are not fo many
Figures in the Produ, the deficient Places muft be fill'd up
to the left Hand with ¢'s, as here in the third Example,

Simple Algebraick Terms are multiply'd by multiplying
the Numbers into the Numbers, and the Specics into the
Species, and by making the Produ&t Affirmative, if both
the Fadlors are Affirmative, or both Negative ; and Negative
if otherwife. Thus 24 into 36, or — 2 4 into — 3b make
6ab, or 6ba ; for it is no Matter in what Order they are
placd. Thus alfo 24 by — 3b, or — 24 by 3b make
——6ab, Andthus, 24c into 8bcc make 16abece, or
16abe’; and yaxx into — 12444 » make —8aa’xt;
and — 16cy into 314y> make ~—4964cy'; and — 4z
: ‘ into
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into —3vaz make 12z v/4z. And o 3 into — 4 make
= 12, and — 3 into — 4 make 12
Fra&ions are multiply’d, by mulriplying their Numera-~
tors by their Numerators, and their Denominators by their
. 2, 6 .
Denominators ; thus = into —-3.~ make — ; and % into i.
o s 35 b d
N RN ¢ a ¢ a
mai{el)— 3 and 25 into 3 T make 6 + b—+ T ox\‘ 6 I;‘%;
and azz)fby into ‘47;? y make wgrbgiy—-;‘ ,?m —.—:6;4-5'
3

YVaz i2z94% a4 c o,
— make T, and~b.v into 3 & make
¢ . ‘

into —
’ Z}:‘ #'. Alfog intolg- inake ~g , @5 may appear, if‘k'g e re<
duc’d to the Form of a Fradtion, viz. -%, by making Ufe of
Unity for the Denominator. And thus 15495 jnto
ce

N g3
24 make 3%—77'. Whence note by the Way, t]xag.."fc—b-
ab

a abx 4
and —b are the fame ; as allo f_"" — x, and — pa, alfo
¢ . ¢’ ¢ ¢

a+bvex and b v ¢ x; and fo in others,

a i ‘
Radical Quantities of the fame Denomination (that is, if
they are both Square Roots, or both Cube Roots, or both
Biquadratick Roots, @) are multiply'd by multiplying the
Terms together [and placing them] under the fame Radical
Sign.  Thus v/3 into 45 makes v15 ; and the v4b into
Ved makes Vabed ; and v?54yy into v374yz makes
P ; . 4
2 ints v 2% makes v ?——IE, that is
¢ le ¢

.4+
a

V335aay’%y and v

T %b; and 24Vaz into 3b+ 4z makes éabx/aaz.z.,

. . s 3%y, — X —Gx3
that is 644b%; and Z—— into makes -
ac ac . . .. Aaace

D L that

(S 4

f See the Chapter of Notation.
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— b - . w=3ddV§ex o
that is b ; and — 4xYab into M-E‘——-—l/—i— makes
ac 4 10¢e

taddey gaber
Joace . ‘ :
Quantities that confift of feveral Parts, arc multiply’d by
multiplying all the Parts of the one into all the Parts of the
other, asis fhewn in the Mulriplication of Numbers. Thus,
¢ v into & makes a¢—ax, and 44 4 24c—be into
g—b makes &% 4+ 242c—=aabe—3bac+ bbe, For
44+ 24c—~—Dbe into —b makes w—— aab=2ach + bbe,
and into 4 makes &3 - 244¢ — abe, the Sum whereof is
A b 2AAC n_:zb_-—« 3abe 4 l;bc._ A Specimen of this
Sart of Multiplication,” together with other like Examples;

you have underneath ;

#4240 —Dbr ad b
a—b asb
—aab—2abc 4 ble T &b 4 bbb
4+ 244;»‘-21{:: a5+ ab
& 2s40—aab— 34k -+ bbe 44 2ab + b
atb 3 2ay —Las
w._f;"_"_!’.,._ ' yy—2ay +2¢m
il b b dayy -+ 240y mmlgt
a4+ ab _.24),3__451”};_{; a?;: z
44 Fwmbb ¥ 24y’ —Laayy .
Sy K —agaayy 4 3aiy—gat
24x a3 :
AP
abb
jaty —

2axg/abl  aab
4 ¢

J [
baax ’E
T34 I/‘M
4

04k -3 -~
=LA Y ST

— o e

£ &

of
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fOf:DIVJ 510 N.

\ IVISION is perform’d in Numbers, by feeking how
L/ many times the Divifor is contain'd in the Dividend,
and as often fubtra&ing, and writing {fo many Uhits in the
Quotient 5 and by repeating that Operation upon O:cafion,
as often as the Divifor can be fubtracted. Thus, to divide
63 by 7, feck how many times 7 is contain’d in 43, and
“there will come out precifely o for the Quotient ; and confe-
quently % jsequal to g, Moreover, to divide 371 by'7,
prefix the Divifor 7, and beginning at the firft Figures of
the Dividend, coming as near -them as pofli- »
ble, {ay, how many timesy is contain’d in ) 371 (
37, and youll find 5 ; then writing 5 in 7 25 33
the Quotient, fubtract 5 x 7, or 35, from 37, 22

and there will remain 2, to which fet the 21
laft Figure of the Dividend; wiz. 1; and’ R
then 21 will be the remaining Part of the Di- - 0.

vidend for the next Operation ; fay therefore :
as before, how many times 7 is-contain’d in 21 ? and the
Anfwer will be 3; wherefore writing 3 in the Quotient, take
3 %7, or 2f, from 21 and there will remain 0. Whenee it
is manifefl, that g3 is precifely the Number chat arifés from
the Divifion of 371 by 7. o P
And thus to divide 4798 by E
23, firft beginning with the ini- . VRN
tiaz:.l Figuresg47, fay, how many 23) 429*8 (208,6086, &
times s 23 contain’'d in 47 ? An- A ST

{wer 2; wherefore write 2 in the R34 L
Quotient, and from 47 fubtra& 00 S
2 % 23, Or 46, and there will re- 159

main 1, to which join the next 18y

Number of the Dividend, wviz. Ta0

¢, and youll have 19 to" work 138

upan next, Say therefore, how —

many times is 23 contain’d in -2

192 Anfwer o ; wherefore write 20

© in the Quotient ; and from 19 - o200 -
fubtra& ox 23, or o, and there 184

remains 19,to which join the laft R ¥

Number 3, and you'll have 198
to work upon next. Wherefore 4
D2 T

«
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in the laft Place fay, how many times is 23 contain’'d in 198
(which may be guefs'd at from the firft Figurcs of each, 2
znd 19, by taking notice how many times 2 is contain’d in
19)? Tanfwer 8 ; wherefore write § in: the Quoticnt, and
from 198 fubtralt 8 x 2%, or 184, ‘and there will remain
14 to be farther divided by 23 ; and fo the Quotient will
be 208:4. And if this Fra&ion is not lik'd, you may con-
tinue the Divifion in Decimal Fractions as far as you pleafe,
by. adding always a Cypher to the remaining Numbcr, Thus
_to the Remainder 14 add o, and it becomes 140. Then
fay, how many times 23 in 140 ? Anfwer 6 ; write there-
“fore 6 in the Quotient ; and from 140 fubtra&t 6 x 23, or
138, and there will remain 2; to which fet a Cypher (or o)
as before, And thus the Work being continu'd as far as you
“pleafe, there will at length come out, this Quotient, " wviz.
208,6086, &, ‘ «

After the fame Manner the 46,1) 3,5218 (0,07634

" Decimal Fradtion 3,5218 is di- .
vided, by the Decimal Fration 3227
46;1,and there comes out0,07639, . 2048

@'tw;. Where note, - that there 2766

s

muft be {o many Figures cut off

“in the Quotient, for Decimals, ag 1820
_ there are more jn the Jaft Divi- 1383
dend than the Divifor: As in ' 270
- this Example 5, becaufe there are 4?7(
6 in the I.«;ﬂ Dividend, wiz. ' ii)
©3,521800, and 1 in'the Djvifor , 227

46.1. ‘ |
We have here fubjoin’'d more Examples, fox Clearnc/y

2043) 20844115 (2308, . i
45215 - .
@ |

| 59,18
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§0,18) 137,995 (2,75 9,0132) 0,051513 (3,9025
. 10036 ] S 396 .
37633 \ 119t
35126 - 1183
25090 3309
25090 : 264.
o ‘ ' " 660
660
e

N. B. The wording of this Rale in Sir Uaac, feeming a little
obfcure, this other equivalent Rule may be added, viz. Obferye
what is the Quality of that Figure in the Dividend under which
the Place of Integer Units in the Divifor does or [bowld ftand ;
for.the fame will be the Quality of the firft Figure of the Quo-

vienty £. 8 .
345) ,00468 (1 ;
In this Example, 5 being the Place of Integer Units in the
Dividend,that fet under the Dividend, fo as to divide it, would
~ fall under the Figare 8, which is the Place of Hundreds of Thou-
- fandths in’ the Dividend 5 therefore the Unir in the Quotient
wust ftand in the Place of Hundreds of Thoufandihs 5 and to
- mmake it do fo, four Cyphers winst.be plac’d before ity viz. j oooot,
&c. is the true Quoticnt, : ' ‘
In Algebraick Terms Divifion' is perform’d by the Refo- |
- lution of what is compounded by Multiplication, Thus, 45
" divided by « gives for the Quotient b, 64b divided by 24
gives 3] ; and divided by ~— 24 gives —3b, — 6ab di-
vided by 24 gives — 3b, ‘and divided by — 24 gives 35,
16abe3 divided by 24¢ gives'8beg. —844’ 2% divided
by == 1244x x gives 7a%K. Likewife;é-dividcd by 2
ac- —21accy’

3

. 3 ~ac . . . ? . ‘_5 e d- s

gwes-—7 -3 d1.v;gied by 7, sives —. 8-———-lb§ ivid |

' ed by z’fb—% gvi'iiesé»n:-;rzbfgz.w z—-éiVidédi by. 3- givesv —% ;
. et 2 . " oa

and reciprocally r d{x_wdedr by »-é gwes_—i-, or 3. 3 M z

divided
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divided by 24 gives 5 and reciprocally divided by

Ir,a

gives 24, Ly.kemfe V13 divided by v/ 3 gives V5.

n/abcd divided by '/B:l gives ¥ab. +4’¢ by Yac gives
Vaa,or 4, ¢/ 35 aayiz dividedby Vs ayy gives V37 43z,

?./f.ﬁ divided by L gives Vﬂbb, 12ddxy/sabex
ce ¢ ¢ ) 704ce
divided by MB[MVS ad gives :M—. And fo
10ee 74

a+b Yax divided by 4 -+ b gives ';/a x; x and reciprocally
divided by vax gives rz-»rb And + 3 vax divided

| ; divided b 5 /4
b +bgaves dvax, ordivided by 4 give + 1/ A

1 7 . and yeciprocally divided by 1_/+
in Divifions of this Kind you are to take care, that the
Quantztxes divided by ome another be of the lume Kind,
wiz. that Numbers be divided by Numbers, and Species by
Species, Radical Quantities by Radical Quantitiés, MNupme-
sators of Fradtions by Mumeratars, and Denominators by
Denominaters 3 allo in Numcramrs Denominaters, snd
Radical-Quantities, the Quarititics of each Kind muft be
(Ii{lwcclied by homogeneous oneés . for: Quantmc,, of' the {fame

ind]]

Now if the Quantity to be davxded cannot be divided by
the Divifor [propos’ dl, it is fufficient to write the Divifor
~ underneath, with a Line between them, Thus to divide 4

or

) gives 2. Dut

ab
by ¢, write i and ‘tO; diV,Ldt: a + PENIZS by 4, write

A d\+b1/cx a+b
ﬂ‘

Ve x, ‘A‘nd‘ 0 1/11.:‘:-.--« ey divided

‘\/:zx-——.xx . AN
by me gwes —vei gr [/ —— Anﬂ Yy

Vid— 2:c','v divided byw ) 't/vmv-- Ey givcs M

" ] ns

[/am»—-z,tx. And IZV'S (hﬂ(kd byzp.ﬁ; gives 31/

fad— XX
But
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But when thefe Quantities are FraQions, multiply the
Numerator of the Dividend into the {Denominator of the
Divifor, and the Denominator into the Numerator, and the
firft Produc will be the Numerator, and the latcer the De.

nominator of the Quonent Thus to divide _3 by y write
b s tbat is, multiply « by 4 and b by ¢. - In like Manner,
iby 5 gives =2, And. 2. 1/ ax divided by 2¢ gives
35 4¢ 54
ISM Vaw, and divided by 2¢ Vaa—x gives
saviarx
—-——-ﬁ-,-a_ L After the I‘ame Manrer, ad divided by
Scevaa—xx b '

¢ (ot By f) giv’es »viia Aﬂdc (d!‘ ‘}-) divided by ;-z«[-l gives

be b
be 13 s . 3. .. 5
2l And 2 b = And 3 divided by =
i And 7 divided by g gtves 35 3 divided by T

gives 35—2 . And? Ak ? V ¢ divided by 4 gives + Yex,
__ b |
And 4 4 by ea divided by — gives ac+be Viex. And

. 2’/-——d1v1ded by 3 Ved gIVES - ’/——- 3 and divided by
: 3V—~ glvés - ,z_xf‘ And - [/ divided by ’/7

ccd
- gives T I/ ig_ and foin orhers,

A Oyann%y compounded of feveral Terms, is d1v1def1 by
dividing each of its Terms by the Divifor. Thus 24 4

3ax == yx divided by 4 gives 4' 4 g #— i;.. But when

the Divifor confifts alfo of feveral Terms, the Divifion is
perform’d as in Numbers. Thus to divide 4’ - 2446
—daab —3abc + bbe by a—b, fay, how many times is
# contain’d in 4%, wiz, the firft Term of the Divifor in the
firft Term of the valdcnd ? Anfwer g2. Wherefore write
44 in the Quotient ; and having fubtrafted 4—b multiply d
into a4, or g’ — gmb from the Dmdend there will remain

24A4¢
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BAAC gabc 4+ bbe yet to be divided, Then fay again,
how many timies # in 2dac? Anfwe; 2460 Wherefore
syrite alfo 24c in the Quotlent, and having fubtradted 4 —p
into zac, or 24ac—2abc from the aforcfaid Remamgi.e;,-
there will yet remain «—=abc + bbe.  Wherefore fay again;
how many times a in —abe ? Anfwer —be, and then
write — ¢ in the Quotient ; and havifig, in the 1aft Place,
fubtra@ed 4 a—b 1nto —be, viz. —abe 4 bbe from
the laft Remainder, there will remain nothing ; which fhews
that the Divifion is at an End, and the Quotient coming
out [juft) aa 4 2ac —be. o

But that thefe Operations may be duly reduc’d to the
Form which weufe in the Divifion of Numbers, the Terms

toth of the Dividend and the Divifor muit be difpos’d in
Order, according to the Dimenfions of that Letter which is
[oftench found or] judg’'d moft proper for the [Eafc of the}
Operation ; fo that thofe Terms may fland firft, in which
that Letter is of moft Dimenfions, and thofe in the fecond
Place whofe Dimenfions aré next higheft ; dnd fo on to thofe
wherein that Letter is not at all involvd, [or into which it
isnot at all multiply’d] which cdught to ftand in the laft
Place,  Thus, in the Example we juft now brought, if the
Terms are difpos'd according to the Dimenfions of the Leta
ter #, the tollowing Diagram will fhew the Form of the

Work, iz,

[r—

a~—b) a3+ 2;;‘2"“ 3alw+ bbe (aa -t 2“7’"{”“

a4’ == agb

C + 24ac~—=3abe
2rac— 2abe

o abetbbe
— abe 4 bbe

o .0

Where may be feen, that the Term 47, or 4 of three D
manfions, flands in the firft Place of ‘the Dividend, and the
; Zadc . . : . -
Terms gl 0 which 4 is of two Dimenfions, ftand in
the fecond Place, and fo on, The Diyidend might alfo havé

been writ thus;
& L. L 43
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a3 in” aa—3bea-tblhe.

Where the Terms that fland in the fecond Place are united,
by colleting together [or placing by one anothier] the Fa-
&ors [or Coefficients] of the Letter [where it is] of the
fame Dimenfion, And thus, if the Terms were to be dif-
pos'd according to the Dimenfions of the Letter b, the Bu-
finefs muft be perform’d [or would fland]. as in’ the follow-
ing Diagram, the Explication whereof we fhall here fub-

join :
o —3dc; a4’ g t2ac
bta)chb o b+2¢mc( cb+ o

chb—"ach

o,.'_z‘wb_*'ﬂ
e aa - 2440 .
--2451)4—24/:0
— 44 -+ al

e] 0

~ Say, How many times is —§ contain’d-in ¢bb ? Anfwer
»—¢b.  Wherefore having writ w— ¢} in the Quotient, fub-

tra® —0b + 4 % —cb, or bbc~——abc, and there will rc-

< . ST ¥ . .
‘main in the fecond Place ; ; “, b To this Remainder

add, if you pleafe, the Quantities [that fland] in the laft
¢ ,

. a
Place, viz,

saae And fay again, how many times is —p

contain'd in __ 2:2 b? Anfxyf:_r ::_— ? ;:. Thefe therefore
being writ in the Quotient, fubtra& — b - 2 multiply’d by
~+ 24c -——zozcb—{-‘z»a'e . . .
4 oaa O .Y 45 -, -and there will remain no-
thing. Whence it is manifeft, that the Divifion is at an |
End, the Quotient coming out —¢b -; 24¢ + 44, as
before. ’
And thus, if you were to-divide aay* — aac* + yiye*
F )¢ =290 gt —=2a%00—a%yy by yy—aa—ce.
I order [or place] the Quantities according to the [Dimen-
fions of the] Letter y, thus :

E S
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3

. =
IRr T NP L et MR
yy 001 e g en VY 247 CLr

—aact
Then T divide as in the following Diagram. ‘

Here are added other Examples, in which you are to take
Wotize, that where the Dimenfions of the Letter, which
[chis Method of ) ordering ranges, don't always proceed 1in
the fame Arithmetical Progreffion, but fometitiies [inter-
ruptedly, or] by Way of Skipping, in the defetive Places
we note ,rhus Mark] ¥.

. ) somn 8}

L +oda 4t 4,
2 ) £ L B AT O
Jy — 0 .7 """ZCCy +C4 y.’ '-""‘ﬂﬂc‘t‘

M——-—-——————-—————--——-’—'-——-—"‘———"

4248 ,, 4*

PR L " ;
YA ¢ —-ﬁccy A aacs
o "‘2[14
ety Tk
te*
e
@ +m¢cc-” B
L
Fa* 41 24t
+aacc”  —pact
O " . O H
4+ ) uak —bb (4—b
aa - ab’
O mmal
i et
@ o



5’5’:“5"(‘,4;45” . Oytaay=iaa
~ y* ¥ —gtaayy + 34 y—1a® ;

¥ —2ay? 4 nayy
O 424y’ —staayy \
+ 24y’ —4 4ayy+ 24’y

o = eyt

1, S L
— Faayy -t ady—jat

fo] [} (s}
fackoabvzkpsy (aam—ab¥ 2+ bb
ae X 3 X . +b4
2% % 43b4 24 aablb
by 255 4dbb
:T.‘z*bs‘/z._—znabb—-.ab‘vz
4 aabb 4 abiva -~
A aabb 4-abs Vo 4+ b4
) o )

~ Some begin Divifion from the laft. Terms, buf it comes
to the fame Thing, if, inverting the Order of the Terms, you
begin from the firft, There are alfo other Methads of di-
yiding, but it is fufficient to kriow the moft eafy and com-
modious, ' :

Of"' EXTRACTION of Roots:

¥V FHEN the Sqnare Root of any Number is o be ex-
‘ tracted, it is firft to be. noted with Points in every
bther Place, beginning from Unity ; then you are to write
down fuch a. Figure for the Quotient, or Root,. whofe Square
thall be eqnal to, or neareft, lefs than the Figure or Fi-
gures to the firft Point. And [then] fubtra&ing that Square,
the other Figures of the Root will be found one by one, by
dividing the Remainder by the double of the Root as far as
-eXtiacted; and each Time taking from that Remainder the
2 ‘ Square
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S-uare of the Figure that laft came out, and the Decuple of
the aforefaid Divifor augmented by that Figure. - '
Thus to extra& the Root out of 99856, firft Point it af-

ter this Manner, g}gggfw, then feek a Number }Vlque Square
thall equal the firft Figure 9, #iz. 3, and write it in the
Qu-tient ; and then having fubtratted from

0,3%3, or 9, there will remain o 5 to which ;.

for down the Figures to the next Point, viz. 99836 (316
o8 for the following Operation. Then taking 9
nio Naticeof the laftFigure 8, fay, How many

L . I LI 098

times is the Double of 3, or 6, contain’d %

in the firft Figure 93 Anfwer 15 where-  OF
fore havieg writ 1 in the Quotient, fubtrat 346

the Produdt of 1 X 61, or 61, from o8, and -~ 3446

there will remain 57, to which conne&t the ——

laft Figures 56, and you'll have the Number o}

2756, in which the Work is next to be car-

vl on,  Whercfore allo negle@ing the Iaft Figure of this;
wiz. &, {ay, How many rimesis the double of 31, or 62,
contain'd 1 375, (which is to be guels’d at from the initial
Figures 6 and 37, by taking Notice how many times 6 is
contain’d in 37¢) Anfwer 6; and writing 6 in the Quoti-
enr, fubtract 6x626, or 3746, and there wil] remain o ;
whence it appears that the Bufinefs is done 5 the Root com-
ing out 316.

Orkersiife with tke Divifors fer down it will fand thus :

Y

999;5 (316
9

6)98
61

62)3756
3756
o}

And foin others.

And fo if you were to extract the Root out of 22178791,
firft having pointed it, feek 2 Number whofe Square (if it
cannot be [exadlly] equall'd) thall te the next lefs Square
(or neareft) to 22, the Figures to the firk Point, and you'll

: find

i
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find it tobe 47 For gxs, or 25, is greater than 22 ; and
4%4, or 16, lefs ; wherefore 4 will be the firt Figure of the
Root. This therefore being
writ in the Quotient, from . . . .

22 take the Square 4x4, or _221"7879I (4709,43637, &
16, and to the Remainder 6 16

adjoin moreover the next Fi-
gures 17, and youwll have
617, from whofe Divifion by
the double of 4 you are to 88791
obtain the fecond Figure of 84681
the Root, viz. neglefling the

61y
609

- laft Figure 7, fay, how ma- 411G00
ny times is 8 contain’d in 376736
61? Anfwer 7 ; wherefore p
write 7 in the Quotient, and 342 200
from 617 take the Produ& of ‘ 2,823 49
7 into 87, or 6cg, and there 66074100
will remain 8§, to which join 56513196
the two next Figures 37, and —_—
you'll have 887, by the Di- . 356190400
vifion whereof by the double 282566169
of 47, or 94, youare to ob- ———
tati,r‘ll the third Figure ; asfay, 73624231

How many times is 94 con-
tain’d in 88 2 Anfwer 6 ; wherefore write o in the Quoti-
ent, and adjoin the two laft Figures o1, and you'll have
88791, by whofe Divifion by the double of 470, or 940,
you are to obtain the laft Figure, wiz. fay, How many times
940 in 8879 ? Anfwer 9 ; wherefore write 9 in the Quoti-
ent, and you'll have the Root 4709, .
But fince the Produ& 9% 9409, or 84681, fubtradted from
88791, leaves 1110, that is a Sign that the Number 4700
is not the Root of the Number. 22178791 precifely, but
that it is a little lefs, And in this Cafe; and in others like
it, if you defire the Root fhould approach nearer, you mufi
[proceed or] carry on the Operation in Decimals, by adding
to the Remainder two Cyphers in each Operation, Thus
the Remainder 4110 having two Cyphers added toit, becomes
411000 3 by the Divifion whereof by the double of 4709,
or 9418; you'll have the firft Decimal Figure 4. Then
having wit 4 in ‘the Quotient, fubtradt 4x94184, or
376736 from 411000, and there will remain 34264. Anrd
' 0

2
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f> having added ttvo more Cyphers, the Work may be tat.
19'd on at Pleafure, the Root at length coming oit
4759,43637, &«
r71‘3?124?v}z)e;/;’ the Root is carry'd on half-way, or above, the
reft of the Figures may be obrain’d by Divifion alone. As
in this Example. if you had a Mind to extract the Root to
nine Figures, after the five former 4700,4 are extracted, the
four Jarrer may be had, by dividing the Remiainder by the
doatle of 1709.4. . ‘

And after this Manner, if the Root of 32946 was to Be
extradted 1o five Pluces in Numbers 1 After the Figures are
pointed, write 1 in the Quorient, as [being the Figure]
whofe Squire 1% 1, or 1, 1s the greateft that 15 contain’d il
5 the Figure to the firft Point; and o
having taken the Square of 1 from 3; 32096 (181,59
there will remain 2; then having fet z
the two next Figures, wiz, 29 fo ity ¥

(viz. t 2) feek how many times the =
double of 1, or 2, iscontain'd in 27, 2)229
: 234

and yowll find indeed that it is con-
t2in’d more than 1o times ; but you are 36) ;';6
never to take your Divifor (¢ tires, 361
no, nor 9 times in this Cafe ; becanfe -
the Produdt of 9x 29, or 261, isgreat- 362)215 (59, &c.
er than 229, from which it would be ‘
1o be taken [or fubtrafted].  Wherefore write only 8. And
then having wtic § in the Quotient, and {ubtradled 8x 28,
or 224, there will remain 5 5 and having fet down to- this
the Figures 76, feek how many tinies the double of 18, or
36, is contamnd in g7, and you'll find 1, and fo write 1 in
the Quotione ; and having fubtradted 1% 367, or 361 from
§76. there will remain 215. Lafily, to obtain the remain-
ing Figures, divide this Number 215 by the double of 187,
or 362, and you'll have the Figures 59, which being writ
in the Quotient, you'll have the Root 181,59, :
After the fame Way Roots are alfo extracted out of De-
cimsf Numbers, Thus the Root of 329,76 is 18,159 ; and
the Root of 3,2075 is 1,8159 ; .and the Root of 0,032076
is 0,18159, and fo on. But'the Root of 3297,6 is 57,4247 ;
and the Root of 32,976 is 5,74247.  And thus the Root
of 9,9356 is 3,16. But the Root of 0,09$56 is 0,099279,
&, as wiil appear from the following Diagrams o

3307,
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s DLk
3297,60 (57,4247 92,9856 (3,16

25 ~ 9_
10) 797 6) 98
749 6r
114) 4860 _ 62) 3756
4376 | 3756
1148) 284co « 0
‘ 22964 '
11484) 543600
459376
-314848) 8422400
' 8039409
382991
- 0998560 (0,999279
18) 1895 |
rgor
198) 18460
17901
1998) 55900
39964
19984) 1593600
- I398929 °
199854) 19467100
T 17986941

1480159 )

T will comprehend the Extradion of the Cubick Root,
and of all others, under one general Rule, confulting rathex
the Eafe of the Praxis than the Expeditioufnefs of it, leftI
Thould [too much] retard [the Learner] in Things that are
‘of ‘no frequent Ufe, wiz. every third Figure beginning
from Unity is-firft of all to be pointed, if the Root [to be
extraded] be a Cubjck one ; or every fifth, if it be a Qua-
drato-Cubick [or'pf} the fifth Power], and then fuch a Fi-
“gure is to be writ in the Quotient, whofe greateft Power (i.e.
whofe Cube, if it be'a Cubick Power, or whofe Quadrato-

to

- §ube, if it be the fifth Power, &) fhall cipher be equal
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to the Figure or Figures before the firft Point, or next lefy
[under them]; and then having fubtracted that Power, the
niext Figure will be found by dividing the Renzinder apg. .
mented by the nexe Figure of the Refolvend, by ‘the ney
Teaft Power of the Quotient, multiply'd by the Index of the
Power to Le extracted, that is, by the triple Square, if the
Roct ke « Cubick one; or by the quintuple Biquadrate
[i.e. five times the Biquadrate] if the Root be of the fifth
Dower, ¢e, And having again fubtratted the Power of
the whole Quotient from the firft Refolvend, the third Fi.
curé will be found by dividing that Remainder augmented
by the rext Figure of the Refolvend, by the next leaft Power
of the whole Quotient, multiply'd by the Index of the
Power to be extraéted, :

Thus to exwract the Cube Root of 13312053, the Num-
beris firft ro ke pointed after this Manner, viz. 13312053,
Then you are to write the Figure 2, whofe Cube is 8, in the

[ Plice of ] the Quorienr, as which is the next leaft
{Cube] to tix Figures 13, [which is not a perfe& Cube Num.
Ler] orto the firt Point ; and having fubtracted that Cube,
there will remain 53 which being aigmented by the next
Figure of the Refolvend 3, and divided by the triple Square
of the Quotient 2, by R

{.exing how many rimes

5%4, o 12, i 13312053 (237
3K 4, OF 12, I5 come o oo i 0D
fainr'd in g3, it gives 4 Subtra¢t the Cube 8

fir the fecond Figure of

o 12) rem, or
the Cuotienr, Bue fince -,_‘.) 53 (4or3
the Cube of the Quoti- Subtra& Cube 12167

ent 24,viz, 13824 would 1587) 1em. 11450 (7

COmE Out 10 great to be
fubrr &ed fiom the Fi:
guies 13312 that preceed v
the fecond Polut,  there e

nwift anly 3 be writ in the Quotient 1 “Then the Quotiefit
=3 Leing i a feparate Paper, [or Place] multiply'd by 23
eives the Square 29, “which again m‘ufcipl‘y’d by 23 dives
e Cube 12167, and ¢his taken’ from 13312, will Jeave
1145 ; which augmented by the next Figare of the Refol-
vend o, and divided by the triple Squate of the Quotient
23, @iz, by fieking how many times 3% 529, or 158""7,' is
contain’d in 17450, it gives 7 for. the third Figure of the
Quou-:nt.‘ Then the Quotient 237, multiply’d by 237, giv};:s -

Subtra® 13312053
Remains o

4

£

o

P
s
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the Square 56169, which again multiply’d by 237 gives the’
Cube 13312043, and this taken from the Refolvend leaves
0. Whence it is evident that the Root fought is 237.

And fo to extra& the Quadrato-Cubical Root of 36430835;
it muft be pointed over every fifth Figure, and the Figure 3,
-whofe Quadrato-Cube [or fifth Power] 243 is the next leaft
to 364, viz. to the firft Point, muft be writ in the Quotient,”,
Then the Quadrato-Cube 243 o L ‘
being fubtradted from 364, s S
there remains 121, which aug- - 36430820 (3 2,3.
mented by the next Figure of 243 —
the Refolvend, viz. 3, and di- . - 428) 12913 G - L
vided by five times the Biqua- 2
drate of the Quotient, viz.. by 33554432
feeking how many times 5x81, 5242880) 28763850 (5
or 405, is contain'din 213, o
it gives o for the fecond Figure, That Quotient 32 being. -
thrice multiply’d by it felf, makes the Biquadrate 1048?:76 3
and this again multiply'd by 32, makes the Quadrato-Cube
33554432, which being fubtracted from the Refolvend leaves -
2876388, Therefore 32 is the Integer Part of the Root,
but not the true Root ; wherefore, if you have a Mind to
profecute the Work in Decimals, the Remainder, augment-
ed by a Cypher, muft be divided by five times-the aforefaid.
Biquadrate of the Quotient; by feeking how many times
3 X 1048576, or 5242880, is contain'd in 2876388,0, and
there will come out the third Figure, or the firft Decimal 5.
And fo by fubtralting the Quadrato-Cube of the Quotient
32,5 from the Refolvend, and dividing the Remainder by
five times its Biquadrate, the fourth Figure may be obtain'd,
And fo on in Infinitum. ‘ ‘

When the Biguadratick Root % to be extraéted, you may
extraél twice the Square Root, becaufe v+ is as much as v'*
¥.*. And when the Cubo-Cubick Root is to be extrafted,
you may firft exera& the Cube-Root, and then the Sqnare-
Root of thar Cube-Root, becaufe ‘the /¢ is the fame ds
4/'3'4/3 ¢ whence fome have call'd thefe Roots not Cubo-Cu-
bick onés, Lbur Quadrato-Cubes. And the fame is'to be
obferv’d in other Roots, whofe Indexes are not  prime
Numters, ' S S
The Extraction of Roots out of fimple Algebraick Quan-
tities, is evident, even from [theNature or Marks of ] Nota«
tion it felf; asthat Vaq is 4, and that v/4acs is ac, and
R ' that
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that ¥/gance is 34c; and that ¥qga e 18 7a4% ﬁznlji_f

+bb
2 1/¢4 . Aa SR R
. 1 is -, and that J/-— 15 —
aito;hat f/;-c-, o TS, e~ ¢’

and thiat ;/9"?';." is i‘il; and that /% is 2, and that
; acth B

Vis__&i is ‘?_If{’, and that /4 4abb is ¥ab, Moreover,

274" 4 . ‘

thac'bw.m? or b into Vadace, is binto a¢ or abe. And
QAR . s4% or gacz,‘ And that

that 3¢/ ——p B 36X
i Z Y bax 4+ 6bx’?
a—{-gx /M,ﬁiiisa-{-gxxa T or 2a0¥X .
¢ 814a ¢ 94’ gac _
I fay, thefe are all evident, becaufe it will appear, at firft
Sight, that_the propos'd Quantities are produc’d by multi-
plying the Roots into themfelves (as a4 from axXa, aacc
from ¢ into ac, gaacc from 34¢ into 3a4c, %c) But »
when Quantitics confift of feveral Terms, the Bufinefs is
perform’d as in Numbers, Thus, to extra& the Square Root
out of a4 + 24b - bb, in the firft Place, write the Root of
the firlt Term a4, Viz.fi in 5}13
uotient, and having fubtrated '
% Squafe axa, there will re- Zj-*_‘ 2ab b (4t b
main 2ab 4+ bb o find the ‘Re- e .
mainder of the Root by. Say o, f2ab 4+ bb
therefore, How many times 18 4 24b <+ )b
the double of the Quotient, or = ~— -~
2 a, contait’'d in the firft Term of o %
the Rempinder 2452 1anfwer b ‘
[times]), therefore write I in the Quotient, and having fub.
teadled the Produdt of b into 24 4 b, or 24b 4+ bb, there
will remain nothing. Which fhews that the. Work is fi-
aifh'd, the Root coming out 44 &, :
. And thus, to extrad the Root out of 44 + 643 b+ 522 bk
— 124h% 44 b+, firft, fet in the Quotient the Root of the
firft Term 4+, viz, a4, and having fubtradted its Square
#axaa, or a*, there will remain 643 b A 54abb s
12ab3 4 4b+ to find the Remainder of the Root. Say
 therefore, How many times is 244 contain'd in 4% b 2
~ Anfwer 34b; wherefore write 3af in the Quotient, and |
having fubtrated the Produc of '3 4b: into 244 = 34b, or
64°b - 9aabb, there will yet remain — daabh—12ab?
vt 44+ to camy on the Work, Therefore fay again, How
SRR A any
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‘many times is the double of the Quotient, viz! 244+ 6 4 b
Contain’d in emm g4abb — 124563, or, which is the fame
Thmg, fay, How many times is the double of the firft Term
of the Quotient, or 244, contain’d in the firft Term of the
Remainder —- 444b)b 2 Anfwer — 2pb,  Then having writ
— 2bb in the Quotient, and fubtradted the Produét — 255
Mo 244 + Gab— 2bby, OF =~ gaabb—12203 + 45°,
there will remain nothing.  Whence it follows, that the
Rootisaa 4+ 3ab—2bb.

4% - 647 bk §anhb—t2ab? +4b3 (adkgab2bb
at - ) U
6a*b 4 gaabb—12ab* -4 4b*
0. ‘+6:z"b+9zmbb ‘ 4
0 ~—gaabb—=124b’ +4b*
—gqaabb—12ab? 4 4b%

o. o o

And thus the Root of the Quantity wx —ax + 344 is
& —£a ; and the Root of the Quantity y* + 4y * =8y -4
is yy +2y—2 ; and the Raot of the Quantity 164+ —
244ax% 4 ox% -+ 12bbxav—164abh +4b¢ is 350 X
4#4 + 2bl, as may appeay by the Diagrams underneath ; -

e ax -t faa (1-4q.

R o .
el
| T P .7 LIS
4 TAE 1( a =444
¥ +12bb”1+.;2f‘?l’ G5
9x4_ . e ' . . '.‘ ...... ‘
o bdgar oA

w2440 LRt SO
+azbh ¥ .+;gg

o o

Fz : y*
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A4y X—8yta(yt2y—2
3

¥
0 . ‘ :
4y 4y _ e
o —4)y
=8yt
"o o o .

If vou would extra® the Cube Root of 4° 4+ 344b 4

By

5abb -+'b*, the Operation is [perform’d] thus : N

a3 3aab +3abb+ b3 (@4 b B
5‘ ' .

-3 4.1)?7-1’— gaab (f)

a3 4 3aab4 3abb 4 b3
o o 0 o]

Extra&t firft the Cube Root of the firlt Term 2, viz. 4,
and fet it down in the Quotient : Then, fubtrating its Cube
a3, fay, How many times is its triple Square, or 544, con-
tain'd in the next Term of the Remainder 344b ¢ and
there comes out é ; wherefore write § in the Quotient, and:
fubtra&ing the Cube of the Quotient, there will remain o, -
Therefore 4 + b is the Root. e

After the fame Manner, if the Cube Root is to be ex-
trafted ont of ¢ 4 62 — 40z % + 962 — 64, it will
some out %3 + 2z-— 4. And fo in higher Roots, -

i

Of the RepuctioN of FrACTIONS and
© Raprcar [Quantities.].

7FVHE Redudtion of Frafions and Radical Quantities is

of Ufe in the preceding Operations, and is [of re«
ducing them] either to.the leaft Terms, or to the fime De-
- nomination - R ’

*

a

T
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- OF the REDUCTION of FRACTIONS w the
lé’(i’ﬁ Terms.

RACTIONS are reduc’d to the leaft Terms by di-
viding the Numerators and Denominators by the

greateft common Divifor. Thus the Fragtion qﬁf is reduc’d
to a more Simple one {%’ by ‘dividing both aac and be by

203 . e
¢; and ° 7 is reduc’d to 2 more Simple one ~3 by duuq -

67
20344
ing both 203 and 667 by 29 ; and ZK«;TF is rcduc d to
fgwl} by d1v1dmg by 29 o And fo %;*}?M bccomcs
224300 aab»}»abb»——-—b‘_
'2ﬂ'k bydwuhngbygm And—-~—;;:;db

by dxvnhng, by » —-~Iz

~ And qﬁ:cr this Method, the Terms after Multlphcanon or
Divifion may . be for the moft part abridg’d. Asif you

2ab’ by 2250 o d1v1cle1t by bdd |

becomes as + bb

were to multxply

Sced D bdd’ o
84«1) ¢ 6aabb
thcrc will come out; - -b?;-(z 7 @ nd by Redntion T

But in thefe Cafes, itis better to abbreviate the Terms be-
fore the Dpcrauon By dividing thofe Terms [firft] by the
preateft common vanfor, which you would be obllg(l to do
afterwards. " Thus, in the Example before vs, if I divide
24b} and bd/ by‘ the common Divifor b, and 3¢ccd and
gacc by the common Divifor g¢e, there will come out

‘ thc l‘m&xon . [{ié to be multlply d by 3;;, or to be divid-

as above, And fo;

dd . 6anbb
rd by ;- there commg out B

ﬁ

;.. And 24 divided by E
“ becomw

aa
ito & becomes < mto -y OF
pio § b 55 oy
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a4t emaxy

. ‘ 44
Lecopes aa divided Ly b, or- 2 And —

v

intg

a—y € ac .
¥ becomes —=,into -, or — ==c. And 28 di
dd -t ax o I t ,

vided byg— bezomes 4 divided by — or‘fa,“‘ o

W ]

or the Invention of Di’tiif(}r{r. ‘

O this Head may e referr’d the Invention of Divifors,
X by which any Quantity may be divided. If- it bea
fimple Quantity, divide it by 1ts ]eaﬁ'l?mfo{, and the
Quotient by its leaft Divifor, till there remain an‘indivifible
Quotient, and you will have gl the prime Divifors of [that}
Quantity, Then multiply together cach Pair of thefe
Divifors, each ternary [or three] of them, _cagh quaterng-
vy, ¢ and you will alfo have 2ll the compounded D1v1-
fors, - As, if all the Divifors of the Number 6o are requir'd,
divide it by 2, and the Quotient 30 by 2 ang the Quotient
15 by 3, and therc will remain the indivifible Quotient g,
Therefore the prime Divifors are 1, 2,2, 3,.5'; - thofe.coms
posiiof the Pairs 4,6, 10, 15 ; of the Ternaries 12, 20,
20 ; and_ of all of them 6o. Again, If all the Divifors
of the Quantity 214bb are defird, divide it by-3,-and the
Quotient 7abb by 7, and the Quotientabb by 4, and the
Guotieut 6b by b, and there will remain-'the primé Quio-
tient b, Therefore the prime Divifors are 1,3, 7,4, b, b ;
and thefe compos'd of thelairs 21, 34, 34, 74, 70, ab; bl
thofe compos'd of the Ternaries 214, 21b;, 34b, 3bb, 74b,
7bby, abb; and chofe of the Quatemdsics 214D, 21bD,
3abby 72bb; thatof the Quinaries 21 4bb,  After the fame
Way all the Divifors of 24bb—Gaac, dre I, 2, 4y
bb—zac, 24, 2bb — 64c, abb— 3247, f@abbg—r.ézm;,
If after a Quantity is divided by all its fimple Divifors,
it remains [Rill] compounded, and you fulpect it hag fome .
compounded Divifor, [order it or] difpofe it according to
the Dimenfions of any of the Lettersin it, and in the Room
of that Letter fubflirute fuzceflively - three or more Terms.
“of this Arithmetical Progreffion, viz. 3, 2, 1, 0, — I, ~— 2,
and fet the refulting Terms together with all their Di-
vifors, by the correfponding Terms of the Progreffion,
{egting down alfo the Signs of the Divifors, both éﬁirmativa
. an



, L3397

and Negative, Then fet alfo down the Arithmietical Pro2
greffions’ which ran thro’ the Divifors of all the Numbeis
proceeding from the greater Terms to the lefs; in the Ordex
that the Terms of the Progreffion 3, 2,1, 0, ~=1, ~ 2, pro-
ceed, and whofe Terms differ either by Unity, or by fome
Number which divides the higheft Term of the Quantity
propos’d. If any Progreflion of this kind occurs; that Term
of it ‘which ftands in the fame Line with the Term o of the
firft Progreffion, divided by the Difference of the Terms,
. will compofe the Quantity by which you are to attempt the
Divifion, * . .

Asif the Quantity be x ~— xx— 1ox -} 6, by fubfli-
tating, one by one, the Terms of this Progreflion 1, ¢, -1,
 for #, there will arife the Numbers — 4,6, -+ 14, which;

together with all their Divifors, T plece right againft the
Terms of the Progreffion 1. 0, == 1. after this Manner :

I

41024 -+ 4
ol 6)12.3.6 {4+ 3.
-—1 1141127 14 -+ 2,

Then, becaufe the higheft Term a3 is divifible by na -
Number but Unity, I feek among the Divifors a Progref-
fion whofe Terms differ by Unity, and (proceedirg from
the higheft to the loweft) decreafe as the Terms of the la=
teral Progreffion 1. 0.—1. And 1 find only one Progreffion
of this Sort, viz. 4.3.2. whofe Term therefore +3 1
chufe, which flands in the fame Line with the Term o of
the firft Progreflion 1,0.—1. and T .attempt the Divifion
by & + 3, and [find] it fuccceds, there coming out ax —

4% -2 )

Again, if the Quantity be 6y*~—y* —21yy+ 3y
4 ap, for y I fubftitute fuceffively 1.0, 1. and-the re~
fulting Numbers 7, 20, 9. with- all their Divifors, I place
by them as follows : :

1] 7]n7. 7.
. 0} 20} Te2 4.- S' 12. 20 e
=] 911.3.9 . ' : | S

- And among_ the Divifors I perceive there is this decreafing’
Arithmetical Progreffion 7.4.1. - The Difference. of the
* Terms of this Progreffion, wiz. 3. divides the higheft. Term
of the Quantity 63+, Wherefore 1 adjoin the Term 44,
- Co which
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which flands [in the Row] oppofite to the Term o, divided
by, the Difference of the Terms, viz. 3, fand I attempt the
Divifion by y - #, or, which is the fame Thing; by 3y-+4,
and the Bufinefs fucceeds, there coming out 2y* —3yy
—2y -+ s, . ‘
ggd fc?,. if the Quantity be 244 —3504¢ + 494" —
1404* + 644+ 30, the Operation will be as follows :

2] 4211.2.3.6.7.14.21.42 + 343 +7
I ?2‘3 1Y.23: . . A4 Tow I -+ 1,
o} 301}1.2.3.5.6,10.15.30 ] 4 G, o B
~ 11297 | 1.3.9:11.27.33.99.297 ! =3 —9.~—11.

Here are thiee Progreffions, whofe Terms —1.—g.—5,
divided by the Differences of the Terms .2, 4, 6, give three.
Divifors to be try’'d a~-%, 4— %, and a— L. And the
Divifion by the laft Divifor 2, or 64— 5, Tucceeds,
there coming out 44* —— 54 + 444~ 20a~— 6. '

If no Divifor occur by this Method, ‘or npne that divides
the Quantity propos’d, we are to conclude, that that Quan-
tity does not admit a Divifor of one Dimenfion. But per-
haps it may, if it be a Quantity of" more than three Di.

- menfions, admit a Divifor of two Dimenfions. And if fo,
that Divifor will be found by this Method, Subflitute in
that Quantity for the Letter [or Species] as before, fouar or
more Terms of this Progreffion 3,251, 0, 1+ 2. —3,
Add and fubtra& fingly all the Divifors of the Numbers
that refulr to or from the Squares of the correfpondent Terms
of that Progreffion, multiply’d into fome Numeral Divifor
of the higheft Term of the Quantity propos’d, and place
right againft the Progreflion the Sums and Differences, Then
note all the collateral Progreffions which run thro' thofe
Sums and Difference, Then fuppofe . - C to be a Term of
fuch a prime Progreffion, and 1= B the Difference which a~
tifes by fubdudting = C: from the next fuperior Term which
ftands againft the Texm 1 of the firft Progreflion, and A ro
be the aforefaid Numeral Divifor of the higheft Term, and

- 4 [ro be] a Letter which is in the. propos’d Quantity, then
All-+ Bl C will be the Divifor to be try'd,

Thus fuppofe the propos’d Quantity tobe a1 — ) — 3 11
124 — 6, for & I write fucceflively 3, 2, 1,0, —1, and
the Numbers that' come out, 39, 6, 1o 6. w21, ~— 26, I dif-
pofe [or place] together with their Divifors in another Co-
dnmn in. the fame Line with them,and I add and fubtra& the

:, { . Divifors
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Divifors to and from the Squares of the Terms of the firft
Progreflion, multiply’d by the Numeral Divifor of the Term
a#, which 1s Unity, wiz. to and from the Terms 044410,

1. 4, and 1 difpofe likewife the Sums and Differences on the
Side. Then I write, as follows. the Progreflions which occur
among the fame. Then [ makeUfe of the Termsaf thefe Pro-
greflions 2 and — 3. which fland oppofite to the Term o in
that Progreffion which is in the firft Column, fucceflively

i)

313911313399 |#30 —4.68 10.12.22.48 ] —4, 6
2] 6120 3. 64| —212256 7 10 —2 3
) x| 1{om )
of 6{r.2. 3. 6lo|—6 —3—2.—1.1.2.36 23
—I]2r{r1.3 7211} —20-=6—2 024,58 22 4—86
—2 26| 1.,2.13726 | 4 | ~22.~9.2.3.5.6.17. 30 6g

for T C, and T make Ufe of the Differences that arife by
fubtradling thefe Terms from the fiperior Terms o and o,
vize — 2 and + 3 refpe@ively for T-B. Alfo Unity for A
and x for /. And fo in the Room of All4+ B/+4 C, Lhave
. thefe two Divifors to try, 2iz. xx ~F 20 =2, and a iy«
3x <+ 3, by both of which the Bufinefs {ucceceds, .
Again, if the Quantity 3y —6y* -y —8yy~—14y
=} 14 be propos’d, the Operation will be as follows : Firfl,
I attempt the Bufinefs by adding and fubtra&ing to and from
the Squares of the Terms of the Progreflion 1,0.-—1, making
Utfe of 1 firft, but the Bufinefs docs not fucceed,  Where-

170 27 ' —7 17

a2

2 381 1.2.19.38} 12 | —16 —7.T0.1713.14.31.50 | —7—1£

1| rolrz2 50} 3 t—7—2.1.2,4.5.8.13 -7 5

of 14{1.2. 7.14] 0 |—T4—7—2,—1.1.2,7.14 | ==, =X
—1| 10|14 510 3 {—7 —2I.24 5.8.13 —, —
#1190 12 . , —Fw—13

fore, in the room of A, I make Ufe of 3, the other Divifor
of the higheft Term ; and thefe Squares being multiply’d by
3, T add and fubtraét the Divifors to and from the Produéts,
iz, 12.3.0. 3, and I find thefe two Progreffions in the re-
fiulting Terms, wm?, =, =7, =7, 2and 11, §, = L. =77,
‘For Expedition fake, 1 had neglefted “the Divifors of the
outermoft Terms 170 and 190. Wherefore, the Progrefli-
ons being continu’d upwards and downwards, I take the next
Terms, viz. —+ and 17 at the Top, and —7 and —13 at-
Bottom, and I try if thele bein% fubducted from the Nl;)m-
[ HAtI, AR MY L TRE ore



427 .
bers 27 and 12, which fland againft them in the 4th Cos
lumn,[their] Differences divide thofe [Numbers] 7o and 190,
which fand againft them in the fecond Column, And the
Difference between 27 and —7, that is, 34, divides 1703
and the Difference of 12 and —7, that is, 19, divides 1904
Ao the Difference between 12 dnd 13, thatis, 10, divides
140, but the Difference between 27 and 17, that is, 25,
- ddes siot divide 190.  Wherefore T rejec the latter Progrefs
fion, According td the former, 3 C is =7, and 5B is
nothing ; the Terms of the Progreflion having no Diffe-
rence,  Wherefore the Divifor to be-try'd Al ﬁ +Bl4+C
will be 37y -+ 7. And che Divifion fucceeds, there com-
g oury’ —2yy=—2y + 2. -
If afier this- Wiy, there can be found no Divifor which
fucceeds  we are to conclude. that the propos'd Quantity

B GO Wil Bl Airanil, wnasfuw Ll ARRIEES R

will not admit of a Divifor of two Dimenfions, The fame

Method may be extended to the Invention of Divifors of

more Dimenfions, by feeking in the aforefaid Terms and

Differences, not Arithmetical Progreflions, but fonte others,
“the firft, ferond, and third Differences of whofe Terms are

in Aritlimetical Progreffion: But the Learner ought not to
" be detain’d about them,

“Where there are two Letters in the propos’d Quantity, and
all its Terms afvend to equally high Dimenfions; put Unity
for one of thofe Letters, then, by the preceding TRules, feek
a Divifor, and compleat the deficient Dimenfions of this
Divifor, by refloring that Letter for Unity, As if the
Quantity be 6y*—cy} —21ccyy - 3¢'y 4 20¢%,
where all the Terms are of four Dimenfions, for ¢ 1 put 1,
and the Quantity becomes 6y + wmy* ~— 21yy + 33 ~ 20,
whofe Divifor, as above, is 3y -t 4.; and having campleated
the deficient Dimenfion of “the laft Term by a [correfpon-
dent] Dimenfion of ¢, you have 3y + 4¢ {for] the Divis

-for fought.  So, if the Quantity be x4 —bx> —gbban
-} 120 v —6h4, putting 1 for b, and.having found xx
o 242 theDivilor of the refulting Quantity v w3
—5xx 4 194—06, | compleat its’ deficient Dimenfions
by (refpedtive] Dimenfions of b, and fo Thave xa - 2bx
« 2bb the Divifor fought. ‘

Where there ave three or more Letters in the Quantity
propos’d, and all its Tevms afcend to the fame Dimenfions,

“the Divifor may be found by the precedent Rulcs; but
more expeditioufly afrer this Way ¢ Scek all the Divifors
of all the Terms in which fome [one] of the Lerters is

, o : ‘ not,
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not, and alfo of all the Terms in which fome other of the
Letters is not; as alfo of all the Terms in which a third,
fourth, and fifth Letter is noc, if there are fo many Letters ;
and fo ryun over all the Letrers: And in the fame Line
with thofe Letters place the Divifors refpeétively.  Then
fee if in any Serics of Divifors going through all the Let-
ters, all the Parts-involving, only one Letter can be as often

- found as there are Letters (excepting only one) in the Quan-
tity propos'd ; and [likewife] if the Paves ‘involving two
Letters [may be found] as often as there are Letters (except-
ing two) in the Quantity propos'd. It fo- all thofe Parts
taken together under their [proper] Signs will be the Divi-
for fought.

As if there were propos’d the Quantity 1283 n}.b.m'
+ 9y 12bbx e Ghex 4 8ccx 48 — 120bc -
gbee - 6¢ ;5 the Divifors of one Dimenfion of the Terms
8b ' —12bbc—4bcc 4+ 6¢%, in which v is not (found
out by the preceding Rules) will be 2b'— 3¢, and 4b—6¢3
and of the Terms 1289 4~ geax -f Bcea -+ 622, in which
b is not, there will be only one Divifor 4 4 3¢5 and of
the Terms 12x4% — 14 b ww— 12bba 4 8b3, in which
there is not ¢, there will he the Divifors 2 b and
g% — 2 b. I difpofe thefe Divifors in the fame Lines with
the Leteers x,.0, ¢, as you here fee ;

& |2bam 30 g4l Go
b qx -+ 3e
¢i2a0—b 4x—2D

Since there are three Letters, and each of the Parts of the
Divifors only involve onc of the Tetters, thofe Parts ought
to I'e found twice in the Serics of Divifors. But the Parts
4, 6¢, 2x, b of the Divilors ¢.b — 6¢ and 2% ~— b,_vo.nl'y
occur once; and are not found any where out of thoft Divi-
Aors whereof they are Parts, ‘Whercfore | negleét chofe Di-
vifors, There remain only three Divifors 2b — 3¢, 45+ 3¢,
angd 4 &« 20, Thefe are in the Scrics going through all
the Letters x, b, ¢, and cach of the Parts 20, 3¢, 4., are
found in them twice as ought to be, and that with the fame
Signs, if only the Signs of the Divifor 25— 3¢ be chang'd,
and in its place you write ~ 20 -t 20, Tor. you may
change the Signs of any Divilor, X take therefore all the
Parts of thefe, viz. 2b, 3¢, 4 v once [apiece] under thekr
* [proper] Signs, and the Aggrega&: w2b 4 30 g WS}
‘ 3 :
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be the Divifor which was to be found. For if' by this you
- divide the propos'd Quantity, there will come out 3 xx
byt 200 —ygbbe
Again, if the Quantity be 12%° —10ax*—0bx?
w264 %3 4 12abx? + Gbbx? 4 2qa’ xx —Baabrx
—8abbaxx —o4biwx—gqaibx+ 6aabbx—122ab’x
A 18b ¥+ 1247 b+ 32aab% —12b°, 1 place the Divi-
fors of the Terms in which'w is not, by w; and thofe
Terms in which 4 is not, by 4 ; and thofe in which b is not, -
by 4, as you here fee.  Then 1 perceive that all thofe that
b 2b. 4b aa +3bb 2444 6bb. gaa-t-12b0.
bb——zgaa, 2bb—~6aa 4bb— 1244 ‘
a | grx—3bx~2bb. 1288 = gbx + 6bb.
Ne 2% 3K g d GX 84 Jxx—dax. HaN~—8an
2XN A AX =344 4AN F 24X e Gad

are but of one Dimenfion are to be rzjected, hecaule the
Simple ones; b. 2b. ¢b. v, 24, and the Parts of the com-
pounded ones, 35 = 4.4. 6 x— 84, are found but once in
. all the Divifors; but there are three Letters in the prapos’d
Quentity, and thofe Parts involve but one, and fo ought
to be found twice. {n like Mamner, the Diviforg of two
Dimenfions, 4z -+ 3bb. 264 ++ 6bb. 444+ 12bb bb =
3 aa.and gbb— 1244 1 rejedt, becaule their Parts a4,
244, 4daa. bb, and 4bb. involving only one Letter 4 or &,
are nor lound more. than once, But the Pars. 2bb and
644 of the Divifor 2bb— 644, which is the only res
maining one in the Line with &, and whizh likewife involve
only one Letter, are found again [or-twice]), w%ix. the Part
2bb in the Divifor 42x — 3bx 4 2bb, and the Part 644
in the Divifor gax 4 244 ~—644.  Moreover, thefe
three Divifors ave in a Series flanding in the fame Lines
,with the three Letters x, 4, b3 and all theit Parts 2bb,
6aa, 4.ax, which involve only one Letter, are found twice
in them, and that under their proper Sigis ; but the Parts
3bwx, 24x, whichinvolve ywo Letters, occur-but once in
them, Wherefore, all the divers Pasts of thefe three Divi-
fors, 2bb, 64, qxx, 3bxy 24%, conneted under their
proper Signs, will make' the Divifors fought, #iz. 2b%
—baa 4 gy e %bx 42ax. 1 therefore +divide the
Quantity” propos'd by this [Divifor] and there arifes 3 4 *
‘i‘f“t}@&'uﬁf‘r“?aﬂﬂbf“"éb% e T

%

Y
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1f all the Terms of any Quantity are not cqually high,
the deficient Dimenfions muft be fill'd up by the Dimenti-
ons of any afflum’d Letter ; then having found a Divifor
by the precedent Rules, the affum’d Letter is to be blotted
out. As if the Quantity be 124} —1gbyx - oxx
= 12bbx —Obx A 8 -8 m12b g b 4+ 65 afs
fume any Letter, as ¢, and fill up the Dimenfions of the
Quantity proposd by its Dimenfions, after this Manner,
127~ 1gbxx 4 9cxx —— 120bx — 6lex + Scow -
8b} e y2bbe—gbee - 60°. Then having found out
its Divifor g2 —2b -+ 3¢, blot out ¢, and you'll have the
Divifor requir'd, viz, 42— 20+ 3. ‘

Sometimes Divifors may be found more eafily than by
thefe Rules, As if fome Letter in the propos'd Quantity be
of only onc Dimenfion, 'you may feek for the greateft com-
mon Divifor of the Terms in which that Letrer is found,
aud of the remaining, Terms in which it is not found ;-for
that Divifor will divide the whole.  And if there is no
fuch common' Divifor, there will be no Divifor of the
whole.  For Example, if there be propos'd the Quantity
K em 3483 e Baaxa 41840 x e cn® A dcan -
Saacx— 6a’c—8a+, let there be fought the common
Divifor of the Terms ¢ x? 4 acxvn 4 8aacx—6a’c,
in which ¢ is only of one Dimenfion, and of the remain-
ing Terms x4 wwgan’—8aaxw + 184w —8a*, and
thut Divifor, wiz. v+ 2 ax — 2 #a, will divide the whole
Quantity, E '

But the greateft common Divifor of two Numbers, if it
is not known {or does not appear] at firft Sight, icis found
by a perperual Subtradtion of the Tefs from the greater, and
of the Remainder from the [ laft Quantity} fubtradled ; and
that will be the fought Divifor, which leaves nothing, Thus,
to find the greatcft common Divifor of the Numbers 203
and 664, fubtraét thiice 203 from 667, and the Remainder .
58 thrice from 203, and the Remainder 29 twice from 53,
and there will remain nothing ; which thews, that 29 s the
Divifor fought, '

Afier the faume Manner the common Divifor in Species,
when it is compounded, is found, *by fubtradling cither
Quantity, or its Multiple, from thie other ; if thofe Quan-
titics and the Remainder be order'd [or rang'd] according
to the Dimenfions of any Letter, as is (hewn in Divifion,
and be'each Time manag’d by dividing them by all their
Divifors, which are’either Simple, or divide each of its
T R - Tems

n
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Texms as if it were a Simple one, Thus; to find the greateft
common Divifor of the Numerator and Denominator of this
Tradti 348}~ 8aaxx 4 184’ ¥ —8a*

Tachon - 25 e 4 56 e Saa2 4 G
tiply the Denominator by w, that its firft Term may become
the fame with the firft Term of the Numerator, Then fub.
tra& it, and there will remain — 24x% + 124° ¥~ 844,
which being rightly order’d by dividing by —— 24, it be-
comes &3 ——ba® & 4 443. . Subtra& this from the Deno-
minator, and there will remain —gx % —24a% 4+ 247 ;
which again divided by =4 becomes xx ~ 24%— 244,
Multiply this by », that its firft Term may become the
fame with the firft Term of the laft fubtratted Quantity
23 = Gaax - 4a°, from which it is to be [likewife] fub-
trafted, and there will remain — 2 4 & & — 4242 + q4°,
which divided by = 24, becomes alfo xx + 24% w 244,
And fince this is the fame with the former Remainder,
and confequently being fubtradted from it, will leave no-
thing, it willbe the Divifor fought; by which the propos'd
Fradion, by dividing both the Numerator and Denomi-
nator by it, may be reduc’d to a more Simple one, wviz, to
KR §AX 4 444

Kr=34 .
And fo, if you have the Fra&ion
6a° 154" b=mga’ co—t104abcc

‘ 9a’b—a7dabc—Gabect 19bc?

its Terms muft be firft abbreviated, by dividing the Nume-
rator by 44, and the Denominator by 35 : Then fubtradting
twice 347 —gaac—24cc + 6¢’ trom 64’ + 1544b

, mul-

°

wme 420610 bec, there will remain+ ’;gl; da "~ i?‘ﬁﬁ"a '
Which being order’d, by dividing each Term by 5b 4 6¢
- after the fame Way as if 55 4 67 was a fimple  Quantity,
it becomes 344 —~2¢c.  This being multiply’d by , fub-
tract it from 343 — 9aac~~ 2dcc -4 6¢7, and there will
, yemain ——9agc -} 6¢%, which being again order'd by a
" Divifion by — 3¢, becomes allo 344 - 2¢¢, as before.
‘Wherefore 344— Zc¢ is the Divifor fought.  'Which be-
ing found, divide by it the Parts of theé propogd Fradion,
and you'll have 20 -F 544b .
3abe=9b¢

Now,



L4771

Now, if 2 common Divifor cannot be found after this
*Way, it is certain there is none at all ; unlefs, perhaps, it

he ane af +he Terme that ahhraviate the Numerator and
Al Wik UL LIIC 1 LXAMa LEACGRYL ALUL W VAL L rAAW L MLASRI-A (e LAl duaxia

Denominator of the Fra&ion :  As, if you have the Fra&i-
. aadd —ccdd—aacc 4 c*
48ademyacd—2acc+ 207

according to the Dimenfions of the 4, that the Numerator

may become ‘;Z‘ dd "_'{_- Zf”, and the Denominator

. 2‘_:3 d I 3:56. This muft firft be abbreviated, by di-

viding each Term of the Numerator by 44— ¢c, and each
of the Denominator by 24 — 27, juft as if 44 =—cc _and

(o]

and fo difpofe its Terms,

24— 2¢ were fimple Quantities ; and fo, in Room of the -

Numerator there will come ot dd ~¢¢c, and in Room of
the Denominator 24d = ¢ ¢, from which, thus prepar'd, no
comimon Divifor can. be obtain’d, = But, out of the Terms
a4 wgc and 24—2¢, by which both the Numerator and

Denominator are abbreviated, there comes out a Divifor,

viz, 4= ¢, by which the Frattion may be reduc’d to this, viz.
add A+ cdd—acc—e?
4ad—2¢¢
adg—cc and 24— 2¢ had not had a common Divifor,
the propos’d Fraétion would have been irreducible,
And this is a general Method of finding. common Di-

." Now, if neither the Terms

vifors ; but moft commonly they are more expeditiondly -

found by feeking all the prime Divifors of either of the
Quantities, that is, fich as cannot be divided by others,
and then by trying if any of them will divide the other with-~

out a Remainder. Thus, to reduce

‘ yy—py
© to the leaft Terms, you muft find the Divifors of the Quan-
tity a4~ ab, viz. a4 and a=~=b; then you muft try whe-

ther either 4, or a=b, will alfo divide a*==gab4abb

w=p 3 without any Remainder,

of

A} eagabtabl=b3 ;
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Of the BEDUCTIO\J of FRACTIONS 10 a
common Denominiators

YRACTIONS are reduc’d to a conmumon D_enom@nato:
by multiplying the Tcrms of each by the Denominator

of the other. Thus, having Z- and % , multiply the Terms

of one %by d, and alfo the Terms of the other % by b,

and they will become b—g and : 7 whereof the common
| 4 ab

. . ab
Denominator is bd. And thus 4 and -, or - and -
¢

ac ab .
become — and —, But where the Denoniinators have a
. ¢ : ‘ '

¢ommon Divifor, it is fufficient to multiply them alternate~

. 3 3
ly by‘ the Quotients, Thus the ’Fra&ion Z—c and Z_;t are

reduc’d to thefe ” Zand > 2, by multiplying alternately

by the Quotients ¢ and d, arifing by the Divifion of the
. Denominators by the common'Divifor b.
This Redu&tion is moflly of Ufe in the Addition and
Subftra&tion of Fractions, which, if they have different De-
nominators, muft be firft reduc’d to the fime [Denomina-

tor] before they can be added. Thus b-’l" y by Reduétion

4 be ad +be
beconies :

ab
I')_d + b Pyt and 4+ = becqmes
ac 4 ab 4t a? ald—gic de—c
. And - e ; - :
. r4 iy becqmes Py OF i,
4 + LY <
And - TE c
nd ”__:“ ¢¢~xx becomes S And fo
2 _ i4 . 15 14 4 1% 2
245 . 4, 15 14 4 15 .29
; + 2 , becomes — +. o o that is, Py
{ .
And _{I— bccomes — -----»9—'1 or 3. And 3 53
6 12 12’ 12 4 12

becomes
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brecomes -2 = j—, or —4-, that is -, And 3 te oo
S § 12 12 3 77
. 2 .
3 4+ % becomes J + 4--"- ; or 25, And 25'I- becomes
1 7 7 7 7 2
5t
2" |
Whete there are more Fractions [thdn two] they arc to
; . aa 2rx Ak
be added gradually. Thus, having oAt S —

. Aa : . Ad=—ax .
from - take 4, and there will remain Z2-_"70; (o this
x*

34l ~—3d44% 4327,
' “d

2 &2 , .
add ~—, and there will come out
34 Jau

ax :
from whence, laftly, take away —-~—, and therc will re-
a—x

rmain ga* —Ga'n 4240 ~—221
' Jaak —3zaxx

And fo if you have

33_.__—;, firft, you are to find the Aggregate of gi;, viz,

: .2 . . Oi.
?_-5, and then to take from it =, and thete will remain or
21

Of the REpucTroN of RapicAr [Quan-
tities’) to their leaft Terms.

Radical [Quantity,] where the Root of the whole cans
not be extracted, Is perform’d by citia@ing the Root
of fome Diviflor [of it], Thus vaabe, by extra&ing the
Root of the Divifor ax, becdmes av/be. Andv48, by cx-
traing the Root of the Divifor 16, heconies 4v3.  And
v 48aabe, by extradling the Root of the Divifor 1644, be-

4 Y b b+ qab? :

comes 444/3bcc. And [/ 1 - ,.f’rﬁfc..‘-’);u_l..lﬁm-, by ex-
e ap A=A ab bb

tradting the Root of its Divifor %7 w,f’rc iv_+ 47% becomes

A

2l and PO 527, by i he
! Root
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Rost of the Divifor 247

pPpzz

And 6¢7j by extra&ting the Root of the Divifor z«g, be-

k]

”  becomes Lm—t/oo+4mpa
PZ

comes == M 3 or —»/ —, and by yet extralling the Root
of the Denommator it begomes ;—1/ 6. Andfo 41/ — oF

41/ , by extra&mg the Root of the Denominator, becomes
Vﬂb And 1/84 b -4~ 164+, by extrating the Cube
Root of its Divifor 84°, becomes 24 13/ b -+ 24. And
not unlike [this] ﬁa’x, by extralting the Square Root

4
of its Divifor 24, becomes Va4 iuto v 4x, or by extral-
:mg the quuadratlck Root of the Divifor #4, 1c becomes

d'\/—- And fo Vﬂ % is chang'd into m/ax‘ or,

into ax V*, or into deXVtmx.

Moreover, this Reduction is not only of Ufe for abbre-
vmtmg, y of Radical Quantities, but alfo for their Addition
and Subtraétion, if they agree in their Roots whea they are
reduc’'d to the moft fimple Formj for then they may. be
added, which otherwife they cannot., Thus, v48 4+ V5
by Reduction becomes 4 V3 -+ 5 v3, that 1s, 9v'3. And

Y48 — ;: by Reduction becomes 4.4/3 ——= V 3, thatis,

32 Lab’ z° b—4aaob+4ab‘
9'\/3. And thus, [/——»—” +’/

X2

. . . - 2b
by extra&ing what is Rational init, becomes — 4/4b.-}
¢

‘,._._ ) i 3 I
420 o, thatis, —ﬂ-v’ab. And VB b 1645 —

1/b4 + 24b° becomes z;n/b 4 24 —b x/b + 2 4y
that is, 24~—-b1/b+2a.

of
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Of the REDUCTION of RADICAL [Qnantic
ties] to the fame Denomination.

WHEN you are to multiply or divide Radicals of a
different Denomination, you muft [firft] reduce them
to the fame Denomination, by prefixing that Radical Sign
whofe Index is the leaft Number, which their Indices divide
without a Remainder, and by ‘multiplying the Quantities
under the Signs fo many times, excepting one, as that Index

. 3 6

is become greater, For fo vax+vaax becomes /73 E)
. f/-—-— L . 4
meo v'at xx, that is, /27 x 5. And Vaz Into vax

a4 4

becomes Va4 into Vax, that is, ¥a'x And V6 in-
4 4 Vrwe

to -\/~2— becomes ¢/ 36 into 32-, that is, ¥/ 30. By

the fame Reafon, 4{ bc becomes Va4 into ¥be, that is,
Vaabe. And 44v/3bc becomes v 1644 into v3be, that

—_— 3 3
is 1/48Mbc. And 24v'b -} 24 becomes Y843 into

EJ— 3 :
v+ 24, thatis, v'84°b + 164* Andfo vac be-

Vac AL 6abb V' 36aal*
comes 755 Vi And P becomes Visab

orv'24b And fo in others.

Of the REDUCTION of RADICALS o more
Jimple Radicals, by the Extraltion of Roots.

VHE Roots of Quantities, which are compos’d of In:
tegers and Radical Quadraticks, extra& thus: Let A
denote the greater Part of any Quantity, and B the leffer

Part; and iwi—BB will be the Square of the
2 .
: ’ vy B
greater Part of the Root ; and A—vAA B will be

: 2
the Square of the lefler Part, which is to be joyn’d to the
' H 2 greater
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greater Part with the Sign of B.  As if the Quantity be
3 + 8, by writing 3 for A, andv/8 forB, VAA—BB =1,
and thence the Squire of the greater Part of the Root
3+
2

. —1
that is, 2, and the Square of the lefs 3 , that
b b ? 2

is, 1. Therefore the Root is 1 +4/2. Again, if you are

to extra&t the Root of /32 — /24, by putting ¢/ 32 for A,

and +/24 for B, ¥Y/AA BB will =8, and thence
>

v 3

> _ that is, 431/2 and v2 will be
the Squares of the Parts of the Root.  The Root therefore is

4 4 _
V18 — 2. After the fame manner, if, out of 44 -+
24 aa — xx you are to extraét the Root, for A write 24,
and for B 24 +/as— xx, and AA—BB will = 2* -~
4asxx 4+ 4x 4, the Root whereof is ag—— 2.xx. Whence
the Square of one Part of the Root will be a2 — x x,

and that of the other xx ; and fo the Root [will be]
¥V aa—xx, Again, if you have 24+ gax—
24 x/arw: + 4xx, by writing aa4-54x for A and
2avax 4 qun for B, AA—BB will = a4 6a5x
4 g aaxx, whote Root is 22 + ?pz %, Whence the Square of
the greater Fart of the Root will be a4 44 4%, and that of

the leffer Part ax, and the Root Via+ qax—v ez
Lafily,” if you have 6+ v8w— v 12 — /24, putting
6-++8=A, and --1/12-—-‘/24 — B, AA — BB
= 8 ; whence the'greater Part of the Root is v/3 +4/8,
that is as above 1 -+ 42, and the Jeffer Part v/3, and confe-
quently the Root it felf 5 - v2—4/3, But where there
are more of this fort of Radical Terms, the Parts of the
Roct' miay be {ooner found, by dividing the Produé& of any
two of the Radicals by fome third Radical, which [{hall] pro-
duce a Rational and Integér Quotient. For the Root of thag
Quotient wi}l ke double of the Part of ‘the Root fought. As
N V8 xvI2 , Y8 X Vay '
: Va4 viz ¥
And ﬂajg/—%' =6, Therefore the Parts of the Root
are 1, ¥'2, ¥/'3 asabove, - |

1

fn the laft Example,

Therg
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There is alfo a Rule of extradling higher Roots out of
Numeral Quantities [confifting] of two. Parts, whofe Squares
are commenfurable, Let there be the Quantity A+B.  And
its greater Part A, And the Index of the Root to be ex-
traded ¢. Seek the leaft Namber N, whofe Power N. is
[may te] divided by AA — BB, without any Remainder,

and let the Quotient be Q. Compute YA B x v/ Q_in
the nearcft Integer Numbers. Lerit be . Divide AvQ,
by the greateft rational Divilor, * Let the Quotient be ¢, and

let 77 in the next greateft Incegers be [called] ¢, And
24
AT
A 2:”; % will be the Root fought, if the Ropt can be
vQ
extrafled,

As if the Cube Root be to be extradted out of V968 + 25 ;
AA —BB will = 343; and 7, 7,7 will beits Divifors ;
thercfore N = 7 and Q = 1. Moreover, A +B x v Q,
or V968 + 25, having extrafted the former Part of the
Root is a little greater than g6, and its Cube Root in the
neareft Numbers is 4 ; therefore 7 == 4. Moreaver, Av'Q,
Qr V968, by taking out whatever is Rational, becomes

B
o . . v
2292, Therefore 2 its Radical Part is 5, and +y ,
\ 25
5% :
or —Zj in'the neareft Integer Numbers is 2, Thercfore
2

. P . 2¢
t 2. Lafly, tsis 2¢/2, Virss—n is 1, and VQ, or

P
V1, is.1. Therefore 242+ 1 is the Root fought, if it can
be extraéted. 1Itry therefore by Multiplication if the Cube
of 2v'241 be ¥/ 96825, and it fucceeds.

Again, if the Cube Root is to be extracted out of 68—
V43745 AA—BB will be — 250, whofe Divifors are
5.5,5,2. Therefore N—= 5 X 2 = 10, and Q= 4. = And
¢ . . g "

| p— 3 : ,

VA'h BxvQ, or 1/68 -+ V4374 ¥ 2 in the neareft Inte-

gor Numbers is 7 = ». Moreoyer, AvQ, or 68vq, by
o l ' eXe

H
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extracting [or taking out] what is Rational, becomes 136v1,

+.'.’. 1,
Therefore s==1, and " ' 7, or 7+ in the nearefi Inte-
25 2
ger Numbers is 4 == t. Therefore t5—=4, Vitss—n = V6,
2

¢ 3
and vQ = v4, or 13/2 ; and fo the Root to be try’d is
4— V5
V2
Again, if the fifth Root be to be extradted out

of 20v6 -+ 41v3; AA —BB will be = 3, and confe.
quently N =3, Q=81, r =5, s = V6 t =1, ts=V6,

S ) ¢ 1 5
Vitss—n = V3, and f/Q_.—_ 1/08;, or ¢ ; and fo the
Vé-+v3
Root to be try’d is =3,

9 .

But if in thefe Sorts of Operations, the Quantity be a
Frattion, or its Parts have a common Divifor, extra& fe-
parately the Roots of the Terms, and of the Falors,
As if the Cube Root be to be extradled out of V242 — 124,
this, having reduc’d its Parts to a common Denominator,

V968 — 25

will become . Then having extracted feparate-

2
1y the Cube Root of the Numerator and the Denominator,
] 2V 21 .
there will come out 5, Again, if you are to ex-
&

3 s
tract any Root out of ¥3993 + v 17978125 ; divide the
Parts by the common Divifor 13/3, and there will come out

3
11 - V125, Whence the propos'd Quantity is v/3 into
11 =+ V125, whofe Root will be found by extracting” fepa-

rately the Root of each Factor 13/3, and 11125,

of
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Of the Form of an EQUATION.

QUATIONS, which are either two Ranks of
Quantities, equal to one another, or one Rank taken
-equal to nothing, are to be confider’d chiefly after two
Ways ; either as the laft Conclufions to which you come in
the Refolution of Problems ; or as Means, by the Help where-
of you are to obtain [other] final £quations, An Equa-
tion of the formerKind is compos’d only out of one unknown
Quantity involv'd with known ones, " If the Problem. be
determin’d, and propofes fomething certain to be found out,
But thofe of the latter Kind involve feveral unknown Quan-~
tities, which, for that Reafon, muft bé compar'd among oné
another, and {o connefted, thatout of all there may emerge
a new [quation, in which there is only one unknown
Quantity which we feek; [and] that £quation mufi be
transform’d moft commonly various Ways, untill it becomes
the' moft Simple that it can, and alfo like fome of theé fol.
lowing Degreesof them, in which » denotes the Quantity
fought, according to whofe Dimenfions the Terms, as you
fee, are order'd, [or rang’d] and p, g, r, 5, [denote] any o-
ther Quantities from which, being known and determin’d, a
is alfo determin'd, and may be invefligated by Methods
hereafter to be explain’d.

X :_—p. OI‘, x"'"'P"_":Ob

xx=px 4 qi XY px =g =0, _

mpxt A gt X oot PER = QR e 7 == O,

¥mmpad dgxd At os. A e prd e gt ey — S e O
&c &¢,

After this Manner therefore the Terms of Aquations are
to bé reduc’d, [or order’d] according to the Dimenfions of
the unknown Quantity, fo that [thofe] may be in the firft
Place, in which the unknown Quantity is of the moft Di-
menfions, asx, xx, x°, x*, &. and thofe in the fecond

- Place, in which [«] is of the next greateft Dimenfion, and
fo on. As to what regards the Signs, they may ftand any
how ; and one or more of the intermediate Terms may be
fometimes wanting, Thus, x3K—"bbx+0b° =0, or

'z embba b, 1s an Aquation of the third Degree, agd

4

Ei
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Zs j—-?} yAR iZfs;—_—o, is an Aquation of ghe fourth Dé:
gree. For the Degree of an ABquation is alwayﬁ_eﬂmﬁat_ed by
the greateft Dimenfion of the unknown Quantity, without
any Regard to the known ones, or to the 111r6;m¢d~1ate Terx.ns,s
But by the Defet of the intermediate Terms, the Aquation
is moft commonly render’d much more fimple, and may be
fometimes deprefsd to a lower Degree. For thus, 2% =
gxx -} is to be reckon’d an /Equation of the fecond De-
gree, becaufe it may be refolv’d into two Aquations ‘pf the
fecond Degree.  For, fuppofing »x = 7, and y being ac-
cordingly writ for xx in that Aquation, there will come
out in its flead yy =gy + 5, an KEquation of the fecond
Degree ; by the Help whereof when y is found, the Aqua-
tion xx —y alfo of the fecond Degree, will give x, .

And thefe are the Conclufions to which Problems ate to
be brought. But before I go upon their Refolution, it will
be neceflary to fhew the Methods of transforming and re-
ducing Aquations into Order, and the Methods of finding
the final Aquations, 1 fhall comprize the Reduttion of -a
Simple Aquation in the following Rules.

Of ordering, [or managing] &c. a Simple
| MLQUATION.

Rure L YF there are any Quantities that deflroy one 4=

nother, or may be joyn’d into onz by Additi-
on or Subtraction, the Terms are that Way to be diminifh’d
[or reduc’d].  Asif you have §b—3a+ 24 =54+ 3 %,
take from each Side 2%, and add 34, and there will come

out 56 =84 -} x And thus z—’j—b—;}ﬂ
by firiking out the equivalent Quantities 24—-4—b s bz b, De-

kA
COMES —= == 4,

To this Rule may alfo be referr’d the Ordering [or Ma-
nagement] of the Terms of an Aquation, which is ufually
perform’d by the Tranfpofition of the Members to the con-
trary Sides under the contrary Sign.  As if yon had the
Aquation 5b = 84 - », you areto find ; take from gaéh

' ide
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Side 84, or, which is the fame Thing, tranfpofe 84 to the
contrary Side with its Sign chang'd, and there will come
out §b - 8a=—x, After the fame Way, if you have
44 ——3ay=—ab—Dbb -+ by, and you areto find y ; tranf-
pole — 32y and 4b — bk, fo that there may be the Terms
multiply’d by y on the one Side, and the other Terms on the
other Side, and there will come out 4 a—ub - bb=3ay
- by, whence you'll have y by the fifth Rule following, #iz.
by dividing each Part by 34 4 b, . for there will come out
Ag—ab 4 bb
3a+b
im 342 == abb — 24bx — 2%, by due ordering and tranf-

=7y. And thus the Aquation abx -4 43

Rure 1. IF there is any Quantity by which all the Terms
of the £quation are multiply’d, all of them muft be divid-
ed by that Quantity ; or, if all are diviled by the fame
Quantity, all muft be mualtiply’d by it too. Thus, having
1§8bb = 24ab 4+ 3bw, divide all the Terms by b, and
you'll have 15b = 244 + 3 ; then by 3, and you'll have
' AR I LT .

- multiply all

50 =8a4a-+x; or having o ;

¢cc
o o : by Db
by ¢, and there comes out - =

I

. R c .
RuLe U1, If there be any irreducible Fration, in whofe
Denominator there is found the Letter [unknown?, accord-
-ing to whofe Dimenfions the [whole] Aquation is to be
orderd [or rang’d]. all the Terms of the Aquation muft be
multiply’d by that Denominator, ot by fome Divifor of it.

As if the Aquation ;~% b —=x be to be order'd [or

rang’d] according to x, multiply all its Terms by 4 — x the

N . . ax
Denominator of the Fradtion pr—— and there comes out

A% 4 abem by — gx——ax, O ab—bx—=—xx, and
tranfpofing each Part [you'll _have] Ax—bx—ab. And

a? =—-aab

foif you have =y —¢, and the Terms are to be

20yl €
order’d [or rang'd] according to [the Dimenfions of ] j,
-multiply them by the Denpmin;to: 2¢y—¢¢, oOr, at leaél,
. L ’ s '. Y
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by its Divifot 2§ i=¢, thaty iay vadifh §4 the Denoi-
AN \
nator, and there will come out f-——c-ﬂ =2)) =3¢y

43 —abb

¢, and by farther ordering s 04 38 Y

. L .
=2yy. After the fame manner A= by being

Co ~ a4 ubb
multiply’d by B becomes 44 —-ax = %%, and —— =
z _{_t: > and multiplying firft by v, and then by 4+ b

" bbb+ aab? —aabbx
=i, it becomes a1bb + udc' o = x4

Rure IV. If that [particular] Letter, according to whofe
Dimenfions the £quation is to be order'd [or rang’d], be
involv’d with an irreducible Surd, all the other Terms are
to be tranfpos’d to the other Side, their Signs being chang’d,
and each Part of the Kquation muft be once multiply’d by
it felf, if the Root be a Square one, or twice if it be 2 Cu-
bick one, ‘¢5c. Thus, to order the Aquation 4 4a ~a%
=+ 4= x according to the Letter ¥, tranfpofe 4 to the other
Side, and jyou have V/aa— xx=—r~-q ; and haviig
fquar'd the Parts 4g——ax==x~~2ax 444, OY 0=

' 3
X% ax, thatis, ¥=a So alfo Vaax+ gaxx—x}
—a-&=0, by tranfpofing w~a-tx, it becomes
3

Vaax - zaxx—x" = 4%, and miltiplying the Parts
cubically sax - 2axx— 23 =a' —Jaux + Jaxx—

X3, or wx=—gqax—aia. And foy ‘_~;—;I/ﬂy + yy—av ay—yy

having fquar'd the Parts, becomes yy = ay + yy — aV/ ay—yy
and the Terms being ri,ght]y tranfpos'd [it:g}e’comes] {z y:yz:
Vay—yy, Ory="vay—yy and the Paits being apain
fquard yy=ay-—yy ; aud laflly, by tranfpofing 2yy==ay,
or 2y=a, L L
[.:RU L V. The Terms, by help of the preceding Rules,
béing difpos’d '{or rang’d] according to the Dimenfions -of
fome one of the Letters, if the higheft Dimenfion of that
Letter be multiply’d by any known Quantity, the whole ‘-
quation muft be divided by that Quantity, Thus, 2y =1,
’ b
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by dividing by 2, becomes y= %4 And %—y =4, by di-

- b an 24 + a3
viding by — o k

g yg,becomes r= And __  x s m®
w=2a%¢ < eqs
o dace ¥4’ cc =0, by dividing by 24¢—c¢, be-

Qac + 43 —2a%c
2t 2 Ko g ¥

COmes —-c¢ +aac® Aaace ¥ “ =0, ot

280~ C(
,Fattaac a’c
P XX wme X eame e Oy
24f—C ¢ 28==¢

Ruie VI. Sometimes the Reduction may be perforin’d
by dividing the Zquation by fome compounded Quantity-

For thus, 35 — :T—’Zz}c.?) + 3 bey—1bbe, is reduc’d to this,
vize yy=2¢y +be, by transferring all the Terms to the
fame Side thus, y* _i ?kc ¥3+3bey+bbe=o0,3nd dividing

. by y— b, as is thewn in the Chapter of Divifiun ; for there
will come out yy + 2cy—de=0. Butthe Invention of
this Sort of Divifors is difficult, and js more fully taughe
elfewhere,

Rure VII. Sometimes alfo the Redu&ion is perform’d
by Extra&tion of the Root out of each Part of the Aqua-
tion, Asif you have xx =244 —bb, having extralled

the Root on hoth Sides, there comes out 2= Visa—bh,
If you have &~ 44 — 242 4 bb, tranfpofe 24x [to the
other Side] and there will arife x % — 24% =42 =Dbb, and
extra&ing the Roots of the Parts & s = <}, or —b, or
x=a+tb. So alfo having xa=aa—bb, addeneach
Side ~— ax =}~ £ 14, and there comes out xx —=ax -4 44
=L 4a—Dbb, and extra&ing the Root on each Side 2w’ a
=ty Iag—hb, ot ¥ = 2atviga—bbh.

And thus univerfally if you have v x = .px.g, * will be

X 2 . . 2 s

-:::,—pi‘/—,p, .q. Where £ p and g are to be aﬁ%&ed
witﬁ the fal?lﬁe ESI ns as p ,andzq in the former Mquation ;
but 4 pp muft be always made Affirmative. And this Ex-
ample is 2 Rule according to which [er like to which} all

Quadratick Equations may be iizﬁm’d te the Form of Siﬂ;“
2 ] ? ; e
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ple ones. Therefore, having propos'd the Kquation yy =
22Xy

28% .
+ xx, to extrat the Root y, compare — with p,

. LoxE . x e 1 d
that is, write ~— for £p, and - +xx forfpp.q, an

] . 2w e X
there will arife y=— -+ - +xx, or y= - —

o .
V PR After the fame Way, the Aquation yy—
4

ay-— 20y -+ a4~ cc, by comparing 24— 2¢ with p, and

at—cq with g, will give yo=$a—c & V'<ad—ac.
Moreover, the Biquadratick Aquation &* = —aaxx

~+ab?, whofe odd Termsare wanting, by help of this

Rule becomes & x —-—2aa + 4347 - ab?, and extrad-
ing again the Root x = V-*%M + Viat4abi. And
{0 in others, .

And thefe are the Rules for ordering one only Equation,
the Ufe whereof, when the Analyft is fufficiently acquainted
with, fo that he knows how to difpofe any propos'd /AFqua-
tion according to any of the Letters contain’d in it, and to
obtain the Value of that Letter if it be of one Dimenfion
or of its greateft Power if it be of more 3 the Comparifon
of feveral AEquations among one “another will not be diffi+
cult to him, which T am now going to fhew, ‘ !

4

Of the Transformation of two or more AU A-
TIONS into one, in order to exterminate the
unknown Quantities. - o

' HEN in the Solution of any Problem, there are more

quations thar one to comprehend the State of the
Queftion, in each of which there are feveral wnknown
Quanunies ; thofe Aquations (two by two, if there are
more than two) are to be fo connedted, that one.of the un-
known Quantities may be made to vanifh at each of the
Dperations, and fo producea new Equation, Thus, having
the g uations 2x ==y -+ 5, and x—y -+ 2, by taking off
¢qual Things out of equal Things, there will come out
I - " A LT R [ xm,3o

>
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x==3 And you are to know, that by each Equation one
unknown Quantity may be taken away, and confequently,
when there are as many Aquations as unknown Quantities,
all may at length be reduc'd into one, in which there fhall
he only one Quantity unknown. But if there be more un-
known Quantities by one than there are Aquations, then
there will remain in the Aquation laft refulting two un-
known Quantities; and if there are more [unknown Quan-
tities] by two than there are Aquations, then in the laft
refulting Aquation there will remain three; and fo on.”

There may alfo, perhaps, two or more unknown Quan-
tities be made to vanifh, by only two Aquations, As if
you have axw—by=—abw——az, and bx 4 by =>bb+ az;
then adding Equaﬁs to Equals, there will come out #x -
bx—ab+bb, y andz being exterminated, But fuch Cafes
either argue fome Fault to lie hid in the State of "the Que-
ftion, or that the Calculation is erroneous, or not artificial
enough. The Method by which one unknown Quantity
may be [exterminated or] taken away by each of the £qua-
tions, will appear by what follows,

The Extermination of an unknown Quantity by
an Equality of its Values.

HEN the Quantity to be exterminated is only of one
Dimenfion in both Aquations, both its Values are
to be fought by the Rules already deliver'd, and the one
made equal to the other. ;
Thus, putting 4 + ¥ =b +y, and 224 y=—=3b, thaty
may be exterminated, the firR [Aquation will give 2+«
—2b —y, and the fecond will give 3b— 22 =1y. - There-
fore a4+ x—b=3b— 21, or by [duc] ordering x =
4b—a : :
3
And thus, 2x =y, and § 4+ x =y, give 22 =5+ %,
or ¥ =1, -

And axe——2by=qab, and xy="bb, give M:;db
=y :_—‘Ig; and by [due] ordering [the Terms] [x x =
‘ 3 ) L3 .
bx.—:‘ib——, or] xxp-—-bx‘-_——L‘::o-,

T P

A
: Alfo
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e=ab-txy, and b 5%2 -_l-. 244,
by taking away x, give — by (= %) = ﬂi%.:.:ﬂl
and by Redulion y° — '~ 3y — 2ae + 0y 4 bbo o,

Laflly, 2+t y—z=0, and ay=¥%x, by taking away
, give ¥ty (==z) :%, or xx ¢ ¥y =4).

The fame is alfo perform'd by fubtrading either of the Va.
fues of the unknown Quantities from the ogher, and making
the Remainder equal to nothing. Thus, in the firft of the
Examples, take away 3b — 24 from 4 +bx ~—b, and there

—_
will remain 44 34 == g4b =0, orx:__--4 -

The Extermination of an unknown Quantity by
fubflituting its Value for it.

HEN, at leaft. in one of the Equations, the Quan-

tity to be exterminated is only of one Dimenfion,

its Value is to be fought in that Aquation, and then to be

fubftituted in its Room in the other Mquation, Thus,

having propos'd xyy="5"*, and &x < yy=by-——ax, to
3

exterminate x, the firft will give — = x; wherefore I fub.
o b3
ftitute in the fecond — in the Room of &, and there comes

ont ;b'j: )y by— %’, and by Redu@ion y¢ wm by 4

abiyy4+b¢ =o.
But having proposd ayy + aay=z’,and yz —ay=az,

to take away y, the fecond will give y — 5 = ~ Where-

. ar
fore for y 1 fubflitute o into the firft, and there comes
L a2z Atz .
ont -+ =z', And by Reducion,

BZ=— 242 + 44 bl
2% e 247 AR e 2R R 4 =0

in
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In the like manner, having propos’d 'f.;Z =z, and ¢ y 4
wx=cc, to take away z, I fubflitute in its Room %—7 in

. : XXy
the fecond Zquation, and there comes out ¢y 4 71‘:::”'.

Buta Perfon ufed to thefe Sorts of Computations, will
oftentimes find fhorter Methods [than thefe] by which the
unknown Quantity may be exterminated. Thus, having

bba b az . o
= and x = if equal Quantities ‘are
multiply’d by Equals, there will come out equal Quantities,
Viz. axX == abb, or x =b.
But I leave particular Cafes of this Kind to be found out
by the Students as Oceafion fhall offer,

The Extermination of an unknown Quantity
of feveral Dimenfions in each ZEquation.

HEN the Quantity to be [exterminated or] taken

/ away is of more than one Dimenfion in both the /-
quations, the Value-of its greateft Power muft be fought in
both ; ‘then, if thofe Powers are’ not the fame, the Aqua-
tion that involves the lefler Power muft be multiply’'d by
the Quantity to be taken away, or by its Square, or Cube,
¢7c. that it may become of the fame Power with the other
Aquation, Then the Values of thofe Powers are to be made
Equal, and there will come out a new Aquation, where the
gredteft Power or Dimenfion of the Quantity to be taken
away is diminifi’d. And by repeating this Operation, the
Quantity will at length be taken away, . ,
As if you have x & + 54 =37y, and 2xy— 3 vxr—4,
to take away x, the firt [Aquation] will give xx =

— x4 3yy, and the fecond xa = — ’; T4 1 put

therefore 3yywm—-gw = w, and fo x is reduc’d to
only one Dimenfion, and fo may be taken away by what
1 ‘have before thewn, viz, by a due Redudion of the lift
Aquation there comes Ut 93y =545 24y —4, O

X
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T ?_’_l.i_‘i%_ I therefore fubflitute this Value for » in
T2 15
one of zhe ZE?luations fieft propos'd, (asin 2 +5x==3yy)
Byt 72y ¥16 L 4523420
\ 4yyF6oy+225 2315
To reduce which into Order, I multiply by 4yy -+ 6oyy
-} 225, and there comes out 81y* -+ 727y 4 16 - g0y *
+ 40y +675yy 4 300=12y* -+ 180y * 675y, or
6934 —00y* 4 727y =4 40y -+ 316 =0-
Morcover, if you have y* =xyy+ 3%, and yy—uxx
— xy— 3 ; to take away y, 1 multiply the lateer Aquation
by y, and you have y® —axy—x3y—3), of as many
Dimenfions as the former. Now, by making the Values of
¥ * equal to one another, I have xyy - 3x—=xxy-—rxyy
— 3y, wherey is deprefs'd to two Dimenfions. _By thig
therefore, and’the moft Simple one of the Aquations firft
propos’d yy = ax—ry—3, the Quantity y may be
wholly taken away by the fame Method as in the former
Example,
~ There are moreover other Methods by which this may
be done, and that oftentimes more concifely, As therefore,
a2 4
2'; s zx, and yy=2xy —{-% 3 that y may
be extirpated, extradt the Root y in each, as is thewn in the

and there arifes

if yy=

e
7th Rule, and there will come out y e= “:j -} ’/ % 4wz,
and'y =« - I/ 2:—; +xx. Now, by making thefe two
: s X %t
Values of y equal, you’ll have — -+ ’/;‘; ,+ XA = 2 -}
e
b -+-wxx, and by rejecting the equal Quantities

Ve here will g

— - t i 1 e — A — 4

wa T, there will emain ——= &, or 4% = 42, and
X = 4.

Moreover, to take x out of the Aquations x -+ y 427
‘ D ox

= 20, and :cx_—{-jy 4 }c—;: 147, take away y from the
‘ ' ' firft
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 fiet quumon and there remains & +J—y—-_— 20—y, and

N

fqiaring the Parts x4 4+ 2yy + 2— == 400~— 40y -+ 3y, and
taking away yy on Loth Sides, thcn remains xx -+ yy 4
%{—2’—: 4:?0 s 40 3. Wherefore, fince 400 == 40 7, and_ .
140 dre equal to the fume Quantities, 400 — 40y will =
140, ory =6 %; and fo you may contract the Matter in moft
other Aquartions;

__Bur when the Quantity to be exterminated is of v -ral
Dimenfions, {onietimes ‘there is tequird a very lahoious
Calculus to exterminite it out of the Aquations ; buc then
the Labour will be much diminifh’d by the foHowmg Ex=
amples made Ufe of as Rulés:

Rore L

" From axi+bx 4+ c=o, and fex+ g+ h=o.
& being cxtcrmmated there comes out

ah—bg —20f % ab+ bh—cg x bf + agg s+ off
K= O ’

RULE 1L
From 45 4 baa +cx+d_o, andfM-%—gx 4 b =0

X belllg cxtermmated there comes out

ah—bg—2cf x abh + b/a——cg-—-zdf X bfh 4+
/J-—dgwggﬂff + 3ﬂgh+b,gg+dff><df~—0-

RULE 1L
Fromax +bx? —i—cx..;’«;dx—}-cno, and frx g4

0
x bemg exterminated there comes out

4/:-—-—bg--zc‘f % ab:_:&_—b/ﬂmcg-——zdf x bfhh +
igg+cffxchho—dghtegg— >ef!3~3agb+bgg+dff
%afh o+ 2abh T3 bgh—dfg el xoff = g — b
®efgg=0,

j Ruis
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Rure TV.

Fromax’ +bxxfeox-td=o, and fx? +ga’ F by
+ t=o. ‘
x being exterminated, there comes out

ab—bg—2cf xadhh—achk + ak—4bh—sg—2df
x bdfb =ak+ bh+ 2cg + 3] Raakk:
A cdb—ddg—cck v 2bdkx agg 4 off:
Jrgﬂgh—H) g%—dffr—-:)’af]c RKdd! —3ak—Dbh+cyg +df
< befk + bk-—zdgxbbfl -—-bbl—-—-_?,ﬂttb-—-*c{if
xﬁgl;—_—_o,

For Example, to exterminate x out of the Zquations
xx4 58 —3yy o, and Fax~—— ’w—-§—4——o N |
xe{'pe&xvcfy fubfliture in the firft Rule for 4, b, c; f: g
and b [chefe Quantities, viz.] I, §h—3 773 3, — 2y.and
4 and duly obfcrving the Slgns 4 and -, " there arifus

4+ 10y +18yyxq 4+ c—by % 15 + 47y =273y
X "‘3)')' =0, Or I0-+ 40y 72yy -+ 3co—90y" -
69y

By che hke Rea(on that y may be expung'd out of the
Aquations ¥ femiyy-—3x=0, and ¥yt ay—xx 3
=0, 1 fubflitute into the fecond Rule for 4, byeyd; f g5 by by
and v, [thefe Quantitics] 1, —wx;0,—3%; 1, % — xx

- 3, "md ¥ refpc&wc]y, .md there comes ont 3 —— xx -4 1y

X9""6”¢*+x""‘"3’7*{“\7’ +6"n>€-'3x+.x’:
A gaa X Aw 90X — AR ER E e RN
Then blotting out the fupﬂrﬂuous Quaantities and multlp]y-
ing, you have 27 — 18 xx 4+ 34, —gaa 4 x?, 4

— (8xt -t 120" = oo And ordering (duczly):\c'5 41 ,ﬁ
— g8 xx 27 =0,

Hitiesto [we have difcoms’d] of taking away one un-
known Quantity out of two HEquations, Now, if feveral
are to be taken out of feveral, the Bufinefs muft e done by
dcprccs Out of the /Equa.nons ax ==yz, x + y==2, and

=y -+ 325 if the Quantity y is 1o be found, f'rﬁ take
Ollt one of the Quantmcs @ or z, {uppofe x, by fubﬁlrutmg

for it,its Valuc (found by the firft KAquation) in the fe=
cond
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cond and third ./Equatiolx's; and then you will have .=
* a

+y ==z, and %E =3 -} 3%, out of which take away z

as above.

Of the Method of taking awway any Number af
Surd Quantities out of ALquations.

Itherto may be referred the Extermination of Surd
. Quantities, by naking them equal to any [other] Let-

ters. As if you have Vay — Va4 —dy =24+ 1,3/@7,
by writing ¢ for vay, and v for ¥/ag—ay, andx for the

3

Vayy. you'll have the Zquations r ~— v =24 + 2, t2=ay,
VU =24 qy, andx i —ayy, out of which waking away
by degrees ¢, v, and ¥, there will refult an Aquation en-
tirely free from Surdity,

How a Queftion may be brought vo an Equation.

FTER the Learner has been fome Time exercifed in
managing and transforming Aquations, Oxder requires
that he fhould try his Skill in branging Queflions to an &-
quation. And any Queftion being. propofed, his Skill is
particularly required to denote all its Conditions by fo many
HAquations, To do which, he muft firft confider whether
the Propofitions or Sentences in which it is exprefs'd, be all
of them fit to be denoted in Algebraick Terms, - juft ‘as we
exprefs our Conceptinns in Latin or Greek Charalers, And
if fo; (as will happen in Queflions converfant about Num-
bers or abfira@ Quantities) then let him give Names to
both known and unknown Quantities, as far as Occafion
.requires, * And the Conditions thus tranflated to Algebraick
Terms will give as many Aquitions as are neceflary to
folve it. :

As if there are required three Numbers in continmal Pro.
portion whofe Sum is 20, and the Sum of their Squares 140 3
putting x, y, and z for the Namrcs of the three Numbers
fought, the Queftion will be tranflated out of the Verbal to

the Symbalical Expreflion, as follows; - .
o ' K2 TFhe
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The Queftion in Words.

There are fought three Num-
bers on thefe Conditions :

That they fhall be continu-
ally proportional.

‘That the Sum fhall be 20.

And the Sum of their Squares

' .;If/ve Jatnse in Symbols.

X, ¥, %f

Ziyitylz, of .x-z,_.—-_-.yj.,
x+)i+z.=.zo. .
x4+ Yy 4z 140

140

And fo the Queflion is brought to [thefe] Aquations,
viz, Xz =Yy, *-z 4y=20, and xx -+ yy-tz2
— 140, by the Help whereof %, y, and z, are to be found by -
.the Rules deliver'd above,

But you muft note, That the Solutions of Queftions are
(for the moft part) fo mu-h the more expedite and axtificial,
By how fewer unknown Quantities you have at firh. Thus,
in the Queftion propos'd, putting x for the firft Number,

and y for the fecond, y-i—' will be the third Proportional ;

which then being put for the third Number, 1 bring the
Queflion into Equations, as follows : '

The Dneftion in Word s. - Symbolically,

There are {ought three Num-

12
bers in continml Propor- | (%57, =9
tion, ‘ '
x-ky +Zg = 20.

‘ 1

xx+yy—%‘%a:t4o.

Whofe Sum is 20.

Aid the Sum of their Squares
. 14.0. .

You have thercfore the Aquations w -}y —}-y-z—:251
) X :

4 .
and xx 4 yy +y‘;—-:-; 140, by the Redution whereof x

and y are to be determined. .
Take another Example, A certain Merchant encreafes hig

Efate yearly by a thivd Part, abating 100! which he fpends

_3‘1.ear]y 1ichis Family ; and after three Yeurs he finds his

Eftate doubled,  Query, What lic is worth? '

o S o To
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To refolve this, you muft know there are [or lic hid] fe<
weral Propofitions, which are all thus found out and laid
down, '

In Englifh, : [ - direbraically,

A Meérchant has an E-
{tate

2.

.Out of which the firft
Vear he expends rool, % — 100,

And augments the reft bys N~ 100  AX — 403
r - r

one third, ——m———— 2—100 - —) 0
' 3

[

And che fecond Year ex- 42 — 450 41— 700
pends yoq /v T A0, OF s
roa 3 3
And augments the reft! 4z < 709",#43.-._.. 700  16x— 2800
by a third —— —— Ty Of ’
y r 3 ) 9 ? 9
And fo the third Year 16x— 3800 16 — 3700
expends 100 o ———] 5 — YOO, OF

. » 16x% — 3700 - 16x — 3700
And by the relt gains by
likewife one third Part 64% — 34800

y OF

Y
29

And he becomes [at'g, i ys8n
length] twice as rich | ———-
as it firlt 27

- N,

Therefore the Queftion is brought to this Aquation;
éi"—c-‘:—_%‘@c—?? = 2 #, by the Reduttion whercof you are to
2 . ,
find x; viz. Multiply it by 27, and youhave 64 x == 14800
w94 x; f{ubtradt g4, and there remains 104 — 14800,
=0, Or 10%=1:830, and’ dividing by 1c, you have
¥ = 1480. Wherefore, 1480 [. was his Eftate at firft, as
alfo his Profit oy Gain fince. :

You fee therefore, that to the Solution of Queftions whicli
anly regard Numbers, or the abftra&ed Relations of Quan-
tities, there is {carce any Thing clfe required than that the
Problem be tranflated out of the Englifb, or any othez
Tongue itis propos'd in, into the Algebraical Language, that

is,



[ 701
is, into Chara&ers fit to denote obr Conceptions of the Re.
lations of Quantities. But it may {fometimes happen, thag
the Language [or the Words] wherein the State of the Que-
flion is exprefs’d, may feem unfit to be turn'd into the Al-
gebraical Language ; bur making Ufe of afew Changes,
and attending to the Senfe rather than the Sound of the
Words, the Verfion wi'l become eafy, Thus, the Forms of
Speech among [feveral] Nations have their proper Idlmps ;
which, where they happ-n, the Tranflation-ont of one into
another is not to be made literally, but to be determin’d by
the Senfe. Rut that [ may illuftrate thefe Sorts of Problems,
and make familiar the Method of reducing them 0 Aqua-
tions ; and fince Arts are more eafily I.earn’d by Examples
than Precepts, 1 have thought fit to adjoin. the Solutions of

the following Problems,

Proprem I Having given the Sum of two Numbers
(4), and the Difference of their Squares (b), 'to find the
MNumbers 2 ‘

Lec the leaft of them be [calld] x, the other will be
a—2x, and their Squires w2, and ga-—2ax 4+ xx the
Dilfference, whereof 4 a—= 24 is fuppos'd b. Therefore, -
aag—2ax =>b, and then by Reduftion 44— =24, or
aa—b (xid-»- g)) —%. For Example, if the Sum of -

24 2 24
the Numbers, or 4, be 8, and the Difference of the Squares,

or b, be 16 ; 31?“"’"2'[{,} willbe (z=4—1) =3 =w, and
¢ == 5, Whercfore the Numbers are 3 and 5.

Prorrrm I To find three . Quantitics, #, y, andz,
the Sum of any rwo of which fhall be given.
" 1f the Sum of two of them, viz. wand y, ke s ; of xand
z, b 3 and of y and=, ¢ ; there will be had three Equations
to determine the three Quantities foughe, &, v, and =, viz,
Wby Za, vtz=b andy-4 z=—c. Now, that two
of the unknown Quantities, @iz, y and z *may be extermi-
nated, take away » on both Sides in the firft and fecond
Jquation,and you'll have y — 4 — &, and z = b — a, which
Values fu"ftituee for y and = in the third [£quation], and
there will come out 4 — ¥ |- b =~ ¢ == ¢, and by Redu&i-

. a-b—yg . . .
on X = ——ﬁt—;——«; and having found ¥, the Kquations

above y =4 =, and z == b =1, willgivey and =, _
' ' EXAMPLE,
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Bxampre. If the Sam of wand y be g, of x and z;

10, and yand z, 13 ; then, in the Values of x, y, and =,

wiiteg for 4, 10 for b, and 13 for ¢, and you'll have 4 4
be—e¢

a
hame=—=06, and confcqugntly & (-,:; ! 2———~) = 35 ¥

=a—x) =6, and 2 (=b—2) = 7.

Pronrrm L To divide a given Quantity into as many
Parts as you pleafe, o that the greater Parts may exceed the
lcaft by {any] given Differences, .

Let () be'a Quantity to be divided into four fuch Parts,
and its firft or leaft Part call x, and the Excefs of the fecond
Part above this call b, and of the third Part ¢, and of the
fourth d; and = 4 b will be the fecond Part, & + ¢ the
third, and x--d4 the fourth, the Aggregate of all which
4% =D 4+ ¢ 4 d is cqual to the whole Line 4. Take away
on both Sides b <} ¢ «f 4, and therc remains 44 =4~ b

A~ b g d

4

Examprn, Let there be propofed a Line of 20 Foot, o
to be diviled into four Paits, that the Excefs of the fecond
above the firft Part {hall be 2 Foot, of the third 5 Foor,
and of the fourth feven Foot, and the four Parts will be

A e e O R R A
2 (= » OF 2 ) =2, a-b

e, v e=75, adx-td=9  Afterthe fame Min-

ner a Quantity is divided into more Parts on the fame
Conditions.

e ey OF X 2

Prosrem IV, A Perfon being willing to diflribute
fome Money among fome Beggars, wanted cight Pence to
give three Pence a peice to them 5 he cherefore gave to each
two Pence, and had three Pence remaining over and above,
To find the Number of the Beguars, :

Let the Number of the Begears be @, and there will be
wanting eight Pence to give all 52 {Numberof’] Pence, he
has thercfore ga—8 Pence; ont of thefe he gives 2.x
Pence, and the remaining Pence awm 8 are thice, That is,
Koo Bz 3, OF Wz I

4

Pro-
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Prosiem V. If two Poft-Boys, Aand B, at 59 Miles -

Diftance from ane another, meet in the Morning, of whom-
« rides 7 Miles in two Hours, and B 8 Miles in three Hours,
and B fets out one Hour later than 4; to find what Num-
ber of Miles -4 will ride before he meets B, ,

Call that Length x, and you'll have 59— x, the Lengthi
of B’s Journey. ~And fince 4 travels 7 Milesin two Hours;

he will make the Space « in 2; Hours, becaufe 7 Miles : 2

Hours =« 1+ Miles : 2’—£H0u'r5. And fo, fince Brides § Miles

in 3 Hours, he will defcribe his Space [or ride his Journey
59— in 177—=3% Hours. Mow, fince the Difference

of thefe Times is one Hour, to the End they may become

equal, add that Difference to the fhorter Time —1—71-%‘ —3-},

and you'll have 1 +ﬂ'_é"_3f — 3'3, and. by Redu&tion

35 —x For, multiplying by 8 youhave 185 — 3% =
16x . :
———. Then multiplying alfo by 7 you have 1295 — 212

=16x, or 1295=37x. And, lafily, dividing_ by 37,
there arifes 35 == a. ~ Thercfore, 35 Miles is the Diftance
that « muft xide before he meets B,

The fame wore gencially,
Having given the [ Velocities] Celerities [or Swiftnefles

of two moveable Bndies, 4 and B, tending. to the famie
Place, together with the Interval [or Diftance] of the Places

and Times from and in which they begin to move; to de-

termine the Place they fhall meet in,

Suppofe, the Velocity of the Body A to be fuch, that it

thall pafs over the Space ¢ in the Time f; and of the Body

B to be fuch as fhall pafs over the Space 4 in the Time g ;-

and that the Interval of the Places is ¢, and 4 the Interval
of the Times in which they begin to move,

Casr I Then if both tend to the fame Placé, [or the

fame Way] and 4 be the Body that, a¢ the Beginning of

the Motion, Is fartheft diftant from the Place they tend éo};
. co
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call that Diftance &, and fubtra& from it the Diftanc ’

thete will remain fr-——-g for the Diftance of 1%%55{ ;igcei
Place it tends to.  And fince .4 paffes through the Space ¢
in the Time'f, the Time in which it will pafs over the

Space x will be L;i becaufe the Space ¢ is to the Time 5

as the Space x to the Time {: And fo, fince B lpaﬁ‘es the
Space d in [the Time] g, the Time in which it will pafs
the Space 1 —e will be gjl{;;‘gf. Now fince the Diﬁ'&encc
of thefe Times is fuppofed b, that they may become équal,

add b 1o the fhorter Time; viz to the Time - if B begins
L

to move firft, and you'll have jﬁ;‘ ‘+ b= é’_”f_d":%g," and by
cgetcdh _getdb
3 or feved
cg—df g —*f

3 -
<

Reduétion x. Dut if A4 begins

to move firft, add b to the Time g:‘ﬁ:{:{-_‘_;"e’ and you'll
have »/Z_«c = h -+ é'-_'i_d—'_é’_»f , and by Rédu&ion

¢ g—d ]T =

Cass 1. - If the moveable Bodies meet, and x, as be=
fore, be made the initial Diftance of the moveable Body
A, from the Place it is to move to, then ¢ — will be the
initial Diftance of the Body B from the fame Place ; and,

’if- the Time in which 4 will defcribe the Diftance x, and
¢

e y Z% the Time in which B will deferibe its Diftance
¢— To the leffer of which Times, asabove, add the

Difference 5, wiz. to the Time f; if B begin firft to move,

and fo you'll havenf,f ey :;g.f_—dlgf‘_‘, and by Reduflion
o .

cge—cdh . .
ez df T . L - ExAMPLE
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ExampLe I If the Sun moves every Day one Deggee,
+and the Moon thirteen, and at a certain Time the Sun be
at the Beginning of Cincer, and, inthree Days after, the
Moon in the Beginning of Aries, the Place of their next
following Conjunétion is demanded. Anfwer in 1ol Deg,
of Cancer. For fince they both are going towards the fame
Parts, and the Motion of the Moon, which is farther diftant
from the Conjun&tion, hath a later Epocha, the Moon will
be A, the Sun B, and Qg;“——{——cd-r;-l—) the Length of the Moon’s
Way, which, if you wr%tc 13 for ¢, 1 for f, 4, and g, 90
I3XIXgo4I13X1IX%X3

I3XKI—1XT1I

for ¢, and 3 for b, will become ,

that is, 13_0_9_’ or 1oc Degrees; and then add thefe De-
12

grees to the Beginning of Arics, and there will come out
10} Deg. of Cancer,

ExaMpre 1I.  If two Pofi-Boys, 4and B, being in
the Morning 50 Miles afunder, fet our to meet each other,
and A goes 7 Milcs in 2 Hours, and B 8 Miles in 3 Hours,
and B begins his Journey 1 Hour Jater than A, it is de-
manded how far 4 will have gone before he meets B, An-
fwver, 35 Miles, For fince they go towards cach other, and

A fets out firf}, Cg[;_:t ;‘;b will ke the Length of his Jour-
ney 3 and writing 7 for ¢, 2 for f, § for d, 3 for g, 59 for

e, and 1 for b, this will become 7X3%59 + 7)(8)“, that
: . 7%3 -+ 8x2

. I20%
is, 5 Or 33,

ProereM VI Giving the Power of any Agent, to find
how many fuch Agents will perform a given Effe@ 4 ina
given Time b, -

Let the Power of the Agent be fuch that it can proluce
the Effe&t ¢ inche Time 4, and it will be as the Time 4 to
the Time b, fo the Effe ¢ which that Agent can produce
in the Time 4 to the Efe which he can produce in the

Time b, which then will be [%;. Again, as the Effeét of

!16‘

one Agent 4 to the Effe&t of all a; fo that fingle Agent
N . . N . , ‘to
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to alldthe Agents ; and thus the Number of the Agents will ’
a
be Z‘; . |
ExaMpre. If aScribe can in 8 Days write 15 Sheets,

how many fuch Scribes muft there be to write 405 Sheets in
-9 Days?  Anfwer 24. For if 8 be fubflituted for d, 15 for

"¢y 408 for 4, and g for b, the Number %é will become

405%38 . . 3240
M_—_9XVS , that is, 135 or 24,

Prosrem VII. The Forces of feveral Agents being
given, to determine x the Time, wherein they will joyntly
perform a given Effe@ d. R
_ Let the Forces of the Agents 4, B, C be fuppofed, which
in the Times ¢, f,g can produce the Effedls 4; b, ¢ refpe&live-
ly ; and thefe in the Time a will prc.)duce ‘the Effels ‘%‘;
b | x bx ;
—;, | ff ;3 wherefore is ‘E; + iff + cf =d, andv ,by .,.l?e-
dudtion & =, 7 7

A |

Exampre. Three Workmen can do a Piece of Work
in certain Times, viz, .4 once in 3 Weeks, B thrice in §
Weeks, and C five times in 12 Weeks, It is defired to
know in what Time they can finifh it joyntly ? Here then
are the Forces of the Agents A4, B, C, which in the Times
3, 8. 12 can produce the Effe@s 1, 3, 5 refpectively, and
the Time is fought wherein they can do one Effect, Where-
fore, fora, b, ¢, d, & fyg write 13,58, 1,3 8, 12, and

. . I ’ .
there will arife # = ———r——=, or & of a Week, that is, -
T oy

[allowing 6 working Days to a Week, and rz Hours to
each Day] 5 Days and 4 Hours, the Time wherein they will
joyntly finith it. ; ' A

ProsLem VIIL.  So, to compound unlike Mixtures of
two or more Things, that the Things mix'd together may
have a given Ratio to one anothes, B

L2 . ,Let~
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Let the given Quantity of one Mixture be d.A e B -,

fC, the fame Quantity of another Mixture g A -+b B+ kC,
and the fame of a third [ A~ m B~ n(, where 4, B, C:
denote the Things mix'd, and d, ¢, ¥, g, 0, @¢. the Propor~
tions of the fame inthe Mixtures, And let p A9 B+4-»C
be the Mixture which muft be compos’d of the  three Mix-
tures 3 and fuppofle w,y, and & to be the Numbers, by which
if the three given Mixtures be refpedtively multiply'd, theix
Suity will hecome pd 4= g B ~vC, "~ S .

. dxAdexB+faCy . ‘
Thexeforeisg-{—gy/ﬁ 4 hyB4 byCeo=pA+q9B+rC

+lx A4+ mzB-f nzl o
And - then meking dw b gy +lz=p; ex byt mz
e=gq, and fx-44y+ne=r, and by Reduftion x—

P gy lg,_r —ky—nz . And again, the quuatiohs

4 - f
p—gy—Ilz  g—by—mz g—by—mz _r—ly—nz
Lo e and ! = f
F : €

e .
ep—dg +dmz—elz

by, Reduftion give =i

(==
fg—er -t enz—fma

Fh—ek ; R
o for ep—dg, p for dm—cl, ¥ foreg—dh, & for
fgewrer, (foren—fm, and§for fh—eck, will become
LI I R R L PT SR

'1;—7‘*:“‘0 —; and ‘by::Redu&ioh. T = R Hdving

, which, if abbreviated by writing

TR AT LT SO , > C e B
T e o - LI e gy —Jz
i"‘( U(nd\’&: PUt' : ;, =Y, and l‘-g;"*'— =

- Exanprs,  Jf there were three Mixtures of Metals melt-
ced dowp together ; of the firft of whichd Pound [Averdu-
pois] contains of Silver ¥ 12, of Brafs 3 1, and of Tin 33 ;
Cofttht fecond, g Pound contains of Silver 3 1, of Brafs § 12,
and of Tin 53 ; and a Pound of the third contains of Brafs
(214, of Tin%'2; and no Silver 5 and ler thefe Mixtures be
{o' to Ve compounded, - that a Pound of the Compofirion

may contain of Silver 34, of Brafs § 9, and of Tin 335
“Xordye s gy by ks hamniopygr, write 12,1, 33 1,12,
330,14, 25 4, 9, 3 xefpecuvely, and « will be (=ep —
dg=1%X4~—12X9) z=r104, a0d p (m=dm —rcl=
V2K [a e I X0) 5= 168, and [0y == 43, &==24, {
‘ == 40,
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_—:'-—-40, and 0=33. And therefore z (::

94—-7!‘,_‘
. 7(—','9’9 ——_
L o ) U (e - -3 B
LT P ==Ly — - =
5720 ‘35‘%4{)»‘ s 41_1 143

2 oand x (.—:. _g;,_ = -——l~;~'—-'-)z-.‘—l ‘Where-

1y e

fore, if there be mix’d - Pasts of a Pound of the fecond
Mixture, 3. Parts of a Pound of the third, and nothing of -
the firft, the Aggregate will be a Pound, containing four
Ounces of Silver, nine of Brafs, and three of Tin, '

Propren IX. The Prices of feveral Mixtures of the
fame Things, and the Proportions of the Things mix’d to-
gether being.given, to determine the Price of each of the
Thingsmixd. *~ =~ o
~ OF each of ‘the Things "4, B, C, let the Price of the
Mixtore dA4-4gB4-1C be'p, of the Mixture e 44 hB
- mC the Price g, ‘and of the- Mixture f4-+ 2B} # C the
Price r, and of ‘thofe Things 4, B, C let the Prices x,7, =
be demanded. For the Things A4, B, € fubflitute their Prices
%, 3, &, and there will aiife. the Aquations d« 4+ gy [=
=p, ex+hy+mz=gq, and fatty+nz=7r; from
which, by proceeding as in the foregoing Problem, :" there

T e i L ba—yd T et P
will in like manner begot 75y ==, =), and

PR e |
. Exampir. One bought 40 Bufliels of Wheat, 24 Bu-
fhels- of Barley,” and 20 ‘Bufhels of Outs together, for 15 -
Pounds y2 Shillings., ~ Again, he bought of the fame Grain
26 Buthels of Wheat, 30 Builiels of Barley, and 5 Bufhels
of Oats together, for 16 Pounds:  And thirdly, he bought of
the like kind of Grain; 24 Bufhels of Wheat, 120 Buthels
‘of Barley, and 100 Buﬂ]ehis of Oats together, for 3.4 Pounds,
It is demanded at what Rate a Bufhel of each of the Grains
ought to be valued, -~ Anfwer, a Bufhel of Wheat at 5 Shil-
lings, of Barley at 3 Shillings, and of Qats at 2 Shillings,
"For inftead of d, g, 15 e, bym; f, k, 3 p, g, r, by writing
.xefpe@ively: 40, 24, 205 26,30, 505 24, 120, 100 3 153,
16, and 34, there arifes « (==ep—dg=26% 15340
% 16) ==~ 234%, and p (== dm — el = 40 X 50~ 26 X 20)
p=1480, and thus 7 s 576, & =500, (e 1400,
B ' - an

f-—-ﬂ-‘gy-—fz. .
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G = d

and § = -~ 2400, Then z (= Si—ps =
562460—288000 ?745_69_’) . (_-_“ +pz
~—~806400-+3552000 © 27456c0/ T M FIN= | r
—234% + 148 Y dand ¥ sl
--576 3 and x (___ '—d—"‘- =
IR .
ISv w2 . 5 Therefore a Bufhel of Wheat coft

o
11, gﬁ‘ 5 Shiltings, a Bufhel of Rarley ;% i, or 3 Shillings,
and a Bufhel of Oats . i, or 2 Shillings,

— — e
pae— P

ProsrLeM X, There being given the fpecifick Gravity
both of the Mixture and the [two] Things mix'd, to find
the Proportion of the mix’d Things to onec another.

Lete be the fpecifick Gravity of the Mixture 4 + B, 4 the
{pecifick Gravity of 4, and b the fpecifick Gravity of B ;
and fince the abfolute Graviry, or the Weight, is compofed of
the Bulk of the Body and the fpecifick Gravity, a4 will be
the Weight of 4, b B of B, and ¢ 4 ¢ B the Weight of

the Mixture 4 4 B ; and thexefore 14 4 bB==e¢A4 +¢B;
and from thence 4 4 —¢.4—= ¢ B—) B; and confequently
e—bia—e:: A4: B, , : .

Exampre, Suppofe the Gravity [or fpecifick Weight]
of Gold to be as 19, and of Silver as 10}, and [King]
Hiergs Crown as 17; and [63:2]::10:3 (e—=bt a—e
::.4: B):: Bulkof Gold in the Crown : Balk of Siiver, or
190331 (:19%X10: 10°%X3take—bibxXa—e)
: 1 as the Weight of Gold in the Crown, to the Weight of
Silver, and 221 : 31 1 : as the Weight of the Crown to the
Weight of the Silver, S

Prosrem XL If the Nomber of Oxen 4 eat up the
Meadow b in the Time ¢ 3 and ‘the Number of Oxen d eat
up as good a Piece of Pafture ¢ in the Time/, and the Grafs
grows miformly ; to find how many Oxen will eat up the
fike Paflure g in the Time 5, ' o

If the Oxen ain the Time ¢ eat up the Paﬁdi&; b; then
by Proportion, the Oxen —24 in the fame T_im: ¢, ot the
o ee . . o N
Oxen I}?“ In the Time f, or the Oxen %:Zot‘;ip the Time b,

will
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will eat up the Pafture ¢ ; fuppofing the Grafs did not grow
. [at all] after the Time ¢, Bur fince,” by reafon of the
Growth of the Grafs, all the Oxen d in the Time fcan eat
up only the Meadow ¢, therefore that Growth of the Grafs
in the Meadow ¢, in the Time f-¢, will be{o much as

alone would be fufficient to feed the Oxen d — -e;i? the

Time f, that is as much as would fuffice to feed the Oxen

d ) .
},t — 5;/—; 1n the Time b, And in the Time h—¢, by Pro-

portion, fo much would be the Growth of the Giafs as

. df  eca
into —

f—c¢ B bk
Add this Increment .

—

would be fufficient to feed the Oxen
. bdfh—ecah—bdcf+aece

bfhembeh ‘
to the Oxen‘ %, .and there will .come out
Izdfh-—ecnb-—-bdg{ tecta the Number of Oxen which
bfh—bch ?

the Pafture e will fuffice to feed in the Time h.  And fo by
[in] Proportion the Meadow g will fuffice to feed the Oxen
ghdfh—ecagh—bdegf - ecfga

bith—boeh during the fame

Time b.

Exampre. If 12 Ogeneatup 3% Acres of Pafture in
4 Weeks, and 21 Oxen eat up 10 Acresof like Pafture in
o Weeks ; to find how many Oxen will eat up 36 Acresin
18 Weeks? Anfwer 36 ; for that Number wi?l be found
bdfgh—ccagh—lbdcgf -+ ecfga

, » befh—bech -
the Numbers 12, 34, 4, 21, 19, 9, 36, and 18 for the Let-

ters 4, by ¢, d, e, f, g, and b refpe@ively; but the Solution,

perhaps, will be no lefs expedite, if it be brought out from
the firft Principles, in Form of the precedent literal Solution,
- Asif 12 Oxenin 4 Weeks eat up 3+ Aczes, then by Pro-
portion 36 Oxen in 4 Weeks, or 16 Oxen in 9 Wecks, or

8 Oxen in 18 Weceks, will eat up 10 Acres, on Suppofition

that the Grafs did not prow. But fince by reafon of the

Growth of the Grafs 21 Oxen in o Weeks can eat up only

10 Acres, that Growth of the Grafs in 10 Acres for the: laft

5 Weeks will be as much as would be fufficient to feed 5

! S Wil be g - ouid he luinct Oxen,

by fubflituting in
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Oxen, that. is the Fxcefs of 21 above 16 for 9 Weeks, of,
what is the fame Thing, to feed & Oxen fof 18 Weeks, .
Andin 14 Weeks (the Excefs of 18 above the firft 4) the
Increafe of the Grafs, by Analogy, will be fuch, as to'be
fufficient to-feed 7 Oxen for 18 Weeks : Add thefe v Oxen,
which the Growth of the Grafs alone would fuffice to feed,
to the 8, which the Grafs without Growth after 4 Weeks
would feed, and the Sum will be 15 Oxen.  And, lafly, if
10 Acres fuffice to feed 15 Oxen for 18 Weeks, then, in
" Proportion, 24 Acres would fuffice 36 Oxen for the fame

Time, ‘ x o ‘

Prozrsm XII Having given the Magnitudes and Mo.
tions of Spherical Bodies perfed@ly elaftick, moving in the
fame right Line, and meeting one another, to determine
their Motions after Reflexion,

The Refolution of this Queflion depends on thefe Condi-
tions, that each Body will fuffer as much by Re-ation as
the A&ion of each is upon the other, and that they muft
recede from each other afrer Reflexion with the fame Vélo-
city or Swiftnefs as they met before it. Thefe Things being
fuppos'd, . let the Velocity of the Bodies A4 and B, be 4 and
b vefpe@ively ; and their Motions (as being compos'd of
their Bulk and Velocity together) will be «.4 and b B. And
if the Bodies tend the fame Way, and 4 moving more
fwiftly follows B, make a the Decrement of the Motion
a4, and the Increment of the Motion bB arifing by the
Percofiion ; and the Motions after Reflexion will be #.4—
‘and b B+ a3 and the Celerities ﬂAA Z and bB‘;j—m’
" whofe Difference is = to a——1b the Difference of the Ce-
lerities before Reflexion, Therefore there arifes this Aqua-
tion bB: ¥~ Aj i ==am~—Db, .and thence by Re-

== 24AB — 21"43, which Being fub-

A%B ‘
fituted for x in the Celerities ad—x and bB +",

b B
A—aB-+t2bB Coleiite of A
i for the Celerity of 4,

2aAd—bALDbB e i
and TR for the szleuty of B afier Re-«‘

Aexion. .
! ‘ . But

duction x becomes

o . a
there comes out
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But if the Bodics meet, then changing the Sign of b, the
' ad~—aB—2bB

A+B
either of which, if they come out, by

Velocities after Reflexion will be

2044 b A—bB-

A--b ’
Chance, Nepative, it argues that Motion, after Reflexion, to
tend a contrary Way to that which 4 tended to before Re-
flexion. Which is alfo to be underflood of A4's Motion in
the former Cafe, : :

Exampre. If the homogencous Bodies [or Bodies :of
the fame Sort] 4 of 3 Pound with 8 Degrees of Velocity,
and B a Body of 9 Pounds with 2 Degrees of Velocity,
tend the fame Way ; then for 4, 4, B, and b, write 3,8, 9,

and 2 5 and (df.’(-——-ﬂB-l* 2b B~

Ab A+ b A+E
2a4.4—bA B . .
( 13 ) becomes g, . Therefore A will re-

turn back with one Degree of Velocity after Reflexion,. and
B will go on with 5 Degrees.

, and

becomes — 1, and

Proerem XITI. To find 3 Numbers in continual Pro-
portion, whofe Sum fhall be 20, and the Sum of their
Squares 140? ‘

Make the firft of the Numbers — x, and the fecond ==y,

and the third will be 7;3, and confequently %+ y er_g
= 20; and xx-+yy -+ 3: o = T4 And by Redudtion

x"a: igo x4yy=o, and x* _—t Iygo xxtyt=o.
Now to exterminate x, for 4, b, ¢, d, e f, £, b, in the third
Rule, fubflitute refpedtively 1,0,y = 140,0,%* ; T,y
w20, and yy : and there will come out —yy + o280 %xy°
: F2yy—qoy X 260y* — 405" ¢ F3y" Xyt i =2
% 9% a0y’ <L acoy* : =0 ; and by Multiplication
16{30 y¢ i Iyoa,;lc_) y% :yo, or Y= ’65. Which is found more
fhott by another Method before, ~ but not fo obvious as this.
Moreover, to find x, {ubfliture 6% for y in the KEquation
XX i go % +.7y~_;.-o, gnd there will arife aa — 1355

M o e




L8]
“-42% =0, 0r vxm= 155 2 428, and having extracled the
Root w=63-F, or —v3s,; vize 6] + V3 is the
greateft of the three Numbers fought, and 67 and V3.5,
the leaft, For x denotes ambiguouily either of the extreme
~ Numbers, and thence there will come out two Values, cithcr

of which may be x, the other being Zg.

The fame otherwife, Putting the Numbers .z, , and 2
2

‘ 20
as before, you'll have & -y +2g 3= 20, OF XX Oy x

—73y, and extrafting the Root x= 10—3%y -+
V100~ 10y —2yy for the firt Number : Take away
Yy

X

this and y from 20, and there remains = == 10 ==y ==

v 100 — 10y —2yy the third Nomber.  And the Sum
- of the Squares arifing from thefe- 3 Numbers is 400
»—40%, and {0 400~—40y == 140, OF y==6%. And ha.
ving found the mean Number 6%, fubflitute it for y in
the firft and third Number above found ; and the firft will
become 65 + v/3+%, and the third 6 —v'3:, as before.
Pronrem XIV. To find 4 Numbers in continual Pro.
portion, the 2 Means whereof together make 12, and the 2

Extremes 20.
Let x be the fecond Number, and r2—x will be the

third, Y the firft ; and 144:3:1” o xx the fourth ;

X
12 v

X 14248 2%
34 4,+‘

and confequently ~— =20. And
12—x x ‘

by Redudtion #% == 12 — 30%, of @26 + /52, Which
being found, the other Numbers are given from thofe
" above,

Proerem XV. Tofind 4 Numbers continually propor-
tional, whereof the Sum 4 is given, and [alf6] the Sum of
their Squares b. ‘ '

Altho’ we ought for the moft Part to feck the Quantities
requir'd jmmediately, yet if there arc 2 that are ambiguous,
that is, thar involve both the fame Conditions, as here the
2 Means and 2 Extremes of the 4 Proportionals) the beft
Way is to feek other Quantities that are not ambiguous,

: by
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by which thefe may be determin'd, as fuppofe their Sum,
or Difference, or Redtangle, Letus therefore make the Sum
of the 2 mean Numbers to be s, and the Re@angle », and
the Sum of the Extremes will be 4—-s, and the Retangle »,
becaufe of the Proportionality. Now that from hence thefe
4 Num'’ers may be found, mike x the firft, and y the fecond,
- and sy will'be the third, and 4 s— & the’fourth, and

the RE&angle under the Means s y—yy =7, and thence one
Mean y —is+ +/1 7 theother sm=yz= L A/ 255 mm 70
Alfo, the Reftangle under the Extremes a3 — & —— 22 =7,

and thence one Extreme x :a _5—}- p/ 20 aa__ P

aqd the other a-—-,;-—-‘rm“""’_.’/ﬂ'—uf -+ aa
R 2 _—

The Sum of the Squares of thefe 4 Numbers is 255
2."5'%; a4h~47r, which is= b, Therefore r==3s5— F
as~+%aa—1b  which being fubftitated for », there come |

out the 4 Numbers as follows :

. . / . -
The 2 Means {%J—i-v h—fssebfas—3aa

poee J7

LA e Sk
Ly /Lt basemtne

e 2 WAy
= e VR G
The 2 Extremes
* —— S ——— ..V»-——,-.‘A.,.A.“
o i T Y
2

 Yet there rennaills the Valae of s to be found, . Where- -
fore, to abbreviate the Terms, for thefe Quantitics fub-
ftirate, and the 4 Proportionals will be :
' ' A = §
—, e
T T
PRl 4 S
a—s
: 2 ? ‘ » :
.and make the Redlangle under the fecond and fourth equal
to the Square of the third, fince this Condition of the Quefti-

Ao 85
—fqst

onis not yet fatisfy’d, and you'll have .

~

Amsps N
P'-———-—_. =P =—Pq=3

55 = ps -t pp. Mak}cy alfo the Rectangle
2 4 :

M2 © - under
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under the firft and third equal to the Sqnie of the fecond,
ds5—s5 » —pa-tps

e+ =R
+‘p.r-+ pr. Take the firft of thefe Equations from the
latter, and there will remain gs—pa-tps=2ps, or gs=’
pa-+ps Reflore now ¢/2pewbsst fas—%aa in the
Place of p, and v/2h—% 55 in the Place of g, and yov'll
have s ¥/ ibemtss = a~ks Vibemtssptas—Laa,
and‘ by {quaring s'r.c:—_—‘—;s'-}— Laa—%Dh, or f=——

and ‘you"‘l‘l* have —pg== :‘i $s

"‘;‘ V;_ﬂ.b; + %M .....z\%b; which being f‘ound, the 4 Num-
bers fought are given from what has been fhewn above.

 Prosrem XVI, If an annual Penfion of the [Number
ot ] Pounds 4, to be paid in the five next following Years,
be bought for the ready Money ¢, to find what the Com-
pound Intereft of too L per Annum will amount to 2.
Make 1— & the Compound Intereft of the Money  for .

a Year, that is, that the Money 1 to be paid after one Year
is worth « in ready Money : and, by Proportion, the Mo-
ney a to be paid after one Year will be worth 2. in ready
Money, and after 2 Years [it will be worth] 4xx, and
after 3 Years ax?, and after 4 Years ax*, and after 4
Years ax®.  Add thefe 5 Terms, and you'll have ax® 4
ax*baxn’ daxx-t ax =c, or x¥° 42 4 ad ofx?

= % an Aquation of 5 Dimenfions; .by Help of which

when x is found by the Rules to be taught hereafter, pug
#:71::100 :y andy—— 100 will be the Compound Inte-
- xeft of 100/l per Annum, o ,

It is [will be] fufficient to Have given thefe Inflances in
Queftions where only the Propottions of Quantities are to
be confiderd, without the Pofivions of Lines : Let us now
proceed to the Solutions of (Geometrical Problems. '

- How
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How Geometrical Queftions may be reduc'd to:
Aquations.

Eometrical Queftions may be reduc’d fometimesito A=
quations with as much Eafe, and by the fame Laws,

as thofe we have proposd concerning abftra&ted Quantities,
As if the right Line .4 B be to be cut [or divided] in mean
and extreme Proportion [or Reafon] in-(, that is, fo that
- BE, the Square of the greateft Part, fhall be equal to the
Reétangle BD contain’d under the whole, and the leaft
Part ; having put 4B =4, and BC—=wx, then will 4C=—
a—zx, and x ¥ =4 into a—x ; an Equation which by Re-

dudlion gives ¥ ww v La~+v'Laa. [Vide Figure 6.] -

But in Geometrical [Cafes or] Affuirs which more fre-
quently occur, they fo much depend on the various Pofiti-
ons and complex Relations of Lines, that they require fome
farther Invention'and Artifice to bring them into Algebraick

. Terms, And tho’ it is difficult to preferibe any Thing it
thefe Sorts of Cafes, and every Perfon’s own Genius ought
to be his Rule [or Guide] in thefe Operations ; yet I'll en-
deavour to fhew the Way to Learners. You aré to know
therefore, that Queftions about the fame Lines, related after
any definite Mantier to one another, may be varioufly pro-
pos'd, by making different Quantities the [ Ouefira] or
Things fought, from different [Datd] or Things given. But
of what Data or Quefita foever the Queflion be propos’d,
its Solution will follow the fame Way by an Analytick Se~
ries, without any other Variation of Circumftance befides
the feign'd Species of Lines, or the Names by which we
are hufed to diftinguifh the given Quantities from thofe
fought, : o .

‘ fﬁs if the Queftion be of an Jfifeeles CBD infcrib'd in a
Circle, whote Sides BC, B D, and Bafe CD, aze to be com-
par’d with the Diameter of the Circle 43, This may ei-
ther be propos’d of the Inveftigation of the Diameter from

- the given Sides and Bafe, or of the Invefligation of the

Bafis from the given Sides and Diameter ; or lafily, of

the Inveftigatian of the Sides from the given Bafe and Dia-
mieter ; but however it be propos’d, ‘it will'be reduc’d to an

Hquation by the fame Series of an Analyfis, [Fide Figure7.]

Viz, If the Diameter be fought, I pnt AB=z, CD=a,

and BCor BD=b Then (having drawn .4C) by reafo

IR . : R ST of
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of the fimilar Triangles ABC, and CBE, 4B will be to
BGC::BC: BE, or x:b: l : BE. Wherefore BE =—
bb

o Morcover, CE is==LCD, or to %a ;and by reafon of
v the right Angle CE B, CEg -t B Eq,= B (g, that is, § aa -~

B =bb. Which quuauon, by Redu&mn, will give the
xx

Quantity & fought,

But it the DBafe be fought, put 4B=¢, €D = x, and
BCor BD =b Then (A4C being drawn) becaufe of the
fimilar Triangles 4BC and CBE, ‘there is AB:BC::

BCyBE,or¢ib::b:BE. WhereforeBE——éé; and
alfo CE=3CD, or ., And becaufe the Angle CEB is’
right, C‘Eq-‘i—Bbq __BC‘g, that is, Fxx + — = bb;

an quuatmu which will give by Reduétion the fouo it Quan—
tity -

But if the Side BCor BD be fought, put AB—— ¢, CD =
and BC or BDw=x  And (A4C being drawn "as betom),
by reafon of the fimilar 'lnausles ABC and CBE, AB
isto BC::BC:BE,orc:x::a:BE. WilcrctoreBE

XX A
= Moreover, CE is = -Z-CD or fa; “and by reafon’

of the nght Angle CEB, CEq-+EEq=2DRBC(q, that is
Zaa .+. ~=xux; and the /Equauon by Reduc’hou wﬂl

: nge the Qummy fought viz. x. ' o
You fee therefore that in every Cafe, the Cﬂculus, by
which you come to the Kquation, is the fame every where,
and brings out the fame A:quauon, excepting only that i
have denoted the Lines by different Letters according as |
made the Dats and Quafira [different] And from different
Data and: Quefia there " arifes a Diverfity in the Redudtion
of the /Equanon found : ~For the Reduétion of the £qua-

tion _x_ aa + — »—-bb i order to obtain x — el L
A 4 gbb—aa

the Value of AE 13 dlﬁ”uent fmm the Rcdu&wn of thy
quuatlon 4xx-—t~ ~ ==lb, in order to obtam % ié
¢

'\/ cc-——-bb the Value QFCD 5 and the Kedu@rwn of ‘the
. Aiqua-a
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e & .
. e & . L
Kquation 2aa -+ S =R very different to obtain & =

Vﬁcci%c‘/cc-—-aa the Value of BC or BD s (as well

. b.1' . .
as this alfo, a4 - = T;lz,_ to bring out ¢, 4, or b, ought

to be reduc'd after different Methods) but there was no Dif-
ference in the Invefligation of thefe Aquations.” And hence
it is that [Analyfls] order us to make no Difference between
the given and fought Quantities. For fince the fame Com~
putation agrees to any Cafe of the given and fought Quan-
tities, it is convenicnt that they fhould be conceiv’d and
compar'd without any Difference, that we may the more
rightly judge of the Methods of computing them; or ra-
ther it is convenient that you fhould imagine, that the
Queftion is propos’d of thofe [Data and Quafita] given and
fought Quantitics, by which you think it is moft eafy for
you to make out your Aquation. ; \

Having therefore any Problem propos’d, compare the
Quantitics which it involves, and making no Difference be-
tween the given and fonght ones, confider how they depend
one upon another, that you may know what [Quantities]
if they are affum’d, will, by proceeding Synthetically, give
the reft. To do which, there is no need that you fhould at
firft of all confider how they may be deduc’d from one ano-
ther Algebraically ; but this general Confideration will fuf-
fice, that they may be fome how or other deduc’d by a di-
re& Connexion [with one another]. )

For Example, If the Cueftion be put of the Diameter of
the Circle 4 D, and the three Lines 4B, BC, and CD
infcrib’d in a Semi-circle, and from the reft given you are
to find BC; at firft Sight it is mgnifeft, that the Diameter
AD determines the Semi-circle, and then, that the Lines
AB and CD by Infeription determine the Points B and C,
and confequently the Quantity fought BC, and that by 'a
dire& Connexion ; and yet after what Manner B Cis to be
had from thefe Data [or given Quantities] is not {o evident
to be found by an Ahalyfis. The fame Thing is alfo to be
.underflood of 4B or CD if they were to be fought from
the other Data. [Fide Figure 8] Now, if - AD were to
be found from the given Quantitics 4B, BC and CD, it
is equally evident it could not be done Syrithetically ;- for
the Diftance of the Points 4 and 1D depends on'the Angles

' o : B and
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B and C, and thofe Angles on the Circle in which the given
"Lines dre to beinfcrib’d, and that Circle is not given witha
- out knowing the Diameter 4 D.  The Nature of the Thing

‘therefore requires, that .4 D be fought, not Synthetically,
* but by affuming it [as given] to mike thence a Regreflion
to the Quantities given. :

When you fhall have throughly perceiv’d the different
Orderings [of the Procefs] by which the Terms of the Que-

“ftion may be explain’d, make Ufe of any of the Synthetical

[Methods] by alluming Lines as given, from which you can
form an eafy Procefs to others, tho' [the Regreflion] to

them may be very difficylt. For the Computation, tho’ it
~may proceed thro” various Mediums, yet will begin [origi-
. nally] from thofe [or.fuch] Lines ; and will be fooner per-

“form’d by {uppofing the Queftion to befich, as if 1t was pro-

pos’d of thofe Data, and fome Quantity fought that would

eafily come out from them, than by thinking of the Que-
flion [in the Terms or Senfe] it is rcally propos’d in.  Thus,
in the propos'd Example, 1f from the reft of the Quantities
given you were to find 4D : When I perceive that it can-

not be done Synthetically, but yet that if it was done fo, I

could proceed in my Ratiocination on it ina dire® Con.

nexion [from one Thing] to others, 1 afflume 4D as given,

-and then I begin to compute as if it was given indeed, and

fome of the other Quantities, piz. fome of the given oncs,

as AB, BC, or CD, were fought, And by this Method,
by carrying on the Computation from "the Quantities af-
fum’d after this'Way to the others, as the Relations of the

Lires [to one another] direc¢t, there will always be ob-

tain’d an- Alquation between two Values of {ome one Quan. |

tity, whether one of thofe Values be a Letter fct downas a

[Reprefentation or] Name at the Reginning of the Work

for that Quantity, and the other a Value of it found out
by Computation, or whether.both be found by a Computa- -

tion made after different Ways. ‘

But when you have compar’d the Terms of the Queftion
thus generally, there is more Art and Invention requir'd to
find out the particular Connexions or Relations of the Lines

_that fhall acccmmodate them to [or render them fit for]

Computation, For thofe Things, which to a Perfon that

does not fo thoroughly confider them, may feem to be im-

mediately and by a very near Relation conne&ed together,

when we have a"Mind to exprefs that Relation Algebrai-
cally, require a great deal more round-aboat Pkoceedingd
an
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and oblige you to begin your Schemes anew, “and carry on
your Compuration Step by Step; as may appear by finding’
BC from AD, 4B, and CD. For youare only to proceed
by fuch Propofitions or Enunciations that can fitly be repre- |
fented in Algebraick Terms, whereof in particular you have’
fome from [Enel] Ax.19. Prop. 4. Book 6. and Prop, 47.
of the firft,
" In the firft Place thercfore, the Cueulus may be affifted
by the Addition and Subtraction of Lincs, fo that from the
© Values of the Parts you may find the Values of the whole,
or from the Valuc of the whole and one of the Parts you
may obtaiti the Value of the other Papt, C ’
In the fecond Place, the Calculus is promoted by the-
Proportionality of Lines; for we fuppofe (as above) that -
the Re&angle of the mean Terms, divided by either of the’
Extremes, gives the Value of the'other; or, which is the’
fame Thing, if the Values of all four of the Proportionals are-
firft had, we make an Equality[or Equition] between the'Re-
&angles of the Extremes and Means. But'the Proportionality”
of Lines is beft found out by the Similarity of Triangles,:
which, as it is known by the Equality of their Angles, the
Analyft ought in particular to be converfant in comparing’
them, and confequently not to be ignorantof Euil, Prop, §,-
13, 15, 20, and 32 of the firt Book, and of Prop. 4,5, 6,
v, and 8 ‘of the fixth Book, and of the 20, 21, 22, 27, and.
31 of the third Book of his Elems. To which alfo may be-
added the 3d Prop, of the fixth Book, swherein, from the
Proportion of the Sides is inferr'd the Equality of” the An-~
gles, and’ e contra. Sometimes likewife the 36 and 3yth
Prop. of the third Book will do the fame Thing, .
In the third Place, [the Caiculvs] is promoted by the Ad--
dition or Subtra&ion of Squares, viz. In right angled Trian-
gles we add the Squares of the leffer Sides to obtain the:
Square of the greater, or from the Square of the greater Side -
we fubtraé the Square of one of the leffer, to obtain the
Square of the other ‘ B :
And on thefé few PFoundations (if we add to them
Prop. 1. of the 6th Elem. when the Dufinefs relates to Super-*
ficics, as alfo fome Propofitions taken out of the rrth and:
12th of Euclid, when Solids come in Queftibn, - the whole
Analytick Art, as to right-lined Geometry, depends.. More~:
over, all the Difficulties of Problems may be réduc’d to the
fole Compdfition of Lines out of Parts; “and the Similarity”
of Triangles;" fo that there is-}g'Occaﬁoh to make Ufeioﬁ ‘
PR ' othes
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other Theorems ; becaufe they may all be refolv’d into thefe
twoy and confequently into the Solutions thaf may be drawn’
from them. = And, for an Inftance of this, T have fubjoin'd
a Problem about letting fall a Perpendicular apon the Bafe
of an obligue-angled Triangle, [whichis] folv'd without
the Help of the 47th Prop. of the firft Book of Eucl. But
altho’ it may be of [grear] Ule not to be ignotant of the
moft fimple Principles on which the Solutions of Problems.
depend, ‘and tho’ by only their Help any [Problems] may
be folv’d ; yet, for Expedition fake, it will be convenient.
totonly that the 47th Prop. of the firft Book of Eucl. whofe
Ufe is moft frequent, but alfo that ether Theorems {hould
fometimes be made Ufe of, .
~As if [for Exaiple] a Perpendicular being let fall upon
the Bafe of an oblique angled Triangle, the Queflion were
(for the fuke of promoting Algebraick Calculus) to find the-
Segments of the Bafe; here it would be of Ufe to know,
that the Difference of the Squares of the Sides is equal to
the donble Re@angle under the Bafe, and the Diftance of the
Perpendicular from the Middle of the Bafis.. . R
I the Vertical Angle of any Triangle be bifected, it will
not oiily be of Ufe to know, that the Bafe may be divided
it Proportion to the Sides, but alfo, that the Difference of
the Re@angles made by the Sides, and the Segments of the
.ﬁafé_ is equal to the Square of the Ling that bifedts the
nple, .. o . '
}%' the Prablem relate to Figutes ipfcribd in a Circle,
this Theovern will frequently be of Ufe, wiz. that in any
- quadrilateral Figure inferibd in a Circle, the Redtangle of

the Diagonals is equal to the Sum of the Re@angles of the

oppofite Sides. . i , C
The, Analyft may obferve feveral Theorems of this Nature
in his Pradtice; and referve them for his (e ; but let him
ufé them fparingly, if he can, with equal Facility, or not
much fpote Difficulty, hammer out the Solution from more
fimple Principles of Computation, L n
Wherefore let Him take efpecial Notice of the thrée Prit-
ciples firft propos'd, as being more known, more fimple, more.
. general, but a few, and. yer fufficient for all [Problems],
* arid let him endeavour to reduceall Difficulties to them be-
fore bthers, o o T
. But that thefe Theorems may be. accommodated to the
Solution of Probleths; the Schemes are oft fimes to_be Far-
#Her Confitadted, by produeing out fome of the Lives till
o o _ they
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they cut others, or become of an affign’d length ; or by
drawing Lines parallel or perpendicular from fome remarka<
ble Point, or by conjoining fome remarkable Points ; as alfo
fometimes by conftrudling after other Methods, according ag
the State of the Problem, and the Theorems which are
made Ufe of tofolve it, fhall require, As for Example, -
If two Lines that do not meet each other, make given Ans
gles with a certain third Line, perhaps we produce them fo,
that when they concur, or meet, they fhall form a Triangle,
whofe Angles, and eonfequently the Reafons of their Sides,”
fhall be given ; or, if any Angle is given, or be equal to
any one, we often complete it into a Triangle given in Spe-
cie, or fimilar to fome other, and that by producing fome of
the Lines in the Scheme, or by drawing a Line fubtending an
Angle, 1f the Triangle be an oblique angled one, we often
refolve it into two right angled ones, by letting fall a Per~
pendicular, If the Bufinefs concerns. multilateral {or many
fided] Figures, we refolve them into Triangles, by drawin
Diagonal Lines; and fo in others ; always aiming at this
End, viz. that the Scheme may be refolv’d ‘either into given,
or fimilar, or right angled Triangles, Thus, in the Exam.
ple propos'd, Idraw the Diagonal B D, that the Trapezium
ABCD may be refolv’d into the two Triangles; 4BD a
right angled one, and BDC an oblique angled one. [Fide
Figure 9.] “Then ¥ refolve the oblique angled one into two
right angled Triangies, by letting fall a Perpendicular from
any of its Angles, BC or D, upon the oppofite Side ; as from
B upon € D producd to E, that BE may meet it perpen-
dicularly. But fince the Angles BAD and BCD make in
the mean while two right ones (by 22 Prop. 3 Elem.) as
well as BCE and BCD, 1 perceive the Angles BAD -
“and. BCE to be equal ; confequently the Triangles BCE
and D.4B to be fimilar, And fo I fee that the Computa-
tion (by affuming 4 D, 4B, and BCas if C D were fought)
may be thus carty'd on, wiz. A D and AB (by veafon of |
the right angled Triangle 4 B D) give you BD. 4D,
AB, BD, and BC (by reafon of the fimilar Triangles
ABD and CEB) give BE and CE. B and BE (by
reafon of the right angled Triangle BE D) give ED; and
ED—EC gives CD. Whence there will be obtain’d an
Aquation between the Value of CD fo found out, and the
[fmall Algebraick] Letter that denotes i, ‘We may alfo .
(and for the greafeft Part it is better fo to’'do, than to fol-
low the Work too far in one continued Sexics) beginthe -
B - N2 T Com-
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Gomputation from: different Principles, ‘or at.lcaft promote.
it by divers Methods .to any one and the fame Conclufion,
that at length there may be obtain’d two Values ot any
the fame Quantity, which may be made.equal to one ano-
ther. Thus, 4D, 4B, and.B(, give BD, BE, and CE
~as befare 3 then CD -+ CE gives ED; and, lafily, BD,
and ED (by reafon of the tight angled Triangle B ED)
give BE. You might alfo very well form the. Computation
thus, that the Values of thofe Quantities {honld be fought
between which any other known Relation interceeds, and
then that Relation will bring it to an Aquation. Thus
fince the Relation between .the Lines B D, DC, BC, and
‘CE, is manifeft from the 12th Prop. of the. fecond Book of
the Elery, wiz. that BDgq—=BLg—=(CDg=2CD % CE:
i feek BDg from the affum’d 4D and A B ; and CE from
the aflum'd 4D, 4B, anl B{, And, laftly, affoming CD

I make BDg—BCq—CDg=20Dx CE, After {uch

Ways, and led by thefe Sorts of Confultations, you ought

always to take care of the Series of the Analyfis, and of the
" Scheme to be conftrudted in order to it, at once,

Hence, 1 belicve, it will be manifeft what (Geometricians
mean, when they bid you imagine that to be already done
which i fought, For making no Difference between the
known and wnknown Quantities, you may affume any of
.them to begin your Computation from, as much as if all
had [indeed] been known by a previous Solution, and you
were no longer to confult the Solation of the Problem, but -
only the Proof of that Solution, Thus, in the firft of the
,three Ways of computing already deferibed, altho’ perhaps
AD be really fought, . yet 1 imagine C D 'to be the Quan-
tity fought, as.if 1 had a mind to try whether its Value
~derivid from AD will coincide with [or be equal to] its.
Quantity before known, Se alfo in the two laft Methods,
I dow’e propofe, as my Atm, any Quantity to be fought,
but only fome how or other to bring out an Kquation from
the Relations of the Lints: And, for [ake of that Bufines
Y aflurne all [the Lines] 4D, 4B, B(, and CD as known,
as much as if (the Queflion being before folv’d) the Bufi-
‘nefs was to emquire whether fuch and fuch Lines would fa-
tisfy the Conditions of it, by [falling in or] agrecing with
any Fouvations which the -Relations of the Lines can exhi-
bit, 1 enter’d upon the Bufinefs at firft Sight after chis
Way, and with fuch [Sort of ] Confultations ; but when X
- arrive atan quation, | change my Method, and endeavour
B o o
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to find the Quantity fouzht by the Redution and Solution
of that Fquation,” Thus, lafly, we affume often more
_Quantitics as known, than what are exprefs'd in the State of
the Queftion. Of this you may fee an eminent Example
in the g42d of the following Problems, where [ have affum’d
‘4, byand ¢, in the Aquation 4 - bx ¢ x* =yy for deter-
mining the Conick Se&idn ; ag alfo the other Linesr, s, ¢, 7,
of which the Problem, as it is propos’d, hints nothing. For
you may aflume any Quantities by the Help whereof it is
poffible to come to Aquations ; only taking this Care, that -
you obtain as many Aquations from them as yon aflume
Quuntities really anknown,
After you have confulted your Method of Computation,.
- and drawn up your Scheme, give Names to the Quintities
that enter into the Computation, (that is, from which be-
ing affum’d the Values of others are ro be derivid, till at
laft you come to an Aquation) chufing fuch as involve all
“the Conditions of the ‘Problem, and feem accommodated
before others to the Bufinefs, and that thall render the Con-
clufion (as far as you can guefs) more fimple, but yet not
more than what fhall be fufiicient for your Purpofe, Where-
fore, don’t give proper Names to Quantities which may be
denominated from Names already given. . Thus, from =
whole Line given and its Parcts, from the three Sides of a
‘right angled Triangle, and from three or four Proportionals,
fome one of the leaft confiderable we leave without a Name,
becaufe its Value may be derivid from the Names of the
reft. As in the Example already brought, if I make 4D
=y, and 4B=q, [ denote BD by no Letter, becaufe it
is the third Side of a right angled Triangle 4 B D, and con-
fequently its Value is /v —aa. Then if T fay BC=1,
fince the Triangles D 4 B and BCE are fimilar, and thence
the Lines AD:.4B:: BC: CE proportional, to three
whereof, @iz, to AD, AB, and BC there are already
Names given ; for that reafon’l leave the fourth CE with-

ab .. ,
outa Name, and in its room I make Ufe of — difcover'd

%
from the foregoing Proportionality. And fo it DC be called
¢, 1give no Na}mc_z to D E, becaule from its Parts, DC and

. b ’ .
CE, orc¢ and ‘;I?, its Value ¢+ % comes out, [Fide Fi-
‘gure 1]

But
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But while T am talking of thefe Things, the Problem is
almoft reduc’d to an Aquation: For, after the aforefaid
Letters are fet down for the Species of the"principa] Lines,
there remains nothing elfe to be done, bnt that out of thofe:
Species the Values of other Liries be made out according to
a preconceiv’d Method, till after fome forefeen Way they
come to an Aquation, And I can fee nothing wanting in
this Cale, except that by [means of J the right angled Tri-
angles BCE and BDE T can bring out a double Value of

. g - aabb
BE, viz. BCq— CEq (Gr bY e /= BEq ; asalfo

BDg~—DEq (or KX e A (€ et o e o |

I3 T xxd T

. b :
BEq. And 11;:1)cc (blotting out on both Sides fi—}) 1 fhal}

: : ) . 2abe, .
have the Aquation bb— X¥& —~~dg—(C — which

: - a4
being reduc'd, becomes @' = - bbx + 24be.
: “+ ce .

But fince I have reckon’d up feveral Mcthods for the So.
lution of this Problem, and thofe not much unlike [one
another] in the precedent [Paragraphs), of which that
taken from Prop. 12. of the fecond Book of the Elem. be.
ing fomething cleverer than the reft, we will here fubjein it
Make therefore A0 ==, AB=a, BC=), and CD =g,

and you'll have B Dy — xx—a 4, and CE= 4_;_11 as before,

. A .
. Thefe Species therefore being fubfiituted in the Theorem for
- 8D9 —BCq—CDg=2CD x(E, there will arife xx =

24bc T 4a
ag—bbe—ce=2""" and afrer Redudlion, »* = -} bb ¢

, : d oo
A+ 2abe, as before. '

Bur that it may appear how great a Varety there isin
the Invention of Solutions, and that it is nor very difficule
~ for apradent Geomegrician to light upon them, I have
theught fit to teach [or thew] other Ways of doing the

fame Thing, And having drawn the Diagonal 8D, if in
room of the Perpendicular B E, which before was let fall
from the Point B upon the Side D C, you now let fall a Per-
pendicular from the Point D upon the Side B(, or fro?i

. . tihe
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the Point C upon the Side B D, by which the oblique angled
Triangle BCD may any how be refolv’d into two righe
angled Triangles, you may come almoft by the fame Me-
thads T have already deferib'd to an HEquation.  And there
_ are other Methods very different from thefe ; 4s if there are

_drawn two Diagonals, 4C and BD, BD will be given by
affuming A D and A B ; as allo AC by affuming 4D and
CD; then, by the known Theorem of Quadrilateral Fi.
gures inferib'd in a Circle, viz, That AD x BC+ A B x
CD is =.ACx BD, you'll obtain an Equation,  [Pide. Fis
gure 11.] Suppofe therefore remaining the Names of the
Lines 4D, AL, BC, CD, wix. x, a,b,¢c, BD will be =
Vixxean, and 4C= v xxZ¢c, by the gyth Prop. of
the firft Elens. and thefe Species of the Lines being fubfti-
tutéd in the Theorem we juft now mention'd, there will

come out ¥b -+ 2é = xx—cc X ¥ 2x—a4. The Parts
of which Kquation heing fquar’d and reduc’d, yowll again
aa '
have »' = -} bb x4 24bc.
e _ ‘ ‘

But, moreover, that it may be manifeft after what Man-
ner the Solutions drawn from ‘that Theorem may be thence
reduc’d to only the Similarity of Triangles, exe® BH per-
pendicular to BC, and meeting 4 Cin H, and there willbe
form'd the Triangles BCH, B D A fimilar, by reafon of
the right Angles at B, and equal Angles as Cand D, (by
the 21.3. Elem.) as alfo the Triangles BCD, B H A [which'
are alfo] fimilar, by reafon of the equal Angles-both at B,
(as may appear by taking away the common Angle DB H
from the two right ones) as alfo at Dand 4 (by 21.3
Elem.) You may fee therefore, that from the Proportiona-
lity BD: AD::BC: HC, there is given the Line H(;
as alfo AH from the Proportionality BD +CE:: 4B
: AH, Whence fince 4 H + HC=AC, you havean JE-
quation, The Names therefore aforefaid of the Lines re-
mmining, wiz. &, 4, b, ¢, as alfo the Values of the Lines AC

and B D, viz. ¥ va—cc and 4/ %% —aa, the. firk Pro

xb
portionality will give H( a= —-;r — and ¢he {econd
e L v XX A
will give A H == L, Whence, by veafon of AH
Co s VvV xxm—dd oo -

+ HC
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T e e CbhxAac v i «
- HCz AC, you'll have ———="" = Viie—ece: an
X o A XL e— A .
Hquation which (hy .multiplying by v/xva—aa, and by
Tquaring) “will be reduc’d ro a Form often deferib’d in the
preceding Pages. - . Co
i But that it may yet farther appear what a Plenty of So-
lutions may be found, produe BC and A D till they meet
in F; ‘and the Triangles ABF and CDF will be fimilar,
becaufe the Angle at F is common, and the Angles 458 F
and CDF (while they compleat the Angle CD A4 to two
zight ones, by 13, 1. and 22, 3 Elom.) are equal, [Fide
Figure 12,]. Wherefore, if befides the four Terms which.
compofe the Queflion, there was given AF, the Proportion;
AB: AF:: CD:CF would give CF. Alfo AF— AD,
would give DF, and the Proportion CD : DF:: AB: BF
would give' BF; whence (fince BF~—CF=BC) there
would arife an Aquation. But fince there are aflun’d two
unknown Quantities as if they were given, there remains.
another Aquation to be found. 1 let fall therefore BG ar
right Angles ypon AF, and the Proportion AD: AB:: -
AB: AG will give. 4G ; whicli being had, the Theorem
inthe 13, 2 Encl. wix, that BFp + 2FAG = ABg 4
AFq will give another Hquation. 4, b, ¢, » remaining
therefore ‘as before, and making AF =y, you']l have (by.

in.ﬁﬂing' on the Steps already Iaid down) 2-' == CF yortm

DFE. 1:{‘32’ =BF And chence J_‘:;:f_i‘_’ — Cg =b,
T s - ‘ p

the firft .‘f}ﬁquation. Al d:! wili be == 4G, and confe~ "’

+ %{‘iz;—;fjka 3y for

the fecond Equation.  Whichi two, by Redution, will give:

the Aquation fought, viz.. The Value of y found by the firft:

e . ..abe . . .
Aquation is aocTraax ;- which being fubflituted 'in the fe='
q i

'(iliently dayy—2a’xy -t ”i;‘r‘.i

e () .
cond, will'give'an Hquation,  from which rightly order'd’
. . ;dd ) ‘ N .
will come out ) == + bb a4 24bo, as before, .
C ’ oo W .

And -
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And fo, if AB and D C are produc’d till they meet one
another, the Solution will be much the fame, unlefs perhaps
it be fomething eafier.  Wherefore 1 will fubjoyn another
Specimen of this [Problem] from a Fountain very unlike
the former, viz. by feeking the Area of the Quadrilateral
Figure propos'd, and that doubly. 1 draw therefore the
Diagonal BD, that the Quadrilateral Figure may be re-
folv'd into two Triangles.  Then ufing the Names of the
Lines #, aﬁz,_ ¢, asbefore, I find BD = ' xx—aa, and
24¢/ xx—aa (= ;AB x BD) the Area of the Triangle
ABD. Moreover, having let fall B E perpendicularly upon
CD you'll have (by reafon of the fimilar Triangles 45D,

BCE) AD:BD :: BC'A: BE, and confequently BE = g

v j——— . be im .
¥'wx—aa. Wherefore alfo vV ax—sa (=32CDx

B ‘E,),‘will?:be the Area of the Triangle BCD, Now, by

ax

be
se Yri—an

the Area of the whole Quadrilateral, After the fame Way,
by drawing the Diagonal A4C, and feeking the Area’s of the
Trianigles ACD and ACB, and adding them, there will
again be obtain’d the Area of the Quadrilateral Figure

‘f_ﬁ"_i_l'.f. & xx—cc. Wherefore, by making thefe Area’s

2%, - ‘ ' ,
equal, and multiplying both by 2x, you'll have 4x - be
N xg—aa = cx~+ba v xx—cc, an Aquation which,
by fquaring and dividing by aqx —c¢¢x, will be reduc’d to

adding thefe Area’s, there will arife

. Aq
the Form alieady often found out, x* + bb 2 2abc.

. +ce

Fence it may appear how grgat a Plenty of Solutions may
be had, and that fome Ways #fe much more neat than o,
thers, ‘Wherefore, if the Method you take from your firlk
‘Thoughts,for folving a Problem,be but ill accommodated to
Computation, you muft again confider the Relations of the
Lines, rill you fhall have hit on a Way as fit and elegant ag
poffible.  For thofe Ways that offer themfelves dt firf Sighe,
may create {officient Trouble, perhaps, if they are made Ufe

of, Thus, in the Problem sve have been upon, nothing
: ' would
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would have beett more difficult than to have fallen upon the
followiriy Method inftead of one of the precedent ones,
[Vide Fignre 13.] Having let fill BR and €S perpendicu.
lir to A D, as'alfo CT to BR, the Figure will be refolv’d
into right angled Triangles, And it may be feen, that 4D
and AB give AR, 4D and CDgive D, .AD — AR
S D gives RS or TC, Alfo 4B and AR give BR,
¢D and SD give CS or TR, and BR—TR gives BT,
'T..aﬁly BT and 7C give BC, whence an Zquation will be
obtain'd. But if any one fhould go to compute after this
Rate, he would fall into Iargerv [and more. perplex’d) Alge-
‘biaick Terrhs than are any of the former, and more difficult
to be brought to a final Aquation. o ) ’

So much for the Solution of Problems in right lined Geo-
metry; unlefs it may perhaps be worth while to note more-
over, that when Angles, or Pofitions of Lines exprefs'd by
Angles, enter the State of the Queftion, Lines, or the Pro-
portions of Lines ought to be ufed inftead Qf Angleg, Ui
fuch as may be deriv’'d from given Angles by a Trigbnome-
trical Calculation ; or from which being found, the Angles
fought [will] come out by the fame Calculus, ~Sevéral Tn.
ftances of which may be feen in the following Pages,

As for what belongs to the Geometry of Curve Lines,
we ufe to denote them, cither by deferibing them by the
local Motion of right Lines, or by ufing Kquations indefi-
nitely expreffing the Relation of right Lines difpos’d [in
order] according to fome cértain Law, and ending at the
Curve Lines. The Antients did the fame by the Sedions of
Solids, but tefs commodioufly. But the Coimputations that
regard Curves deferib’d after the firft Way, are no otherwife
perfornr'd than in the precedent [Pages.] Asif 4K bea
Curve Line defcrib’d by X the Vertical Point of the Square
A K¢, whereof ane Leg 4K fieely flides through the Point
A given by Pdfition, while the other K¢ of a determinate
Lenuth ‘is cany'd along the right Line 4D alfo given by
Fofition, and youare to #d the Point C in which any
right Line CD given [alfo] by Pofition fhall .cut this
Curve : I dyaw the right Lines /4C, CF, whichmay reprefent
the Square in the Pofition fought, and the Relation of the
Lines (without any Difference [or Regard] of what is given
or fought, “or any Refpe& had o the Curve) being confi~
der'd, 1 perccive the Dependency of the others upon C Fand
any of thefe four, viz. BC, BF, AF,and AC to be Syn.
thetical, two whereof I therefore affume, ‘as ¢ Fee a, and



L9917

CB=wx, and beginning the Computation from thernce, 1
xx

prefently obtain BF —+/aa—zxx, and AB = ;7%‘_.__
A A ot .'C'x’

by reafont of the right Angle CBF, and that the Lines BF
:BC::BC: AB are continmal Proportionals, Moreover
from the given Pofition of ¢ D, 4D is given, which i
therefore call 4, there is alfo given the reafon of BC to
£x '
= ""[3 and

B D, which ¥ make a5 d to ¢, and you have BD

AB:I:-—-—C;. (Vide Fignre 14.] Therefore b——%’f =
%

m, an Equation which (by fquaring jts Parts and
multiplying by 44—=x2) will be reduc’d to this Form,

T e agabder +aabbdd.
dd-}ee |

Whence, laftly, from the given Quantities 4, b, d, and ¢,
x may to be found by Rules hereafter to be given, "and at
that Interval [or Diftance] x or BC, a right Line drawn
parallel to AD will cut CD in the Point fought C,

__2bdex’

x?

Now, if we don’t ufe Geometrical Deferiptions but &-
quations to denote the Curve Lines by, the Computations
will thereby become as much fhorter and eafier, as the gain-
ing of thofe Aquations can make them. As if the Inter-
{e&tion C of the given Ellipfis ACE with che right Line
CD given by Pofition, be fought, To denote the Ellipfis, I

, . . r
take fome known /Equation proper (9 if, as ram— —xx

. 9
=9y, where r is indefinitely put for any Part of the Axis
Abor AB, and y for the Perpendicular be or BC termi-
nated at the Corve; and r and g are given from the given
Species of the Ellipfis. {Vide Figare 15.], Since therefore
CD is given by Pofition, 4 D will be alfo given, which
call 4; and B D will be 24— x ; alfo the Angle ADC will
be given, and thence the Reafon of B D to BC, which call
Ytoe, and BC (y) will be =ea—ecx, whofe Square

,o
cean=—2ccax + eexw will be equal to ra~— —xx. And
' O 2 thence
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p : 2400~} ¥ —Asee
'ﬁlcnce by Reduétion there will arife a% == , ’
ee +-;
L Ir o .2ar
_ aee—}-zriet/ar-{r-uc -
01‘ .'Xf — °

cet =

q
Moreover, altho’ a Curve be denoted by a Geometrical
Defeription, or by a Setion of a Solid, yet thence an Equa-
tion may be obtain’d, which fhall define the Narure of the
Curve, and confequently all the Difficulies of Problems

propos’d about it may be reduc’d hither. . :

Thus, in the former Example, if 4B be called x, and

RC y, the thixd Propo:'tiona] BF will be '—g , whofe Square,

together with the Square of BC, 1is equal to C Fy, that is,
¥ ‘

;}alayy:m; ory* xxyy=aaxz. And this isan

Aiquation by which every Point C of the Curve 4 KC, a-
greeing or comefponding to any Length of the Bafe (and
confequently the ‘Curve it felf) is defin’d, and from whence
confequently you may obtain the Solutions of Problems pro-
pos'd cancerning this Curve.

_ Afier the fame Manner almoft, when aCurve is not given
in Specie, but propos'd to be determin’d, you may feign an
"Aquation at Pleafure, that may generally contain its Na-
ture, and affume this to denote it as if it was given, that
“from its Aflumption youw can any Way come to Aquations
‘by which the Aflumptions may be determin’d ; Examples
whereof you have in fome of the following Problems, which
1 bave colleéted for a more full Hufiration of this Dotrine,
and which I now proceed to deliver,

Pro-
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ProsreEmM L

Having a finite right Line BC given, from
awhofe Ends the two right Lines B4, CA are
drawn with the given Angles ABC, ACB; to
find AD the Height of the Concourfe A, {or
the Point of their Meeting] abeve the given
Line BC. [Vide Figure 16.] |

Ake Be—4, and A4 D~y ; andfincethe Angle 4B D

is given, there will be given (from the Table of ~ines

or Tangents) the Ratio between the Lines 4 D and B D which
make asd to e. Therefored:e:: AD (3): BD, Where-

fore BD == e—;. In like Manner, by reafon of -the given
Angle ACD there will be given the Ratio between 4 D

and DC, which mdke as'd tof, and youw'll have DC ;.-..-%Z.

But BD -+ DC = BC, that is, ‘% +%= 4. Which re:
duc’d by multiplying both Parts of dthe Aquation by 4, and
. s7s . a S

:(hwdmg by e-}-f, becomes y= ry

PROBLEM IL

“The Sides AB, AC of the Triangle ABC being
given, and alfo the Bafe BC, which the Pey-
pendicular AD [let fall] from the Vertical
Angle cuts in D, to find the Segments BD and
DC.  [Vide Figure 17.] .

FT ABm4, AC—=b, BCx=c, and BD =%, and DC
will = ¢#-x. Now fince 4 Bg~—~B Dg (44— x 1) iz
AD?I; and ALq— D Cq (bb—cc4 208 =—x &) === A Dg;

youll have mz—--«v:::e_,---_-,-bl;)—-mcc-—l~ 2cx-=xx; which by
' —b , .
Redudtion becomes 22 tee

¢

==X

But
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But that it may appear that all the Difficulties of all Pro.
blems may be refolv'd by only the Proportionality of Lines,
without the Help of the 47 of 1 Ewcl. althp’ not without
round-about Methods, I thought fit to fubjoyn the follow-
ing Solution of this Problem over and above, - From: the
Point D let fall the Perpendicular D E upon the Side 4 B,
and the Names of the Lines, already given, remaining, you'll
have 4B:BD::BD:iBE, ‘

Wixiix éf.' And BA—BE (;z‘-—- ?—;):_EA,;I@EA:

AD:: AD : AB, andconfequently E A4 X A B (44— x x)
== .4 Dq. And fo, by reafoning about the Triangle’4C D,
ghere will be found again. ADgzbb—crd 20222,

. : S ‘ 1Y
Whence youn will obtain as before x = qq py + “

‘ PROBLEM 1. R
The Area and Perimeter of the right angled
- Triangle ABC being given, to find the Hypo-

thenufe BC. [VideFigure 18.] .

" ET the Perimeter be {callsd] ¢, the Area b, make BE
=, and AC==y sthen will 4B — v & £—yy ; whencg
again the Perimeter (BC 4 AC -+ AB) is a« +y -+
+/%x —yy, and the Area (£ ACx ARB) is tyv xx—yy
zmbb.  Therefore x 3 - './.Efx....;‘yy = 4, and iy
JrrTyy=bh
2bb

g """'])’ faned "*—5',

"

The latten of thefe /HEquations gives /&

wherefore T write Eﬁb for o/ x;a,_-é-"y ¥ in the fo;mcr'lfﬁqua-

vion, that the Afymmetry may be taken away ;; and there.
bb - )

comes out % -ty 3371) = 4, or multiplying by y, and op-

dering [the ‘_/Eqmtion] Yy mm BY s LY v zb,b‘.‘ v ‘Mog‘ec)ycf,
from the Parts of the former Equation I take away ¥'~7,

and there remains v x % — Y =l K e, and fquaring

the Parts to take away ggain’-tl:; Afymmefry, there comes
UL XX~ J) == 44— 248 == 24y -} 25 <} 207+ 79,
which orderd and divided by 2, becomes yy = ay-—~#y

- draa



L 103 ]
g 4= taa,  Lafly, making an Equality between the o
Values of yy, I have gymmxy—2bb=pym—exy -+ A
. . , 2bb
i 24, which reduc’d becomes £z — =

The fame othermife.

Let 5 the Perimeter — a, the Area = bb, and B (o]
and ﬂC-—i— AB=24-~-x Now fince zw (BG) i =
ACqg~ ABg, and 4bb—2 ACx AB, xx-—%/4bb will —
ACq - ABg -+ 2ACX AB = to the Square of 4C-}- 4B
= to the Square of za——x\:444-—-4m 4 xx, That is,
T -—l— 4bb e 4¢m ~t-ax, which reduc’d beconiés

i

*4-—-—-”—._..:&:’.

ProrreEMm IV.

Having given the Area, Pevimeter, and one o '
the Angles 4 of any Tn/mgle AB C, 1o detei-
mine the reft. [ Vide Flgure 19.]

ET the Perimetér be daiy and the A“rea--— bb, and from
either of the unknown’ Angles as G, let fall the Perpen-
‘dicular CD to the oppofite Side 4B ; and by reafon of the
given Angle 4, AC will be'to CD ina: given Ratio, fup.

Pofe asd to e, “Cal] t;hprcfore AC == x, and CD will 4 :_—; d .
by Wlmh ‘dl'VldC the double Area, and ‘there will come out

2bb 4B AdAAD (vie. VACGCDy, o Zex

e bbd d
v dd——ce) and there wxll come out BDe= 2::\? + d

A dd—ee dd—-——ce, to the Square whcreof 2dd’ CDq, and there will

arife tbddd+ ——{—4“ «/dd._-cemBCq Moreover,

6 the 'Perimeter take away ACand 4B, and there will
. remain n—-;xj-?é—b-—‘l ==BC, the Square whereof 4
w oex

4,abb 4blzd 4.b* ml 4
zar+xx-——--e—’—;- T ¢ + eexy

makc equal .!0
the
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the Square before found ; and negle@ting the Equ})valents,‘
you'll have 4;lf—b Vdfi—ee = Ad e 24K 44bbd +

ex
M. And this, by affuming 4a«f for the given Terms
£ ] .

as g ‘lﬂ’_’f e ’f.é..lf +/dd—ee; and by reducihg becomes
e e
¢/ 2bb
N
The fame Fquation would Rave come out alfo b)f feeking.
the Leg 4B ; for the Sides 4B and 4C are indifferently ™
alike to a}l the Conditiqns of the Problem. Wherefore if

‘xx—‘._—_-jzfx.—'

AC be made :fm-’/ff—- 26‘5”{

V ff — 2_11;5_4’ and reciprocally ; and the Sum of thefe 2f

fubtra&ed from the Perimeter, leaves-the third Side B (G
a2 f . ' -

ProBLEM V.

Having given the Alsiude, Bafe, and Sum of
the Sides, to find the Triangle. ‘

ET the Altitude €D = 4, half ‘the Bafis 4B =}, half
4 the Sum of the Sides = ¢, and their Semi-difference = =;
and the greater Side as BC—¢ 2, and the lefler AC—
¢—=z. Subtra&t CDgq from CBg, and alfo from 4Cy, and
hence will BD = v/oc - 202 - 20 ——44, and thence
AD = V¢c—20%+F zx-—aa. Subtrat alfo 4B trom B D,
and AD will again = vsc 4 20z F 22 — Adm—2h.
Having now fquared the Valucs. of 4D, and orderd the
Terms, there willarifebbd-c2=bv'eo 42024 zmaa,
Again, by {quaring and reducing into Order, you'll obtain
ccx® wbbxr =bbco msbbaa — b4, And x=b

g A i iy .
l/ x————=. Whence the Sides are given,
. cGmmbb : ‘

PRO,



[ 105 7
Prorrem VL

Having given the Bafe AB, and the Sum of the
Sides AC 4 BC, and alfo the Vertical Augle
C, to determine the Sides. [ Vide Figure 20.]

© B Ake the Bafe — 4, half the Sum of the Sides =&, and
halt’ the Difference~, and the greater Sitde BC will be
=b-+ x, and the lefler 4C — b—a. From cither of the
unknown Angles 4 let fall the Perpendiculat 4D to the
oppofite Side BC, and by reafon of the given Angle C thereé
will be given the Ratio of 4C to CD, fuppofe asd to e,

and then CD will :Pb:ex. Alfo, by 11, 2 Elew.

ACq— ABg -+ By . 2bb -ty 2vx—aa ,
NTe , that is, py AT = CD
“and o you have an Aquation between the Values of CD,

And this reduc’d, X becomes o V’l"lﬂ ""’ 20bb— 21“)!)?

‘ 2d -4 2e
whence the Sides are given.

If the Angles at the Bafe were fought, the Conclufion
would be more neat, as draw E C bifecting the given Angle
and meeting the Bale in E ; and AB: AC-+BC (:: AE
: AC) 12 Sine Augle ACE : Sine Angle AEC; and if from
the Angle .4 EC, and alfo from its Complement BEC you
fubtra&t £ the Angle C, there will be lefe the Angles 4 BC
and B.A4(,

ProsieEm VIIL

Huving given the Sides of any Parallelogram
AB, BD, DC, and AC, and one of the Di~
agonals BC, to find the other Diagonal A D.
[Vide Figure 21.]
ET E be the Concourf of the Diagonals, and to the

i ¢ Diagonal BC let fall the Perpendicular 4F, and by

the 13. 2 Elem, ‘ACq «..4;4[1{3%*{- By = CF. And alfo
ACq
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AC—AEq+E Cq= CF., Wherefore fince EC = £BCand

.2EC :

ACj— ABy+BCy  ACq—3ADg+38Cq
tAR L . R /
AB=3AD, —— 3 = B ;
and having reduc’d, 4D —+/2 ACq -+ 24 Bg— B Cy.

Whence, by the by, in any Parallelogram, the Sum of
the Squares of the Sides is equal to the Sum of the Squares

of the Diagonals,
Prosrem VIIL

sz'uzng given the Angles of the Trapesium
- ABCD; alfy its Perimeter and Area, to deter-
mine the Sides. [ Vide Figure 22.7 :

: Roduce any two of the Sides 4 Band D C till they meet;
in E, and let AB —w, and BCxz=y, and becaufe all

the Angles are given, there are given the Ratio’s of B(C
to CE and B E, which make d to ¢ and f ; and CE will be
1:% and BE — f—dz, and confequently AE —x -+ ff;
There are allo given the Ratio’s of AE to 4D, and of
AEto DE; whichmake asgtod, and ashtod; and

AD will :dx+fy, and ED:dx +fy’ and confe«
P ‘

h
quently CD:ilibi—fl»— %y, and the Sum of ;all the

Sides a4y - dx+fy + dx-:fy — f} ; which, fince it
is given, call it 4, and the Texms will be abbreviated by
writing P_for the given 1 - é-—i— —[—i, and 7 for the given

r o g A r g
T+ £ +—£ — ;S-, and youwll have the Aquation px-t gy
4 ‘ : r
=a

Moreover, by Reafon of all the Angles given, there is
given the [Ratio or] Reafon of B(y to the Triangle BCE,

which make as m to n, and the Triangle BCE = — 7ys
wm’

Jhere is wifo given the Ratio of 4Eq to the Triangle
\ ADE;
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~f.f.‘ID E; which [ 7 j |
4D E; which make as » to d ; and the Triangle 4D E

. ddxx 2y : T
will be — tz.;id_f_” -+ ffyy . Wherefore,

fince the

m
Area AC, which is the Difference of thofe Triangles, is
ddxx - 2dfey-4-ffyy—dnyy
: dm
will be —bb. And fo you have two Aquations, from for
by] the Redution whereof all ig determin’d. ’ Viz., 'IEhc

ra—gy

given, letit be bb, and

Hquation above gives ¥, and by writing

a=—q7 . .
4 > 7% for % in the laft, there comes out
drraa— 2dqray--dqgyy 4 242y g [y —dny
bbsand the T emr;s being abbreviated by writing s.for the
given Quantity (—:—Pq._. %I? -+ féf —n, and — st for the
. ad afr 3
given — —— -+ —, and stv for the given bbm o=
pp p , .
, thexe arifesyy—2¢ty - tw, ory=t¢ + V1t

drraa

ProsreEm IX.

To furround the Fifb-Pond 4 BCD with 2 W. alk
ABCDEFGH of a given drea, and of
the fame Breadih every where. .[Vide Fi-

oure 23. '

ET the Breadth of the Walk be #, and its Area ad.
And, letting fall the Perpendiculars 4K, BL, B M,
CN, CO, DP, D Q, 41, from the Points 4, B, C, D;-to
the Lines EF, FG, G H,and HE, to divide the Walk 1nto
the four Trapezia K, L M, NO, P Q, and into the four -
Parallelograms AL, BN, CP, D1, of the latitude w,-and
of the fame Length with the Sides of the given Trapezium,
iLet therefore the Sum of the Sides (A B~ BCHCD A=
D .27) w==b, and the Sum of the Parallelograms will be .
feeef 78N : ‘ : ‘

P2 More-
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. Moreover, having drawn AE, BF, CG, DH ; fince
‘Al is = AK, the Angle AEI will be — Angle AEK
gt I EK, or + DAB. Therefore the Angle AE 1 is given,
and confequently the Ratio of 4/ to / E, which make ag
. s

dtoe, anl IE will be = —- Multiply this into £ 4],

d .
. . exx
ar £, and the Area of the Triangle 4E 1 will be = i

v

But by reafon -of equal Angles and Sides, the Triangles
AE1 and' AE K are equal, and confequently the Trapezi

'um K (= 2Triang. 4EI) :e-f:fw. In like manner, by

putting BL : LF::d : f,and (N;NG::d:g, and DD
:DH::d: b, (for thofe Reafons are alfo given from the
given Angles B, (;and D) you'll have the Trapezium L Af
P xx hxx - cxa
:f-j;—, NO:gd«b, and P Q= — Wherefore —
+ Lf; +£—Zﬁ -+ jf, or E:ZE’ by w;iting P f'o; etf
g -+ b will be equal to the four Trapeziums IK-+ L M
W NO -4 P Q5 and confequently I%:‘ 4 b will be equal
¢ the whole Walk g4, Which Equation, by dividing all
St?]e Terms by 5, and extraéting its Rpot, x will become

e db VB qaapd
m Kl

- 3 And the Breadth of the
‘_‘Wa[k be.pag thus féupd, it is eafy to defcribe it.

| ' ProsrEm X |
From the given Point C, to draw the right Line
- CF, which [rogether] with two other right
. Lines AE mzifg AF given by Pofifion, (hall
. eemprehend [or confliture]) the Triangle A EF
of a given Magnivide. [ Vide Figure 24.7

RAW ¢D pazallel to AE, and CB and EG P"VPC";
i/ dicular to AF, and let AD —a, CB=b, and AF
= s and the Area of the Toangle AEF=¢¢, and by
RS A S R  yeafon
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veafon of the proportional Quantities DF : I;«{F(:: DC:
«dE) :: CB: EG, thatis; afx:a::) :m will be

bx

i EG. Muliply this into 2 AF, and there will

brx . J vy
come out Zidtow the Quantity of the Area A4 EF, which

is ——¢c. And fo the Aquation being orilgr’d [rightly] xx
2002 4 2¢ca or cc:i-‘/c“»—{—.zcmb

o= b

After the fame Manner a right Line may be drawn thre’
a given Point, which fhall divide any Triangle or Trapezi-
um in a given Ratio.

will =

Proerem XL

To determine the Point C in the given right
Line DF, from which the right Lines AC
and BC drawn to rwo other Points A and B
given by Pofision, (hall have a given Diffe-
‘rence. [ Vide Figure 25.7] '

ROM the given Points let fall the Perpendiculars 4D
F and B F to the given right Line, and make 4D —.,,
BF=b, DF=¢, DC=x, and AC will = v'as -+ xx,
FC=x—cy and BC=Abbt xx— 2cx +cs. Now
let their given Difference be d, 4C being greater than BC'x
Vadtxz—d will = vib g sx—20x-Foc.  And
fquaring the Parts a2+ 22+ dd—2dv st 22 —bb
+ xx—2cx-+ce. And reducing, and for Abbreviation
fake, writing 2¢e infiead of the given [Quantities] ax
vt dd—Dbb—=cc, there will come out ee-rcr=—=dXx
v a4 % xx, And again, having fquared the Parts e* -
2ceex t‘oecxxv=ddaat ddxx, And the Aquation

. s c2eecx et m—qadd . .
being reduc’d x,/r; i or

eect vVetdd—aadt -+ aaddce
e dd—ce” ’

The
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The Problem will be refolv’d after the fame Way, if the
Sum of the Lines .4C and B, or the Sum of the Difference
of their Squares, or the Proportion or Refangle, or the
Angle comprehended by them be given : Or allo, if inftead
of the right Line D, you make Ufe of the Circumference
of a Circle, or any other Curve Line, {o the Calcul_ation (in
this faft Cafe efpecially) relates to the Line that joyns the
Points A and B. '

Prosrewm Xl

To determine the Point Z, from which if four
vight Lines ZA, ZB, ZC, and ZD are drawn
at given Angles to four right Lines given by
Pofition, viz. FA, EB, FC, GD, the Redfan-
gle of two of the given Lines ZA and ZB,
and the Sum of the other two ZC and ZB
may be given. [ Vide Figure 26.]

Rom among the Lines chufe one, as F.4, given by Pofi-
F tion, as alfo another, Z4, not given by Pofition, and
which is drawn to it, from the Lengths whereof the Point
Z may be determin’d, and produce the other Lines given
by Pofition till they meet thefe, or be produc’d farther out
if there be Occafion, as you fee [here]. ~And having made
Ed=w, and 4Z =y, by reafon of the given Angles of
the Iriungles 4E H, there will be given the Ratio of 4E

to AH, W-hidi make as pto g, and 4 H will bé = ‘I;?.

Add AZ, and Z H will be = y -+ 1¥  And thc'nce,: fince
i . LN ]} B

by reafon of the given Angles of the Triangle //Z B, there
is given the Ratio of K7 to BZ, if that be made as 5 to
p youll have Z R :.p)':,l;_q_:_v"ﬂ Moreover, if the given E E
be called 4, AF will = fzwx,‘and thence, if by reafon of
the given Angles of the Triangle 4FI AF be made
to A7 in the fame Ratio as p tor, A7 will become

VA eV & . . .
= Pt Take this from A4Z and there will remain

17
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P A e B

-, And by reafon of the given Angles of

IZ2=y--
the Triangle I1CZ, if you make /Z to ZC in the fame

Ratio as m to p, Z C will become = ’ﬂf%_iiv. After

the fame Way, if you make EG=b, AG:AK::]:y,
cand ZK:ZD::p:l, there will be obtain’d ZD —

sh—su—1ly

P ’
Now, from the State of the Queftion, it the Sum of the
two [Lines] ZC and ZD, py—ra-+ rx+ sho—sx—1y

: m P
be made equal to any given one ; and the Refangle of the
PIYT9%) —: 7%) be mad

other two e =gg, youll have two /-

quations for determining » and y. By the latter there comes

ngg — pyy

out = , and by writing this Value of » in

- the room of that in the former Aquation, therc will come
O'm:py-——wz + rHgg—rpyy + sh -—-‘ly L Angg—spyy

m mqy
" w=f3 and by Reduétion yy == P ray
apqry—bmaqsy - fmpgy-t-ggmns—ggnpr
ppq—ppr—mpq-t+mps bngs-t farp,
Abbreviation fake, writing 2 b for apqr—omys ”Pq
’ 8 ppg— ppr—mlg ~+ mps’
~and %} for LEMBSLEPRY ow'll have —
S ppa—rppr—mlg - mps ! , W=
ohy-F Rk, ory=ht+'hh-+kk Andfincey is known
?igg-wy:

; and for

by means of this Aquation, the Aquation x

will give . Which is fufficient to determine the Point .

After the fame Way a Point is determin’d [or may be de-
termin'd) From which other right Lines may be drawn to
_ more or fewer right Lines given by Pofition, fo that the Sum,
or Difference, or ReGangle of fome of them may be given,
or may be made equal to the Sum, or Difference, or Reétan-
gle of the refl, or that they may have any other aflign’d
Conditionss

"PRO-
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Prorsrem XIIL

To fubtend the right dngle EAF with the right
Line EF given in Magnitude, which [ball
pafs through the given Point C, [which fball .
be) aquidiftant from the Lines that compre-
bend the right Angle (when they ave produc’d),
[Vide Figure 27.] ’

Omplete the Square ABC D, and bife& the Line E F
inG. Thencal CB or CD,a; EGor FG, by and
CG,x; and CE will = »—Db, and Cl"-—__—ﬁ b. Then
fince CFqg—B(q==BFyg, BF will = V052 bt Fbb — a2
Lafily, by reafon of the fimilar Triangles CDE, FBC,
CE:CD ::CF’:“I%F, orx—b:aiixb:
v xxt 2bx-bb—aa. Whence sx+ab=x—bx
& wx 4+ 2bx 4+ bb—aa. Each part of, which Aquation
being fquar'd, and the Terms that come out being reduc’d
into Order, there comes out x4+ — +22’ZZ e :}_—_2 %be.
And extradting the Root as in Quadratick Aquations, there
comes out & ¥ =aa-bb A+ +at F 4aabb 5 and confe.
quently x— ’/M A bb Vet F 4aabb, AndCG being
thus found, gives CE or CF, which, by determining the
Point E or F, fatisfics the Problem.

The fame otherwifes

Let CE be =, (D=4, and EF==b ; and CF will
be —x-4-b, and BF— Vax 4 bb+ abx—aa, And
thenfince CE:CD:: CF i BF,orx:a::x-+4b:
T 2bx-bb—ag, ax+ab will be = x ¥
v/ xx - 2bx -+ bb—aa. The Parts of this /quation
being fquar'd, and the Terms reduc’d into Order, there
will come out x¢ - 2bhx? i ::ﬂxxr-—-zaabx-—-«aabb:o,
a Biquadratick Equation, the Inveftigation of the Root of
which is more difficult than in the former Cafe, But it

‘ ‘may
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" may be thus {xlveﬁigated ; put wt - 2ba i_zbdba & )
24abx -t a* =aabb4 44, and extra&ing the Root on
both Sides xx +bx—aa=-+ a4 aa + bb: :

Hence I have an Opportunity of giving a Rule for the
Election of Terms for the. Caleulus, wiz, when there hap-
pens to be fuch an Affinity or Similitude of the Relation of
two Terms to the other Terms of the Queftion, that you
fhould be oblig'd in making Ufe of either of them to bring

. out Aquations exadly alike; or that both, if they are made
Ufe of together, ihall bring out the fame Dimenfions and -
-+ the fame Form in the final Aquation, (only excepting per=
haps the Signs -+ and —, which will be eafily [and reas
dinE‘ fecn) then it will be the beft Way to make Ufe of
neither of them, bur in their room to chufe fome third,
. which fhall bear a like Relation to both, as fuppofe the halff
Sum, or half Difference, or perhaps ‘a mean Proportional,
or any other Quantity related to both indifferently and
without a like [before made Ufe of . Thus, in the prece~
dent Problem, whenT fee the Line EF alike related to both
A B and 4 D, (which will be evident if you allo draw EF
in the Angle BAH ) and therefore I can by no Reafon be
perfwaded why ED thould be rather made Ufe of than
BF, or AE rather than 4F, or CE rather than CF for
the Quantity fought : Wherefore, in thie room of the Points
Cand F, from whence this Ambiguity comes, (in the for-
mer $olution) 1 made Ufe of the intermediate [Point] G,
which has [or bears] a like Relation to both the Lines 4B
and 4 D. Then from this Point G, I did riot et fall a Per-
pendicular to A F for finding the Quantity fought, becaufe
I might by the fame Ratio have let ane fall to 4D, And
therefore 1 let it fall upon neither CB nox C D, but propos'd
CG for the Quantity fought, which does not admit'of 2
like ;; and fo 1 obtain’d a Biquadratick Aguation withoue
the odd Terms. ' ] :
I might alfo (taking Notice that the Point G lies in the:
Periphery of a Circle deferib’d from the Center 4, by the
Radivs EG) have let fall the Perpendicular G K upon the
Diagonal AC, and have fonght 4 K or C K, (as which bear
alfo a like Relation to both A4 B and .4 D) and fo 1 fhould
have fall’n upon a Quadratick Aquation, oiz. yy=j3cy
&b, making AK =3y, AC=¢, and 4G =0»b, And
- AK being fo found, there muf have been ereéted the Fera
. - pendicular
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pendicular KG meeting the aforefaid Circle in G, thro’
which CF would pafs,
~ Taking particular Notice of this Rule in Prob. g and 6,
where the Sides BC and AC were to be determin’d, | ra-
ther fought the Semi-difference than cither of them, But
the Ufefulnefs of this Rule will be more cvident from the

following Problem,
 Prosrem XIV.

So to infcribe the right Line. D C of- a given
- Length in the given Couick Seition DAC,
" that it may pafs through the Point G given

- &y Pofition. [ Vide Figure 28.]

T ET AF be the Axis of the Curve, and from the Points

"4 D, G, and C let fall to it the Perpendiculars D H, GE,
and CB. Now to determine the Pofition of the right Line
D, it may be propos’d to find out the Point D or C; byt
fince thefe are related, and fo alike, that there would be the
fike Operation in determining either of them, whether |
were to feck CG, CB, or AB; or their likes, DG, D H, or
A H ; therefore T look after a third Point, " that regards D
and ¢ alike, and at the fame time determines them, ~ And J
foe F to be fuch a Point. o ‘ )
Now let AE=a, EG=b, DC=¢, and EFg,
and befides, fince the Relation between 4B and BC in ¢he
Kquation, 1 fuppofe, given for dcte'rmining the Conick
Seétion, let 4B—=1, BC=y, and FB will be = x — 4 -z,
And-becanfe GE; EF::CB:FB, FE will again, be =
25 Theref9r¢, x— a4t z,;—_y#b—g', Thefe Things being

thus laid down, take away x, by the Equation that denotes.
for exprefles]. the Curve. As if the Curve be-a Parabola

exprefs'd by the Aquation rx=yy, write ry [—‘6:’@5 and
‘ Ce R A

-t}vlere‘wi‘ll arife)—;z —a za::yjy and extracting the Root

. ora nrez. € s evide
= + ’/ s - are-rz.  Whence it is cvxflcnt,:
: . ‘ that
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that ,/ rrbz.z. ~} 44r—4rz is the Difference of the double

- Value of y, that is, of the Lines -} BCand — D H, and

confequently - (having let fall D X perpendicular upon € B)

that Difference is equal to CK. But FG:GE:: DC:
z

CK, that is, Vbb—\—az.:la::c:' r;z +4¢f—4rz.

And by multiplying the Squares of the Means, and alfo the
Squares of the Extreams into one another, and ordering
the Produds, there will arife z% = '
‘ wegabbr —gqab4r

4

_4.,bbrz,3____f bbrrmz.+4b4rz.+ bege

4 .
= , an /Kquation

of four Dimenfions, which would have tifen to one of
eight Dimenfions if I had fought éither CG; or CB, or
AB.

Prosrem XV.

To multiply or divide a given Angle by 2 given
: Number. [ Vide Figure 29.7]

N any Angle F AG infcribe the Lines AB; -BC, CD,
DE, &% of any the fame Length, and the Triangles
ABC, BCD, CDE, D EF, &%. will be Iofveles, and con- -
fequently by the 32, 1. Eucl. the Angle €B D will be =
Angle A-4 ACB =3 Angle 4, and the Angle DCE =
Angle 4+ ADC=z Angle 4, and the Angle EDF==
A AE D= 4 Angle A4, and the Angle FEG = ¢ Angle
A, and {o onwards. Now, making 4B, BC; CD, @e. the
Radii of equal Circles, the Perpendiculars B K, CL, DA,
&g, let fall wpon AC, BD, CE, @v. will be the Sines of
thofe Angles, and AK, BL, CM, D N, @. will he their
Sines Complement to a right one ; or making .4 B the Di-
ameter, the Lines 4K, BL, C M, &¢. will be Chords,
Let thierefore 4B =127, and A4 K== x, then work thus :

MB:AK:: AC: AL,
o X,
2r: X 1i2X% P —o,

d
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ALe= AB , g
~And ) xx §=BL’ the Duplication,

¥

"AB: AK :: AD (2.AL~— AB) : AM.
. 2x% 3
BY 1 B L e RY L= = X
r rr
AM—-AC’Z , o
And & x4 S: C M, the Triplication,
, ——3 ‘

rr

AB: AR :+ AE (2AM— AC): AN,
. . oxl rd . 2ax
2y X ::———-—-—“4_.5\:':—"‘"""‘“9

ry r’ r

AN e AD ? o
And {x ¢ grx ar . =D IV, the Quadruplication,

‘AB:AK:: AF (2 AN—AD): 40,
2xt  bxk x° 3’
pFr: X 2 —“"‘;““+27‘:‘-‘;f—- A

r? ¥ rr.

A0 —AE
And & x°  gx? 5 x% = EO, the Quintuplication,

By GETE Tt

r re

And fo onwards. Now if you would divide an Angle

into any Number of Parts, put g for BL, CM, DN, .
and yow'll have ax 277 :=qr for the BifeQlion; x 2x -
3rraz—gr® for the Trifedtion ; xx xx——grrax - 27¢
e=gr® for the Quadrifedlion ; xxxxx——griz’ 4 grix
e= g7 for the Quinquifedion, . ‘

Pro-
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PROBL EM XVL

To determine the Pofition of a Comet’s Courfe [ or
Way) that moves uniformly in a right Line,
[es) BD, jfrom three Obfervations. [ Vide
Figure 30. ' ‘

Uppofe A to be the Eye of the Spefator, B the Place of
the Comet in the firft Obfervation, C in the fecond,.

and D in the third ; the Inclination of the Line B D to the
Line A B is to be found. From the Obfervations therefore
there are given the Angles BAC, BAD ; and confequently
if BH be drawn perpendicular to 4B, and meeting AC
_and 4D in E and F, afluming any how 4 B, there will be
given BE and BF, wiz. the Tangents of the Angles in re«
Apec of the Radius 4B. Make therefore 4B—4, BE —b,
and BF —c. Moreover, from the given Intervals [or Di-
flances] of the Obfervations, there will be given the Ratio
of BC to BD, which, if it be madeasbtoe, and DG
be drawn parallel to AC, fince BE isto BG in the fame
Ratio, and BE was call’d b, BG will be = e, and confe-
quently G F— e—c. Moreover, if youlet fall DH per-
pendicular to BG, by reafon of the Triangles 4B F and,
D HF being like, and alike divided by the Lines #E and
DG, FE willbe: 4B:: FG : HD, thatis, ¢~b:a::

‘ 2¢ ”;HD. Moreover, FE will be: FB: ¢

‘ Y

FG: FH, that is, cmb:c::e--c:—c—_:‘-g— =FH;

Cemmch
Coab

(o cewmch to ae~—ac, or

tona 3
e-‘ P c....-.l)

. thm;

to which add BF, or ¢, and B H will be -

ce~—ch ae—ac
- 15 to .
cmmb ¢ b

ge—eh to 4) as BH to HD ; that is, as the Tangent of
e—¢

the Angle HD B, or ABK to the Radius. bWhe;efore,'

Fﬁnce 4 is fuppos’d to be the Radius, —c—s—:——f— will be the

Iangeni»of the Angle’ ABK, and thercfore by refolving
L e e e [them .

fore
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{them into an Analogy] ’twill be as e—c¢ to e—b, (or
G F to GE) foc (or the Tangent of the Angle BAF) to
the Tangent of the Angle 4B K.

" Say therefore, as the Time between the firft and fecond
Obfervation to the Time between the firft and third, fo the
Tangent of the Angle BAE to a fourth Proportional,
Then as the Difference between that fourth Proportional and
the Tangent of the Angle B.AF, to the Difference between
the fame fourth Proportional and the Tangent of the Angle
BAE, fo the Tangent of the Angle BAF to the Tangent of
the Angle AB K. - '

‘PP;VO‘BLEM XVIL .
R}zys {Lof Light] from any fhining or lucid Poim

 diverging o a refialling Spherical Surfuce,
to find the Concourfe of each of the refracted
‘Rays with the Ax of the Sphere paffing thro

that Jucid Poing. [ Vide Figure 31.7]

 ET 4 be that Iuéfd Point, and B‘V the Sphere, the Axis
whereof “1s .4 D, the Center C; and the Vertex 77; and

let A B be the incident Ray, and B D the refracted Ray ;
and having let fall to thofe Rays the Perpendiculars CE and
CF, as alfo BG pexpendicular to 4 D, and having drawn
B(, make AC=a, VCor BC=r, CO=x, and CD =%,
and_éG' will be ez, BG = Vrre—xx, AB=
4 44245 rr; and by reafon of the fimilax Triangles
| ) Y =
ABG and ACE, CE will o —=22 5% 0 Al
o J‘(Z_:Z‘Zﬂ&‘—‘ﬂf‘r
G Dzz-tx, BD= V2% + 2za~+rr; and, by reafon
of the ﬁmllar_;_T:rlaxxgles DBG and DCF, (F= '
‘am MW-‘?L .Befides, . fince the Ratio of , the Sines
{V'z.z,-{#- 2% Bbpy o '
of Incidence and Refraction, and confequently of CEta CF,
is given, fuppofe that Katio to be as 4 ro f, and

favrr—xy 2 Vi ,.
"’i"‘—_’"—".‘ P w]]] bc o e z:.w,“ -7_—___;—_:::; and mulﬂ.'
?/ﬂd:-ézﬂ&—}-‘?'z}" .Y mm-{—z;,x‘»]«- re

Pl&ixxg,
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plying crofs-wa}EL__ .and' dividing by’ avirr—z Xy
f Vzztosxtrr willbe —z v aa—2xa rr, and
by fquaring and reducing the Terms into. Order, =z =
off ¥z ffrr
Ag—24% rr-—-ff'

Then for the giw:n%f write p, and
q forthegiven a4 r{___ p, and z z will be = ?_Bi"_f___’gl"ff;
' L gm—22

A + Vppe xm_:zrr z +~P_9L7;_ Therefore =
is found ; that is; the Length of CD, and confequently the
Point fought D, where the refradted Ray B D meets with the
Axis. QEF.

Here I made the incident Rays to diverge, and fall upon
a thicker Medium ; ‘but changing what is requifite to be
changed, the Problem may be as eafily refolved when the
Rays converge, or fall from a thicker Medium into a thine
ner one. . RS ‘

and v =

. PrROBLEM vXVIII.'n
If 4 Cone be cur by any Plane, ' to find the. Fi-
. gure of the Seition. [Vide Figure 32,7

~ET . 4BC be a Cone flanding on a circular Bafé Bé,
and [ E M its:Seétion fought ; 'and let KILAM be -

any other Section parallel to the Bafe, and meeting the for-
mer-Seétion in. HH.1'; and A B C a third SeQion, perpendicu-
larly. bife&ing the two formerin E H and KL, and the
Cone in the Triangle A4BC, and producing E H till it
ineet AK in D ; and havingdrawn EFand DG parallel to
KL, and meeting 4B and AC inFand G, call' EF==4,
DG=b, ED=¢, EH=x, and Hl=y"; and by reafon
of the fimilar Triangles. £ H L, EDG; ED will'be
T DG :EH ::H.L, - bic Theén Ey reafon of the fimilar
) , EC A . o IR L e
Triangles DEF, DHK, DE willbe : EF:: DH: (¢c—2
in.the firht Figure, and ¢+ in the fecond Figure) "HK'
X Vide Figme 33.] Laflly, fince: the Se@ion:
K 1L is parallel. to the Bafe, and confgquentlyfcix_?gja‘%

—
——r

EEEe
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HEX»x HL will be = H g, thais, ‘-:—bx ¥ :—: xxx=yy,

an Zquation which cxprefles the Relation between E H () |
and 13 1 (y), that is, between the Axis and the Ordinate of -
the Scétion E 1 M4 ; which Aquation, fince it exprefles an .
Ellipfe 1n the firft Figure, and an Hyperbola 1n the fecond .
Figure, 1 is evidunt, that that Seéion wall be Ellipfical or
Hyperbolical.

Now if ED no where meets 4 X, being parallel to i,

then H K will be == EF (), and thence i; x (HKxHL)
=7y, an Bquation exprefling a Parabola,

ProBrLem XIX.

If the right Line XT be turn’d about the Axis
A B, atthe Diftance CD, with a given In-
climation to the Plane DCB, and the Sold
PQRUTS, generated by that Circumrotation,

be cut by any Plane [a5] INQLX, to find
the Figure of the Se@ion. [ Vide Figure 34.)

ET BHQ, or GHO be the Inclination of the Axis
AR to the Plane of the Se@ron; and let L beany
Concourfe of the righe Line XY with that Plane Draw
DF paralle} to AB, and ler fall the Pespendicolars LG,
LE LM, toAB, DF, sud HO, and joun £G and MG,
And having call'd CD—a, CH=V, HM ==, and AL
=1y, by reafon of the given Angle G HO, making M H
:HG::d:e i:.' wil =G H, and b+ ‘dﬁ =tGCa
FD, Moreover, by tcafon of the given Angle LD F (vie.
the Inclimauion of the nghe Line X Tb to the Plane GCDF)
putting FD: FL.: g4, b;+ 7‘;—__—- FL, t wipk
Sq;me. add £Gg (DCq, or aa) and there will come om

bbbl = o2hhbex | bheexx
GLyg—asa} —+— — 4+ ———, Hence fub
7 + £ dgg ddgg /

wad MGq (HMg—HGg, on PP xx) and thers
1 d 0
had
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will remain ‘L‘fﬁg;'z bt + 25“” x -4 /a/aeau-—jjggw—{- i
xx%(=MLg)=yy: an ,/quugation that eXpreﬁi‘gtlle Re-

lation between x and y, that is, between H A4 the Axis of
the Section, and M4 L its Ordinate. And therefore, fince
in this Aquarion # and y aftend only to two Dimenfions

it is evident, chat the Figure /N QL K is 2 Conick Sedi-
on. As for Example, if the Angle 2/ HG is greater than
the Angle L DF, this Figure will be an Ellipfe ; but if lefs, *
an Hyperbola ; and" if equal, either a Parabola, or (the
Points € and H moreover coinciding) a Parallelogram,

Prosrem XX,

If you eret AD of a given Length perpendi-

fculzzr to AF, mz];’ El%, one Leggof g Sé;ua;'e
D EF, pafs continually thro® the Point D,
while the other Leg EF equal to AD flide
upon A F, to find the Curve HC, which the
Leg EE deferibes by its middle Point C.
[Vide Figure 35.]

ET EC ot CF=u, the Perpendi~ular CB=y, AB
e=#%, and BF (¥aa—yy) : BCH+CF (3t a)::
EF (24) tEG+4 GF == (AG 4 GF) or AF. Wherefore
24y + 244 —
—zmrmm= (= AF = AB + BF) = x ++vaa—yy.

‘Now, by multiplying by +/2z—yy there is made 24y +
204=aa—yy -t x¥aa—yy, or 2aytaafyy=2x%x
¥aa—7yy, and by fquaring the Parts, and dividing by
v m, and ordering them, there comes out y* -3 4y¥

4342+ a

dxxn Ve a ™
The fame otherwife. [ Vide Figure 36.]

On B C take at each End B I, and CK equal to CF, and
daw KF, Hl, HC, and D’F 5 whereof HCand DF

meet AF, and 1K in M and J%?{, and upon H( let ft’z}tlll
\ . ' ¢

O



| £ 22 ]
the Perpendicular 2 L 5 and the Angle K will be = £ BCF
= LEGF=GFD=AMH=MHI=CIL ; and cons
fequently the right-angled Triangles X8 F, FBN, HLI,
and 7L C will be fimilar. Make tlicrefore FCrza, H1
=, and [C=y; and BN (2a4—3) will be:BK (y)
St LC:LH:Clq (yy): Hlg (xx), and confequently
24xx—yxx=y’. From which Equation it is eafily in.
Ferr'd that this Cuarve is the Cifloid of the Antients, belong-
#ng to a Circle, whofe Center is 4, and its Radius 4 H, "

. Prosrem XXL
If a right Line ED of a given Length fub-
tending the given Angle EAD, be o moved,
that its Ends D and E always touch _the
Sides AD and AE of thav Angle 5 let it be
propos’d to devermine the Curve FC G, which
any given Point C in that right Line ED

deferibes.  [Vide Figure 37.]

ROM the given Point C draw CB parallel to E4;
and make 4 B—wx, BC=y, CE=a, and (D=},

and by reafon of the fimilar Triangles DCB, DE A, EC

will‘.bej tAB::CD:iBD; that is, a:w::b:BD=

I];, Befides, having let full the Perpendicular C Hj by rea.. ‘
fon of the given Angle DAE, or DB(C, and confequ'eti‘tly
of the givea Ratio of the Sides of the right-angled Trian-
gle BCH, yowllthave s :e:: BC': B H, and. BH will be.

— g_ Take away this from'B D, and there will remain.
HD = [’jr';';f’j . Nowin the Triangle BCH, becaufe of;:
the right Augle BHC, BCy— B Hy = CHg; thatis,
3y — e._ei'ly =CH ‘1',. I like manner, in the Triangle Cl?l!,

4 :
becaufe of the right Angle CD H, CDg~—CH gis == HDyg;

dhatis, bh—yy+ 22 (mHDg = 5Ty )

) T4
s=bban
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= bbxx-——zbexy—}—eeyy; and by-Redu&iony;:.é.E
aa an -

aabb—bbrx |
Ky — Py il Where, fince the unknown Quan-~

tities are of two Dimenfions, it is evident that the Curve
is a Conick Seftion, Thnen extradting the Root, you'll have

N e 4 . S
- b"“‘l"’/“”“:ﬂ 24588 Where, inthe Ras
dical Term, the Coefficient of xx is ee —a4q. But it was
ate::BC:BHY and B( is neceffarily a greater Lineg
than B H, viz. the Hypothenufe of a right-angled Trianglé
is greater than the Side of it ; thexefore 4 is greater than eg;
and ee—aa is 2 negative Quantity, and. .confequéntly the
Curve will be an Ellipfis. .

PROBLEM XXH -

If the Ruler EBD, forming a right Angle, be [o
moved, that one Leg of it, EB, continually
[ubtends the righr Angle E AB, while the End
of the other Leg, BD, defcribes fome Curve
Line, as FD 5 to findthat Line FD, which
the Point. D defirvibes. - [ Vide Figure 38.] -
\ROM the Point D let fall the Perpendiculai IC to the

Side AC; and making AC=—x, and DC=y, and

EB=—a, and BD=Db. In the Triangle BDC, by reafon

of the right Angle at , BCq is== BPq — DCq=bb

“eyy. Therefore BC=+bb—yy ; and 4B =x —

W bb—yy Befides, by réafon of the fiinilar Triangles

BEA DBC, BD:DC::EB: AB; thatis, b:y::4

st — 4 bb—yy ; therefore ba— b4/ Db—yy = ay, Of

J WY

ba——ay=D +/bb—yy. And the Parts being fquar'd and

; . aabuy b+ —bbas e
duly redut’d yy== 2 xy;t_\—bb‘b'bxﬁ and gxtra&mg
Cubarkbb Vaa T bb—gn

¥, Whence it is

apaih evident; that ehie Cutve is ar Ellipfe,
- R 2 This
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“This is fo where the Angles EBD and E A8 are right ; -
but if thofe Angles are of any other Maguitude, as long as
they are equal, you may proceed thus :  (Fide Figure 39.]
Let fall D.C perpendicular-to AC as before, and draw D H,
making the Angle DH.A equal to the Angle HAE, fuppofe
Obtufe, and calling EB—=u, BD=:b, AHz=2, and HD
=y ; by reafon of the fimilar Triavgles EAB, BH D, BD
willbe: DH::EB: AB; tharis,b:y::ﬂ.:/fﬁm%.
Take ';his from' A H and there will remain BH =& %y.
Béﬁdeé;v' in the Triangle D HC, by reafon of all the Angles
given, -and confequently the Ratio of the Sides given,- af.
fume D H to H(C in any given Ratio, fuppofe as b to ¢;

and fince D H is y, HC will be‘fg, “and HB x HC will

= e_l;x__y — %. Lafily, by thé 12, 2 Elem. in the Tri-
angle BHD, BDq is = BHq-+DHq+ 2BHx HC;

TP L 2a¥y  dayy . | 2eXy 2acyy
thatlg,bbﬁxx o + 7 4y 7 _-an_,.b'b .
4y — ey £V eeyy—Dlyy-}-bbbb
Where, when b is greater than e, that is, when ee —~bb is
a. negative Quantity, it is again evident, that the Curye
is'an Ellipfe, = R ' S

and extracting the Robt o=

Prorrem XXIIL

Having the Sides and Bafe of any rigbt-li}ned

 Triangle given, 1o find the Segments of - the

 Bafe, the Perpendicular, the Area, and the
Angles.  [Vide Figure 40.7 -

ET there be given the Sides. AC, BC, and the Bafe

4 «4B of the Triangle ABC, Bife& 4B in I, and take

. on Xt (being produc’d on both Sides) AF and 4 E equal to
A€, and BG and BH equal to B Join CE, CFj, and
from € to the Bafe let fall the Perpendicular’ CD.  And
ACqmmBCq will be = 4D g+ CD g — CDg—EBDg
==ALlq
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wADg—BDq= ADF BD% AD —BED= ABx

2D1  Therefore -_gq_:.;BB Cq =Dl And24B:AC+
BC:: AC—B(C:DJj, Whichis a Theorem for determin-
ing the Segments of the Bafe.
From / E, that is, from 4 C-—% 4B, take away D/, and
there will remain D E=— BG— ACq + 2ACx 48 —‘AB‘I’
‘ 2AB »
, B(+AC-—-AB><BC——AC‘+AB T
that is, =

G 2AB or &=
Hf;Bé-' Take awa'y DE from FE, or 2.4C, and there

will remain FD — ACq+?ACxiBB+AEq—BCq
2

ACY+ AR+ BCx AC+ AB—BC o
2 AR K y =

that i, =

P"—"“GzZ;H And ﬁﬁce CD is a mean Proportibnal between’

. DEand DF, and CE a mean Proportional between D E
and EF, and CF a mean Proportional between D F and

EF, CD will be zVFGXFFIXHExEG

CE =
o 2.4R ? -
Acx§§XEG,adCF ACxZ(;xFE{ MI

tiply CD into £ AB, and youll have the Area =%

I

¥FG*x FH x HE x EG., But for determining the Angle
A, there come out fevexal Theorems :

1 As 24Bx AC: HE x EG (:;AC:DE) : + Radins
: verfed Sine of the Angle 4. , \

2, 24AB % AC: V’FGxFH( AC‘ FD) : Radius:
verfed Cofine of 4. =~ .

3 2AB % AC : vFGxFHxHL"xEG ¢ AC:
CD) : + Radius ; Sine of A4,

| 4 VEGXFH : VHExEG( cz—' CE)--Radxus-
+ Tangent of £ 4.

5« VHEXEG : VFGxFH( CE: FC) :: Radios :
Cotangent of 2.4 ‘

6. 2¢VAB
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'«6. QVABXﬂC' VHE FG (::FE: CE) : : Radiug
Sme c;f td, . |

7. wABxAc VEGREH (:: FE: FC) 1 : Rading
' Cofneof A

PROBLEM XXIV.

In 17]:7«’;’ given Angle PAB baving any bow drawn
the right Lines, BD, PD, in 2 given Ratio,
on this Cwm’n‘mn thet BD fball be par rzllel
~t0 AP, and PD terminated at the given
_Point P in the vight Line APy to find the.
=~ Locus of the  Point D. [ Vide I‘lourc 41.]

"WRAW CD parallel to 4B, and DE perpendiculsr
L_J to AP ; and make 4P—+, CP ==, and CDy, and
lcc BD beto PD in the fame Ratioas d to ¢, and AC ot

BD wx]] be maz—-x and PD = lamid)

. Moreover, by
seafon. of the given Angle DC E, lct the Ratio of €D t6

CE beas d to'f, ‘ahd CE will be = td)i', and EP =

1y i Bﬂtf 'by reafon ‘of the Angles at E being rig"h't'dne's;_
CDq ~—CEg will be' (=E Dg) = PDq -—-EPq 5 that s

3y - Zl)'; €eAadm—m 2Ze;x + eexs i 4 2](:,
_

dde
Terms being rightly difpos’ d }: 2f »*cy +

and blotting out on each. Side — f Z}' y , and the

Eean— 2ecdx +eex1c-—d:£x

44 U zmd exuaé’ung the Root
M‘ —-l—cc '
fa __ eeaa-—-—-zemx——ddxx
=g AR Vi

4 o
fo W here,‘
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Where, fince ¥ and y in the I1ft Equation aftends only
to two Dimenfions, the Place of the Point D will be a Co-
nick Sefion, and that either an Hyperbola, Parabola, or
Ellipfe, as ¢e——dd 4 ff, (the Co-effizient of x#- in the
laft. Aquation) is greater, equal to, or lefs than nothing,

ProsrEmM XXV.

The two right Lines VE and VC ‘being given in
Pofition, and cut any bow in C and E by ano-

- ther vight Line, PE turning abous the Pole,
P given alfo in Pofition 3 if the imtercepted
Line CE be divided into the Parts CD, DE
that bave a given Ratio to one amgthery i
is propos’d to find the Place of the Point D.
[Vide Figure 42.7] Co

SRAW PP, and parallel to it D4, and E B meeting
VC in Aand B, Make VP —a, V.A=x,and AD

=y, and fince the Ratio of CD to DE is given, orcon-
verfely of CD to CE, that is, the Ratio of DA to EB, ' let,

Citbeasdtoe, and EB will be - %’ Befides, fince the:

Angles EVB, EVP are given, and confequently the Ratio
of E B to VB, let that Ratio be as e to f, and /B willbe —-

%’ . AI‘_aﬂly, by reafon of the fimilar Triangles CE B,CDA,
CPV,EB:CB::DA4:CA:: VP :V(, and by Compo-
fition EB +FP:CB+VPC::DA+VP: CALVC; that-

- s, i(i! ~+a: f—; 194t x, and multiplying together the
4 p

Means and Extremes eyx - daw=fyy -~ fay.

Where, fince the indefinite Quantities x and y afcend only
" to two Diimenfions, it follows, that the Curve 7D, in which
' the Point D is always found, is a Conick Se&ion, and that
an Hyperbola, becaufe one of the indefinite Quantities, viz. -
x is only of one Dimenfion, and the Term ¢xy is multi-
ply’d by the other indefinite one y.

Pr.o-
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‘  ProBrLEM XXVL
If two right Lines, AC and 4 B, in any given

Ratio, are drawn from the two Points A and
B given in Pofition, to a third Point C, 1o
find the Place of C, the Point of Concourfe,
[ Vide Figure 43.]

rOIN A B, and let fall to it the Perpendicular CD ;
and making AB==4, AD=x, DC= y, AC will be

= v/zx+yy, BD=x~a, and BC (=v'BDq + Diyg)
=V xx — 245+ aa-+yy. Now fince there is given

the Ratio of AC to BC, letthatbe as dtoe; and the
Means and Extremes being maltiply’d together, you'll have

e»\/xx—l.-]y ::d‘/.‘t‘l‘fﬂ 24~t’+ﬂd+y_y, and by Re—_

dution i‘{ﬁﬂ:_zjji_f‘f ~—xxz=7 Where, fince x is

ee—dd

Negpative, and affe@ed only by Unity, and alfo the Angle
ADC aright one, it is evident, that the Curve in which
the Point C is plac’'d is a Circle, wiz, in the right Line 4 B
take the Points Eand F, {othat d:e:: AE: BE:: AF
+ BF, and E F will ke the Diameter of this Circle. ‘

And hence from the Converfe this Theorem comes out,
that in the Diameter of any Circle EF being producd,
having given any how the two Points.4 and B on this Con-
dition, that AE: AF :: BE:BF, and having drawn
from thefe Points the two right Lines A4C and BC, meet-
ing the Circumference in any Point C 3 A¢C will be to BC
in the given Ratio of 4Eto B E,-

Pnlo—‘
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ProsrLeEm XXVIL

To find the Point D, from which three right
Lines DA, DB, DC, let fall perpendiculay
10 fo many other right Lines AE, B F, C F,
given in Pofition, (ball vbtain a given Rativ
to one anotber. [ Vide Figure 44.7]

F the right Lines given in Pofition, let us fuppofe

B F be produc’d, asalfo its Perpendicular B D, till they

meet the reft 4E and CF, viz. BF in Eand F, and BD

in Hand G, Now let EB—x, and EFe—sa; and BF

will be ==a ~=x. But fince, by reafon of the giveri Pofi-

tion of the right Lines EF, EA, and £C, the Angles E

and F, and confequently the Proportions of the Sides of the

Triangles EBHand FBG are given, Let EB be to BH
as dto e; and BH will be = ‘% and EH (=

VEBg T BHg=f/ 55+, thatis, ¥ v/ diFen
Let alfo BF be to BG as dtof; and BG willbe =

el and PG (=vEF FBC) =
[¢ ) v L
’/;mr ——2andd 4 wedd - {{ad— 2ffax F[[ 22,
dd

that is, — ﬁ%f v'dd -+ ff Befides, make BD =y, and

HD will be = c; 3, and GD‘:};’-z :fx
fince AD is: HD (:: EB:EH) ::d:v/dd Y e, and
DC:GD (:BF:FG) ::d:vdd -+ ff, AD will be =
3 —y M —-— VW . atiy, y

of the given Proportions of the Lines Bf), A ,Il)’ DC, let

‘ R Ny —ay L

ED:AD ::v/dd-tee: h~—d, and —F===== will be
. : S . ,

Vdd+t ee (

)

~~y; and fo,
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ex——dy

C(=4D) E—Vefw_d--%- = orhy—ex. Let'alfo BD:p¢
o y—dy
i s h—d, and === willbe (=D(C) —
jivdd ”"{f ‘ g e ==
famfogmdy . oL ex
=faw—7 2. fore == (— 7) —
| Wy’ Jorky=fa fx[ Therefore ; (=7) =
f:ﬁ:.;f.fi; and by Reduion ;{-_{_%7)::\, . Wherefore take

EB:EF::h: (L’-Z-'—{—b, then BD:EB:te:h,and you'll
have the Point fought D.

Prosrrm XXVIIL

To find the Point D, [from which three right
Lines DA, D B, DU, drawn to the three
Points, 4, B, C, [hall bhave a given Ratio 4-
wong themfelves. [ Vide Figure 45.]

#\F the given three Points join any two of them, as fup.
4. J pofe Aand C, and let fall the Perpendicular B E from
thie third B, to the Line that conjoins 4 and C, asalfo the .
Perpendicular D F from the Point {fought D ; and making
AE=—a, AC=b, EB=¢, AF=w%, and FD=y; and
ADg will be —xx 4-yy, FC=b~~x. CDq (=FCq+
FDq) =bb—2bxz+ xx+yy EF=w-—a, and By

o ———ti

(:EF:{\]—‘- EB+FDY) = xx—-—_:zzm—_\- dd+c_“c +2€y
-+ yy. ow, fince 4D isto CD ina given Ratio, let it
be as d to ¢;.and CD will be :—3 Vax 4y Sinccalfo
AD isto BD ima given Ratio, let that be as 4 to f, and
i;’D will be = % v ?;_:F v7. And, confequently

222D ill be (= CDy) m=bb — 2be gy

and M}ﬁﬂ (== BDq) st v 20~} datco-} 20yt
o . ‘ In
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In which if, for Abbreviation fuke, you write p for dd—ee

rt ¥
and ¢ for d‘d:; f'f, there will come dxlt bb — 2bx .

;igxx—kgyy =o, and ag +cc — zam+zcy+ Lxx
qu—l&i
mv—l— p) yy. Wherefore, in the latter, for va-{—

L
;{ 3y, write M_q, and there will come out. ..

-+ % 3y==0. And by the former you have

2bgx—bbg
4

s o by a2
Abbreviation fake, wiite m for 4~—=, ‘and 2¢n for —-q

Aaatdcemm2ak+20) 520, A%ﬁm,gﬁ#v

e ga—c¢, and you'll have amx & 205 = 2::)/,‘ mdmths

Terms being divid‘ed b‘y 2¢; there arlfes —E—-— +n.__.. y
Wherefoxc in thc Kquation bb~—2bx - dxx—{- d”
=05 for yy write the Cquale c»f — + ", and youll havc
o202 i
p

Where laﬁly, if, for Abbrcvnum { ake, you wnte b— fox }z

+ “E.”_”’.

bb»——ebx—\-ri—vm»}“mw

»\-M—”-’, and ;l-’ for b,—-——Pd—:’, youll have xx == 26 & v
oD —E_I;Zr’ and having extracted the Root # =13+

// P 7 d , and having found =, the J‘Equatidu m__:
& n==y will give y; and from x and y given, thatis, 4F

- and #D, the given Point D is determm d.

S 2 Pro-
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PROBLEM' XXIX.

To find the Triangle ABC, whofz three Sides
" AB, AC, BC, and its Perpendicular D C
are in Arithmetical Progreffion. [ Vide Fi-

gure 46.]

/§ be—o2x-—a, and 4B, the greateft, will be =24
. Alfo AD will (= v ACq— DCq) =/ qaz — gz,
ad BD (e=vBCqg—~DCq =V gax—3xx—aa And
T again, AB==+4ax — qxx -+ Viax —35%—ag

Wherefore 24 — = v ;4,4&" —— 4x% -} v 4‘“'{' —lad :Zl;
or 24—x—4 448 —4x% =¥ 4ax—3 £x—ad. And
the Parts being fquard, gaa—3xx-——ga-b 22 %
‘\{‘4.'4"56"-?"." 4RBXEm 4 A% —r JHY—— A4, OF 544 ——44% =
4a—24 X V/4ax —4xr. And the Parts being again
fquar'd, and the Terms rightly difpos’d, 16* 8043
wh 14488 x~—1044° x4 252% 0. Divide this &-
quation by 2+ —z, and there will'arife a5 ~36 4 x x |-
§4aa%— 254 =0, an Zquation by the Solution whereof
# is given from 4, bejng any how aflam’d, ~ 4.and » being
had, make a Triangle, whofe Sides thall be 24—, gand
x, and a Perpendicular lec fall upon the Side 24— x, wil}
be 2X =—d, . L
* If 1had made the Difference of the Sides of the Trian-
le to be 4, and the Perpendicular to be %, the Work would
%ave been fomething neater 4 this Kquation at laft coming
out; vize &° m24ddw—484%, " i T S

B‘ AKE AC—a, BC =, and DC, the leaft Line, will
¥

Yo Lo
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PrOBLEM XXX,

To ﬁnc{ a Triangle ABC, whofe three Sides
J{B_, AC, BC, and the Perpendicular CD fhall
" be in a Geometrical Progreffion, g

MAKE’ AC=x, BC=a, and AB wil be =%,

And szff. And 4D (= ¥ACq—(Dg) =

T i T
xxe—; ad BD (= VECqD ) e ¢ 0t
4 P ¢ 1— D) =/aa— 2,

~and confequently ¥ (=A4B) .= va — ’Z.:_{_ o
o a a2 .

e

/ as Xy ’// at } at . a
W oaa—-—50r — eV g = YV xm—; ]
it ‘ x"‘?" p s v — 5 an ..
. S Lt aman
the Parts of the Mquation being fquard, “—— 222 32
’ ‘ a4 a4
— ) a S : a 4 ad. .
ﬂ.«m-—— o Al — g a e that ISy 2t g
d xx xx " xx

‘b atom2anx ¥ux —aa, And the Parts being again
fquard, &"——2aax¢ 342 — 24%%x +a' =gatay,
w—gqatxn. Thatis, x* — 24426 — atx* - 24° %2 4
4* — o, Divide this quation by #*——4saxx-—4*, and,
there will arife & * —— a2y x—2a*." Wherefore x* is == .
daxx 4 ate  And extrafting the Root w0 x =} aa'sf- v/ St
or xz=aV itV Take therefore 4, or BC, of any.
Length, and make BC: AC:: AC: 48 :’;.I,‘:‘y/;- + Vi
and the Perpendicular DC of a Triangle ABC made of:
thefe Siles, ‘will be to the Side BC in the fame Ratio, "+~ =

The fame otber#;ﬁ. [Vide Figure ;}}‘7.] o

Since AB: AC:: BC:DC. 1 fay the Angle 4CB isa’
right one. - For if you deny it, draw CE,. making the Angle’
FCBaxghpone, 1 T T

s

Th(’]{rc«i
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" Therefore the Triangles BCE, D'BC are fimilax by §,
6 Elems. and confequently EB: EC:: BC: D(, that i
EB:EC:: AB: AC Draw AF perpendicular to CE,
and by reafon of the parallel Lines 4F, BC, EB will be
:EC:: AE:FE::(EB-- AE) AB: (EC-} FE) FC,
Therefore by 9, 5 Elem. ACis = F(, thatis, the Hypo.
thenufe of a right-angled Triangle is equal to the Side, con.
trary to the x9, 1 Elem. Therefore the Angle ECB is not
a right one ; wherefore it is neceflary 4CB fhould bea
rightone. Therefore 4Cq - BCg=ABq. But 4(q =
" ABx BC, therefore ABXBC+BCq=ABg, and ex-

trafting the Root 4B==1BC+ v'< BCq.  Wherefore
take BC: 4B::1: ! ;/5,‘.111(1 AC a mean Proportio-

.

nal between BC and 4B, and A4B: AC:: BC: DC will

be continually proportional to. a Triangle made of thefe
Sides,

Prosrem XXXL

To make the Triangle ABC u/zan the given Bafe
AB, whofe Vertex C f[ball be in the right
Line EC given in Pofition, and the Bafe an
Avithmetical Mean between the Sides. [ Vide
Figure 48.] o

ET the Bafe 4B be bifecled in F, and produc’d till it

¢ meet the right Line EC in E, and ler fall to it the
Perpendicular CD ; and making 4B—=4, FE=1b, and
BC—AB—=x, BC willbe —artr, ACmawmx; and

: : g ACq - ‘ :
bythe 13, 2 Elem. BD (= Bl 24‘%4- 45q =28
Fa And cohf‘e’clqentiyf, I3 D';-"_%""a DEz=bd-2x, and
CD (=¥CBg—BDg) = +/3as—3xx But by rea~
fon of the given Pofitions of the right "Lines CE and 48,
the Angle CED is given ;. and canfequently the Ratio of
DE toCD, which, if it be putasdtoe, will give the
Proportion dres: bk 2014/ 2 44— 4%, Whence the
Means and Extremes being multiply’d by each other, there’
arifes the Kquation eb - 264 = d ¥ 3 ga— 3, the Parts
whereof being fquar'd and rightly order'd, you have vc:l =
‘g" 1“2.
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jda —cebb—gecha ”bx, and the Root Deing ' extradted
4ec+ 3(1{1
._zeeb»}—d@/geem—-—«geebbﬂ- ddaa ‘
g But' x
4ce+3dd
being given, there is given BC=a-{w, and 4C=a—x,

ProBrLEM XXXIL

H/wmg the three right Lines AD, AE, BF,
iven by Pofition, to draw a fm/nt/a DF
whofe Parts DE and E F, intercepted by zt/oe
former, fhall be of given Leﬂgtbs. [Vide
Figure 49.]

ET fall EG perpendicular to BF,; and draw E C pa=
rallel to A D, and the three rxght Lines givenhy Po-
fition meeting in A B, and H, make AB=—4a, BH=b,
AH=¢. ED= D EF—¢, and HE —x. Now, by
reafon of the ﬁmlhr Trw.nglcs ABH, ECH, AH : ' AB

‘HE:EC="", and AH:HB:: HE: (T J{i

Add H B, and there comes CB = —— —\—bc. Morcover,
by rcafon of the f'mxlar Triangles FEC‘ FDB, ED is:

j;c{“j. Laftly, by the 12 and 13,
o Elem, you have Equ;_@& A LFPC (= CG) =
HE R .
,__.—%——CH — $CH ; that is, ‘
adxx L, aax
-—ﬂc—;"m” ebhx A-eho Y cc é_:_e: O
2ebx 4 2¢be 2d¢ T 2bx rY

de ¢

aadxx —cedce elm+pbc cox—aax—bhx
e 7 ;

eha-ebe +
cc-—--am»-—-bb

el
Here, for Abbre.vmb&on fake, for »«-—«-—«Z’-m---«% weite

m’
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o addxx—ced b ‘ ‘
w, and you'll have %ﬁ?}%ﬁ + 'G‘ZF e=m#; and g

the Terms being multiply’d by x +¢, there will come oy

Agadxx—cedc el;c:v+ebcc mvx»{‘r cx Ami
b Y L T #et Agan

a , ’ b .
for %%'f ~— 1 WYite p, ar}d for me - ‘l_‘if write "2pg, and

ebec | eedce

for~7l+ eh

2qx-+rr, and =g+ 7q-+rr. Having found » o
HE, draw EC pavallel to 4B, and take FC: BC::¢ :d,
and having drawn F E D, it will fatisfy the Conditions of

the Queftion,

write prr, and xx will become

ProsLEM XXXIIL&

To a Cirde deferibed from the Center C, and
with the Radius CD, to draw a Tangen
DB, the Part whereof PB placed betrween
the right Lines given by Pofition, AP and
AB [ball be of a given Length. [ Vide Fi-

gure 50.]

T VROM the Center G to either of the right Lines given

by Pofition, as fuppoic to A B, let fall the Perpendicy-
lar CE, and produce 1t till it meets the Tangent D B in H,
To the fame A B let fall alfo the Perpendicular PG, and
making EAd—a, EC=b, CD=¢, BP=d,and PG =ux,
by reafon of the fimilar Triangles PGB, CDH, youll have

GB (Wdd—=xx): PB:: CD:CH = —*-;:g-—": Add
Vidd—=zx
EC, and jou‘ll have EH = b + -~__“i__4. Moreover, PG
o o Ydde—

is:GB:: Ef]: EJi’~: —IE 1/d:l-xx+£§. Moreover,

becaunfe of the given Ang}'e PAG, there is givcn the Ratio
of PG to 4G, which being made as e to f, AG will =

f;. Add E4 and BG, ‘and you'll have, laflly, EB=4
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fa e cd b ———
A e Vdd ek, T hercfore T —’r - Vdd —ax =
f

at 4 VAd 5% and by Tr'mfpof'uon of the Terms,
A cd b — [— o
p fT — 1! = o A p 0 And the Parts of th'e
EquﬂtiOﬂ bCif‘ug fq[]ar’d aa + g-ajfi‘:‘. ee— 246‘(1 ffxx Pt
2cdf cedd bhdd ol)drl )
+ o= e Y- e A 2be b dd sl
And Ly a due Reduétion
' 4 aace
+7rch vbbee  Ao2bddee, ceddee
cenbee ™ —ddee ¥ —2a0dee” —bbddee
ot W_T:_%“I"f ‘ — 0

ProsLem XXXIV.

If alucid Point, [as] A, dare forth Raps to=
wards fm' npon’) a refi 'ﬂ'(‘f’f!(f plain Surface;
[as) C.Dy ro find the IUU AC, whofé re-
fracted [ “sz CB  [lrikes the given Point
B. [Vida “*muu 51.]

ROM thit luil Poidt’ lct £alf the Pos Jcnduul‘lr AD
Y to the ref w@ing Plane, and let the rtﬁaé‘ted Ray BG .
meet with it, being produc 'd ant on both Suias, in E; and
a Perpendic alir lee £all from the Point Bin F, and draw
B D; and waking AD—=a, DB=b, B F»——a, DC=x,
make the Ratio of the Sines of Inudcme and l\(lrd&mn
“that is, of the Sines of the Angles CAD, CED, to be d to
e, and fince EC and AC (as is known) art, in the fame

Ratio, and A C is V- w vx, Flebem —- //zm—} 2%

Befiles, ED (e v/ EGT=CDy) = g/ * f-fi‘i’iﬁ'i*i’f—“ s

ee

anl DF s Vlw-—"—'—&f:, and Ei‘;’v_m;_w/bb&«-‘w o
T .

Vddan



L1387
— xx, Laftly, becaufe of the fimilap

ce
Triangles ECD, EBF, ED : DC:: EF : FB, and multi-
plying the Values of the Means and Extremes into one ang-

ther, ¢ ’/ﬂiﬂa-‘_ﬂx—x-——xx sV b Fax

ddaa 4 ddxx

ee

Sddaa--ddyx V;l;lﬂﬂ—\.,i_,“l. -

~———-——~—~e —4—-—_...3;',9(,"’ QF € e X e,_A,_,~__ xm
€ . ¢ Rt

o e bb—-¢c,and the Parts of the Aquation being fquar'd
and duly difpos'd [into Order},
-+

ddce
~ddaaxx——2ddascxt+ddaace
:v“-—zcx’e—-w“bb =0
- dd——ce -

PropLEM XXXV.

To find the Locus or Place of the Vertex of o
Triangle D, whofe Bafe AB is given, and
the Angles at the Bafe DAB, DB 4, bave o
given Difference. [ Vide Figure 52.]

HERE the Angle at the Vertex, or (which is the

fame Thing) where the Sum of the Angles at the

Bafe is given, 29. 3. Euclid. has taught [us], that the Locug
for Place] of the Vertex is in the Circumference of a Cir- -
cle ; but we have propos'd the finding the Place when the
Difference of the Angles at the Bafe 1s given.  Let the An-
gle D B A be greater than the Angle D 4B, and let 4BF
be their given Difference, the vight Line BF mceting 4D
in F. Morcover, let fall the Perpendicular D E to BF, as
alfo DC perpendicular to 4B, and meeting BF in G. And
making AB =4, AC=wx, and CD=y, BC will be =
a—x, Now fince in the Triangle B(G there are given
all the Angles, there will be given the Ratio of the Sides
ad~—eaz
d 2
take away this from DC, or y, and there will remain DG
= dy—aa- --a; +-~f-f, Befides, becaufe .of the fimilar Trian-

BC and G C, let that be as.d to 2, and CG will =

gles
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les BG(, and DGE, BG: BC:: DG : DE. Andinthe
riangle BGC, a:d::CG: BC. And confequently 4, :
dd :: CGq : BCq, and by compounding aa—+ dd:dd : =
BGq : BCq, and extralting the Roots Vae+dd : 4 (G

BG:BC)::DG:DE, Therefore DE:{Q—:—_(Z—iﬁf
vaa=--dd
Moreover, fince the Angle 4 BF is the Difference of the
Angles BAD and ABD, and confequently the Angles
BAD and FBD are equal, the right-angled Triangles
CAD and EBD will be fimilar, and confequently the
Sides proportional [or] DA : DC:: DB : DE. But DC
=y DA(=vA4Cq+4 D(q) =+'xx-yy. DB (=
¥BCq+DCq) =+ aa—2axF xx-tyy, and above
dy——an < ax

DE Was == e e ? S me e a e .
Viatdd Wherefore Vardyyiy:: |
Vi —aax xx-tyy: ﬁl_y“ﬂﬂ+4x, and the Squares.

_ Va4 dd
of the Mcans and Extvemes being multiply’d by each other

44yy—24%yy +xxyY +y4:d:[.myy 4+ ddy* w— 2aadxxy

aat-dd
v 22ady? = 2adyxd A= 2adxy’ A4 atxt A oatyy — 24753
aa4-dd
— 200 XYY -} aaxt 4 atxty?

T dd . Multiply all the Terms by

aa-%dd, and reduce thofe Terms that come out into due
Order, and there will arife

d
—a .-ugdy +g....'y3 .....d(lyy
e e T S
+25 7 pae 2y Ty

'Divide this Aquation by w a m=ga & :‘_}';g , and there will a-

vife aee . 2d% ™)) .o there come out therefore two
..... e tiy ?

KFquations in the Solution of this Problem : The firft, « =

D, where the Angle FBD is taken on the other Side of the
‘ T 2 right

—ax i;'j = o. is ina Circle, wiz. the Place of the Point
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vight Line BF than what is deferib’d in the Figure, the
‘Angle A BF being the Sum of the Angles D 45 and DBA
at the Bafe, and fo the Angle 4D B at the Vertex bring
bealt” 4

. . e [ Ml
given, The laft, viz, xx L

DV — 18 an Hy-
- —dy o, _ .y
P ;

perbola, the Place of the Poine D, where the Angle F B D
obtains the [fame] Situatton from che rivhe Line B~ which
we deforibd in the Figure; that is, fo thac che Angle ABF
may be the Diffirence of the Angles D 4B, DEA, at the
Bafe. But this is the Detcrininarin of rhe Hyparbola @ Bi-
L& 4B in Py draw P Q, making the Angle B2 O equil
to half the Angle 4 BF » To this draw the Perpendicular
PR, and P Q and P& will te the Afymprotes of tlus Hy-
perbola, and B a Point through which the Hyperbola will
pafs. .
Hence arifes this Theorens.  Any Diamcter, as 4B, of a
right-ang'ed Hypertola, being drawn, and having drawn the
‘tight Lines 4D, BD, 4 H BH from its Ends toany
two Points D and H of the Hyperbola, thefe vight 1 incs
“will make equal Angles DA H, D B H at the Ends of the
* Diameter,

The fame afrer « fhorter Way.  [Vide Figure 53.]

T laid down a Rule about the moft commodicus Ele@ion
of Terms to proceed with in the Calculus {of Problems]
where there happens any Ambiguity in the Ele@ion [of fuch
Terms]. Here the Diffirence of the Angles at the Bafeis -
indifferent in refp &t to both [or cither of the] Angles ;
and in the Canfiruétion of the Scheme, it might cqually
have been added to theleffer Augle D4 B, by drawing from
A a night Line parallel to BF, or fubtracted from the
greatcr Angle D B4, by drawing the vight Line B F. Wherc-
fare 1 neither add nor fubtra& it, but add half of it to one
of the Angles, and fubtrat half of it from the cther, Then
fince it is allo doubtful whether AC or BC muft be made
e of for the indefinite Term whereon "the Ordinate D¢
flands, T ufe neither of them ; but TFi@ AB in P, and |
make ufe of P C; or rather, having drawn A7 P Q- making
on toth Sides the Angles 4P Q, BP M cqual to bhalf the
Difference of the Angles at the Bafe, fo that it, with the
sight Lines 4D, B D, may make the Angles D Q P, DMP

‘ ‘ equal ;
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equal 5 Tlet £l to M Q the Perpendiculars 4R, B N, DO,
and I 1'11”0 DO for the Ordinate, and PO for the indefinite
Line it ftands on. T make thercfore PO =x, DO=y
AR or .]i N;;—b, and PRor P N=¢. And by reafon oi»‘
the fimilar Triangles BN AZ, DO A4, BN will be : DO
0 MN 2 AT0, And by Divifion [2s in the sth of Euclid)
DO—BN,(y—b): DO (y):: MO ~MN (ON or
o)1 MO Wherefore MO — 2 xby In like Man-
Y=
per on the qthqr Side, Dy reafon of the fimilar Triangles
ARQ, DO L, AR willbe: DO:: RQ: QO, and by
Compofition DO AR (y-b): DO\()T: : 00 4

RO (OR orc+x): Q0. Wherefore Q0 = ’c_y_j—.%}y
Iaflly, by veafon of the cqual Angles DAZ O, DyZ?:M,
MO and QO are equal, that is, ik S Qj:ﬂ
) y—b y+b

Divide all by », and multiply by the Denominators, and
there will arife ¢y -+ ¢b——xy—ab = cy—cb 4 2wy —
ab, or ¢ b== =y, an Alquation that expreflts (as is commonly
known) the Flyperbola,

Moreover, " the Locus, or Place of the Point D might
have been found without an’ Algebraick Caleulus ; for from
what we have fuid above, DO~ BN:ON :: DO : MO
(00):: DO+ AR:OR Thatis, D O—BN : DO
4+ BN :: ON: OR  And mixtly, DO:BN::
ON+ O (NP): 95—-————-2 oV (O P). And confequently,

2
DOXOP=BNx NP

. ProsrLEM XXXVL
To find the Locus or Place of the Vertex of a

Triangle whofe Bafe is given, and one of
the Angles at the Bafe differs by a given
Angle from [being) double of the other.

N the laft Scheme of the former Problem, let 4B D he
§ ot Triangle, 4B its Bafe bifected in P, AP Q or
BP A half of the given Angle, by which D B.4 cxceeds
the double of the Angle D A4 B ; and the Angle D 44 Q will

‘ be
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be double 3f the Angle D Q M. To P M let fall the Per.
pendiculars 48, BN, DO, and bifect the Angle D 24

by the right Line /45 meeting DO in §; and the Trian-
gles DO Q, SO A will be fimilar ; and confequently 0 9
S0 :-0D:08 and diviling O Q—~04M :0M:;
SD:08:: (by the 3. of the 6th Elem.) DA : 0 m,
Wherefore the 9. of the gth Elem) O Q — OAM =DM,
Now making PO==x, OD =y, AR or BN =), and P}
or P &=, you'll have, as in the former Problem, O A4 -

?::l and 0 0 = %;H—y and confequently O Q —
2bey—2xyy
O M=

=722 Makenow DO g - 0 Ay = DM,,
y=——bb . 1 7
Tyt 66 v 20X --2X _4[;[;“ — 8[;0_17‘), :1—‘,_4_"‘3_)’}' |
thatis, yy +))"“ 20y bh Y= IE ___2”]”, e s

co—2cx-tax  4bee —8lexy + qxx
Coryyt e » el M

y—bxy—b y—-—-b)(y——i')()'—{-b)(y-t-b,
and by due Reduétion there will &a_ttblength arife
cc ot
4 j_-zl;b +2byx —3bbce
P X aen? f‘—;}bcx Ve 2bbex
—sxx T2 Lhes
Which gives the Relation of the Curve : Which becomes
an Hyperbola when the Angle BP A4 (vanifhes, or) be-
comes nothing ; or. which is the fame Thing, when one of
the Angles at the Bafe D B 4 is double of the other D A3,
Forthen BN or b vanithing, the Aquation will become
¥y =3xx -+ 208 ~¢c

~ And from the Confirution of this Equition there comes
this Theorem. [Vide Fignre 54.] 1 from the Center ( the
Afymptotes being CS, €7, containing the Angle SCT of
120 Degrees, you deferibe any Hyperbola, as D7, whofe
Semi-Axis are OF, CA; produce CF to B, fo that VB
thall = P, and from 4 and B you draw any how the
right Lines 4 D, B D, meeting at the Hyperbola ; the Angle
BAD will be half the Angle 4 B D, but a third Parcof the
Angle A D E, which the right Line 4D comprehends to-
gether with BD produc’d, ~ This is to be underftood of an
Hyperbola that pafles thro® the Point 7. Now if the two
vight Lines 44 and Rd, drawn from the fame Points 4 and
8, mect in the conjugate Hyperbola that paflts throughlﬂ,

then

= 0.l
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then of thofe two external Angles of the Triangle at the
Bafe, that at B will be double of that at A. i

ProBrem XXXVII

To deferibe a Circle through two given Points
that fhall touch a right Line given by Pofition.
[Vide I'igure 55.7

ET A and B bethe two Points, and EF the right

. Line given by Pofition, and let it be requird to deftribe
a Circle 4B E through thofe Points which fhall touch that
right Line FE. Join AR and bife& itin D, Upon D
erect the Perpendicular D F meeting the right Line FE in
F, and the Center of the Circle will fall wpon this Jaft
drawn Line DF, as fuppofe in C. Join therefore C B ; and
on FE let fall the Perpendicular CE, and.E will be the
Point of Conta&, and CB and CE equal, as being Radii
of the Circle fought. Now fince the Points 4, B, D, and
F,are given, let DB-—4, and DF =10 ; and feek for DC
to determing the Center of the Circle, which thercfore cail
% Now in the Triangle C D B, becaufe the Angle at D is
a right one, you have +/DBg - DCy, that is, Viadtxz
—CB. Allo DF—DC, or b=——x=CF. And fince in
the right-angled Triangle CF E the Angles are given, there
will be given the Ratio of the Sides CF and CE. Let that

beas dtoe; and CE will be —:CLXCF, that is; —

eheex

y Now put [or make] CB and CE (the Radii of
the Circle fought) cqual to one another, and you'll have
the Aquation v/aa 4 & x = bC%  Whote Parts being

fquar'd and multiply'd by dd, there arifes z4dd - ddx »

— peebx — aadd Y eeb
== eebl v 2echx -} cexx 5 Or XX = = dd— ee ekt

v poh - da/qcbb ~+ eean—ddaa,
‘ dd-—ce

Therefore the Length of DC, and confequently the Center
C is found, from which a Circle is ro be deforibd through

the Points 4 and B that fhall tonch the right Line F E.
' ' : Pro-

And extra&ting the Root x =
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ProprLeEwMm KXXVIL

To defcr;f)e a Circle through a given Poing thay
fball touch two right Lines given by Pofition,
[VideFigure 56.] :

N. B. This Propofiion is refolv’d as /"ropr 37, for the
Puint A being given, there is alfo given the other
Point B,

UPPOSE the given Point to be 4; andlet EF, FG,
be the two right Lines given by Pofuion, and AEG
the Circle fought touching the fame, and pafling  througly
that Point 4 Let the Angle £ FG be bifi&ted by the righe
Line CF, and the Center of the Circle will ba found theyes
in, Let that bé ("; and having let £l the Perpendiculars
CE, CG to EF and FG, E and G will be the Points of
Conta&, Now in the Triangles CEF, CG F, fince the
Angles E and G are right ones, and the Angles at F are
halves of the Anale EFG, all the Angles are given, and
confequently the Ratio of the Side CF to CE or CG. et
that be as d toe : and if for derermining the Center of the
Circle fought C, there be aflum’d CF=w, (E or G will
be = e—}l. Befides, Ict fall the Perpendicular A H to FC,
£
and fince the Point A is given, the right Lines 4 & and
FH will be given.  Letthem be call’d 2 and b, and taking
FCorx from FHorb, there will remain CH =b—ux;
To whofe Square bb — 2bx -+ xx add the Square of 4 H
or aa, and the Sum aa-+bb-—o2bw -+ va will be ACq
by the 47. 1« Excl. becaufe the Angle 4 HC is, by “uppa-
fition, a right one, Now make the Radit of the Circle
AC and CG equal to eachother; that is, make an Equality
between their Values, or between their Squares, and you'll
have the Kquation a4 - bb—2bx - 2= (—%%:l—u . Take
[4
away wxx fiom both Sides, and changing all the Signs,
youll have — g4 —0bb + 2bx =z a — ef{;flf. Multiply all
' [1
Ly dd, and divide by ddece, and it will become
' —andd
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2 hadd Shbdd Y 2bdd: b of <
A4 +2bi’£f —=wx#&, The Root of which

dd—ee
Aquation being extracted, is
bdd—d+/eelb — . .
e v 527:*::”% dd 22 Therefore the Length
of FC is found. and confequently the Point C, which is the
Center of the Circle fought, ' ¥
If the found Value «, or F(, betaken from b, or HF,
’-——eeb'{*_d‘*./eebb,—-i-ziﬂa*——dddﬁ
. dd—ce
the fame Aquation which came out in the former Problen;
for determining the Length of D G

. Prosrem XXXIX
To defevibe a Circle through two fiven Points,
wwhich f[ball touch another Circle given by Po-
Sion. [ Vide Problem 11, and Figure 57.7]

ET A B, be the two Points given, E K the Circle gi=
ven by Magnitude.and Pofition, F its Center, 4B

the Circle fought, paffing through the Points 4 and B, anc
touching the other Circle in E, and let C be its Center, Let
fall the Perpendiculars CD and FG to 4B being producd,
and draw (C'F cutting the Circles in the Point’ of Contact
E, and draw alfo F H parallel to DG, and meeting CD in
H, Thefe being [thus] confinéted, make A D or D B4,
DG or HF=b, G F=¢, and E F (the Radius of the Cir-
cle given) =d, and D C=x; and CH will be (=(D =
FG) mxw~¢,and CFg (=CHq-+ HFq) =ax—=acax
Acc-bb, and CBq (= CDq -+ DBg) =xz +aa,
and confequently CB or CE'= 'xx F-aa  To this add
EF, and youll have CF=d - &/ % 4 aa, whofe Square
dd-fasdxx 4 24 V%% Faa, is = to the Value of the
fame C F ¢ found before, viz, 2w —2¢x = c ¢ <4 bb, Take a=
way from both Sides xx, and there will remain dd 424 <4
2dvax Fan=ee - bb2cm. Teke awdy moreovet
dd 4 aa, and there will come out 2 zh/xx b 48 i c0 -
bhuaddawggm 2R, Nowiij for Abbreviation fake, for.

22e ¥

there will remain H(—
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&6+ bb—dd— aa, wiite 2 g 7, and yowll have 2dv/xe gy °
z=2gg = 20X,07 dv xx 4 aa =gg—c& And the Parts
of the Aquation being fquar'd, there will come out ddaw
wbddaa—g* —2ggcx~+cowy, Tuake from both Sides
ddaa and coxx, and there will remain ddxx w— cox e =

4 eenddaa—2ggcx. And the Parts.of the Aquation
being divided by dd —¢¢, you'll have xx —

2" -‘dj:.ﬂ ng-g'ax. And by Extradion of the affe@ed
et ' , -
_—gge-b Vgtdd — dvaa Y ddaace

Root = - ddecc o

Having found therefore x, or the Length of DC, bile&
"AB in D, and at D ered& the Perpendicular D C —
ot ¥ 44 + d»é ‘3 tasdd A aac £ Then from the Center

— )

¢, through the Point A or B, defcribe the Circle 4BE;
for that will touch the other Circle E K, and pafs through
both the Points 4, B Q. E.F.

‘ProsrLEmM XL.

To deferibe a Circle through a given Point which

 fball touch a given Circle, and alfo « right -
Line, both given in Pofition, [ Vide Figure
58.]

W ET the Circle to be deferib’d be B D, its Center C, and

. 4 B a Point through which it is to be defrib’d, and
AL the right Line which it {hall touch; the Point of Con.
taét D, and the Circle which it thall teuch G E 24, its Cen-
ter F, and its Point of Conta& E. Produce CD to Q, fo
that D Q fhallbe =: EF, and through Q draw QO N pa-
rallel to A D, Laftly, from Band F to 4D and O N, let
fall the Perpendiculars B 4, FN 3 and from Cto 4B and
-F N let fall the Perpendiculars CK, CL. And fince BC
€D, or AK, BK will be (= ABwe AK) = AB—BC,
and confequently BKq oz ABg~— AB x BC 4+ B(q. Sub-
traét this from BCq, and there will remain 2 4B X BC

A Bgq for the Sq_hare of CK. Therefore 4B xaz BC-— AR
%= CKq; and for the fame Reafon FN % 2F Com F N =
A g o T RS £l CLa,
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€Lg, and confequently %;I% + AB=2B(, and g—qu +
FN=2FC. Wherefore, if for 48, CK, FN, KL,and

C L, you write 4, 3, by ¢y and ¢ —y, you'll have )2-’—5 + 3=

BGCs and W‘”__Eszlj‘_]_y -+ =F( FromFC take away BC,

and there remaing EF=— 96—27?-:%—2 + 25 —-’5{-—— L4l
MNow, if the Points where F AV being produc’d cuts the right
Line A D, and. the Circle G E A4 be mark’d with the Letters
H,G,and M, and upon HG produc’d youtake HR = 4 B,
fince H N (=D Q = EF) is == G F, by adding F Hon both
Sides, yow'll have'F N =G H, and confequently 4 B~ F N,
(=HR—GH) =GR, and AB—FN -} 2 EF; thatis,
a—Db 4 2EF=RM, and }a=w2b 4~ EF = $R M.
kil TEY)
2

Wherefore, fince aboye EF was — A
} . - p

;—% ~—Lg, if thi_s be wiiften for EF yo_u’ll have £R M

— iﬁ:‘.?z:%j‘_ﬂ .... ;2 Call therefore ‘ RAtd, and d
' ﬂ '

will be = Eﬁ:ﬁgﬁﬂ _-"15? Multiply all the Terms

by 4 and b, and there will arifé abd=agc—mzacy 4 ayy
—byy. Take away from both Sides acc~—24acy, and
there will remain apd—acc 4 240y = ayy—byy. Di-

" vide by 4 —Db, and there will arife ﬂ_bd - :M ;’r 2eny
= 3yy. And cxtré&ing the Root y=— aﬁb 4

’/ﬂabd —abbd+ qu. Which Conclufions may be thus
: aa—2ab - bb « . ‘
~abbreviated ; make c:b::d:e, then a—biazic:f,

e s

and fefc-t2fy willbe =yy, or’y=f++vff+fe—fc -
Having found _y,f*yor KRG, or ’A D, take AD=f-+

V{4 fe—fe, and at D erc& the Perpendicular D C (=
BC) = %‘g + 5458 éndqf‘rom the Center (, at the ‘Ina‘_

terval (B or € D, deferibe the Circle B D E, for this paffing .
' A U2 C thred
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 through the given Point B, will touch the right Line 4D iy

D, andthe Circcle GEM n E. Q. EF

. Hence alfo a Circle may be defcrib’d which  fhall touch .
ewo 'given Circles, and a right Line given by Pofition, [(Zide
" Figwe 59.] For let the given Circles be RT, SV, theiy
Centers B F, and the right Line given by Pofition P g,
From the Center F, with the Radius F S — B R, defcribe the
Circle E A4. From the Point B to the right Liqe PO It
fall the Perpendicular B P, and having preducd it to A4, fo
that P4 fhallbe = B R, throngh 4 draw 4 H parallel to
P @, and deferibe 3 Circle which fhall pafs through the
Point B, and touch the right Line 4 H and the Circle E a7,
Let its Center be C; join B(, cutting the Circle RT in 2,
‘and the Circle R § deferib’d from the fame Center C, and
* ‘the Radius CR will touch the Circles RT, SV, and the

?

right Line P @, as is manifeft by the Conflruction,

. Proprem XLI
To deferibe a Circle thar [ball pafs through «

" given Point, and touch two other Circle
Liven in Pofition and Magnitude. [ Vide Fi-

gure 60,]

g ET the given Point be 4, and let the Circles given
+ in Maguitude and Pofitionbe 717, R H S, their Cen-
ters C and Bg ;. the Circle to be deferib’d A1 H, its Center-
D, and the Points of Cona&t [ and H.  Join 4B, AG
AD, DB, and let 4B produc'd cut the Circle & H § in the
Points R and §, and AC produc’d, cut the Circle T2 in
Tand 7, And having let fall the Perpendiculars DE
from the Point D to A8, and D F from the Point D to
AC meeting AB in G, and [allo the Perpendiculay] CK
vo- 4B ; in the Triangle 4 DB, ADg—DBq- ABq
will'be «="2 AE X AB, by the 15th of the 2d. Elew. But
LB =AD 4 BR, and confequently DBg.— ADq
24D % BR + BRg. Take away this fram 4D q-}- A By,
and there will remain A Bg—2.4D X BR—BRq for
2 AEx 4B, Morcover, ABg—BRq'is == AB—BR
K AB + BR=dR % AS. Whercfore, AR x AS wn
24D ¥ BR=124E x 4B, Ang ARXAS 240048

sm2dD
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w=2A4D. And bya like Reafoning in the Triangle 4D C,
' TAV —2CHF,
c7 )

RAS—2BAE TAV~2CAF TAY
Wherefore 37 — o7 . And——c—,f

. RAS , 2BAE  2CAF

~ BR + iR = o A | .
74V RAS  2BAE (T . '

T T BR -+ 57 x{:g'(j’—ﬁp' Whence fince

AK: AC:: AF : 4G, AG will =
TAY R4S _2BAE (T
T B{R Bg"szflK'
. 2 KX AE. : . .

AE, or T X SAK and there will remain GE=
RAS TAV _2BAE RAE  CT -
B CT T BR T CT ¥oax VWhence
fice KC: AK::GE:DE; DE will be —

RAS T AV 2BAE 2K AE cT g

BR T CT " TBR T cr X ske Uron4E

there will come out again 24D =

- Take away this from

take 4P,‘which_ let be to 4B as CT to BR, and 2—24—1?
, 2B AE 2P KX AE  2BAE
be = gl R Lt L
will be = g Ao = p— = S —
2KAE . RAS TAV 2PKx AE
7> M DE=gr — r or—— ¥
ZEI—(%. Upon 4B ere& the Perpendicular 4 Q= R;;
T4V CT . * PRXAE
g X SKe and in it tzlke._QO:—. o and

A0 willbe =D E. Join DO, D Q, and CP, and the Tri-
angles DO @, C KP, will bé fimilar, becaufe their Angles
at O and X are richt ones, and the Sides (KC:P K ::
AE, or DO : Q0) proportional,  Therefore the -Angles
09D, K P(, are equal; and confequently @D is perpen-
dicular to CP.  Wherefare if 4 NV be drawn parallel to CP,
and meeting QD in IV, the Angle 4N O will be a righe
one, and the Iriangles 4 Q N, PCK fimilar; and confe-
quently PC: KG::A4Q i AN, Whence fince 4 Q is
W : o RAS

o

" BR
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RAS TApP cr .. . RAS TApP
]—?*E—v—v-a? % m, AN LWIH be —-—B—k—- -—-"CT-

_.._...5 g C Produce AN to M, fo that N fhall be = 4 N,

and 4D will = DA/, and confequently the Circle will
pafs through the Point A4.
Since therefore the Point A is given, there follows thig
Refolution of the Problem, without any farther Analyfis,
Upon AB take AP, which muft be to 4B as CT to
BR; join CP, and draw parallel to it A4 A4, which fhaj]

RAS TAV '
be to '—E"E' W—C‘]T, as CT to _PC; and by the HCIP QE the

39th Probl. defcribe through the Points A4 and A7 the Ciy.
cle 41 H A, which fhall touch either of the Circles 7°7p,
R HS, and the fame Circle fhall touch both. Q. EF

And hence alfo a Circle may be defcrib’d, which fhall
touch three Circles given in Magnitude and Pofition, For
let the Radii of the given Circles be A4, B, G, and their
CenterseD, E, F. From the Centers E and F, with the
Radii B+ A4 and C4 4 deferibe two Circles, and let a third
Circle which touches thefe [two] be alfo deferib’d, and let
it pafs through the Point 4 ; let its Radius be G, and it
Center H, and a Circle deferib’'d en the fame Center H,
with the Radius G+ 4, fhall touch the three former Circles,
as was yequix'd, ‘

Ppo-
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ProsrLem XLIL

Three Staves being eredfed, or fot up an End,
in fome certain Part of the Earth perpendicu-
lar to the Plane of the Horizon, in the Points
A, B, and C, whereof* that which is in 4 is
fix Foot long, that in B cighteen, and that
in Ceight, the Line 4B being thirty Foot
long 5 it bappens on a certain Day [in the
Year] that the End of the Shadow of the
Staff A pafles through the Points B and C,
and of the Staff B through 4 and C, and of
the Staff C through the Point A. To find
the Sun’s Declination, and the Elevation of
the Pole, or the Day and Plice where this

[pall bappen. [ Vide Figure 61.]

Ecaufe the Shadow of each Staff’ defcribes a Conick Sedi-
on, or the Se&tion of a luminous Cone, whofz Vertex
1s the Top of the Staffy I will feign BCD EF to be fuch
a Curve, [whether it be an Hyperbole, Parabola, or El-
lipfe] as the Shadow of the Staff 4 defcribes that Day, by -
putting A D, AE, AF, to have been its Shadows, when BC,
B.A, CA, were refpedively the Shadows of the Staves B
and (. And befides I will fuppofe P 4 O to be the Meri-
dional Line, or the Axis of this Curve, to which the Per-
pendiculars BAZ, CH, D K, EN, and FL, being let fall,
are Ordinates. And I will denote thefe Ordinates indefi-
nitely [or indiff-rently] by the Letter y, and the intersepted
Parts of the Axis 441, AH, AK, AN, and AL bty the
Letter », Tl fuppofe, lafily, the Equation satba L.
cxx:=yy, to exprefs the Relation of x and y, (4. e. the Na-
turc of the Curve) affuming a4, b, and ¢, as known Quan-
tities, as they will be found to be from the Analyfis, Where
I made the unknown Quantities of two Dimenfions only
becaufe the Aquation is [to exprefs] a Conick Se@ion : and
I omitted the odd Dimenfions of y, becauft it is an Ordi-
nate to the Axis. And I denoted the Signs of b and ¢, as
being indeterminate by the Note -, which I ufe indiffe-
) ) rently
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yently for «} or =, and its oppofite — for the contraryi
But I made the Sign of theSquare a2 Affirmative, becanfe
the concave Part of the Curve neceffarily contains the Siaff
A, proje@ing its Shadows to the oppofite Parts (C and F;
Dand E); and then, if at the Point 4 jou ere&t the Per-
pendicular 4p, this will fome where meet the Cuarve, fup-
pofe in p, thatis, the Ordinate y, where x is nothing, will
[fll] be real. From thence it follows that its Square, .
which in that Cafe is # 4, will be Affirmative.

It is manifeft therefore, that this fictitious Equation 44 L
b Acxx=yy, as it is not fill'd with fuperfluous Terms,
{5 neither is it more refirain’d [or narrower] than what i
capable of fatisfying all the Conditions of the Problem, anq
will denote the Hyperbola, Ellipfe, or Parabola, according
as the Values of a4, b, ¢, fhall be determin’d, or found o
be nothing but what may be their Value ; and with whge
Signs b and ¢ are to be affedted, and thence what Sort of a
‘Curve this may be, will be manifcft from the following
Analyfis, , :

The former. Part of the Analyfic

Since the Shadows are as the Altitude of the Staves, you'll
have BC: AD:: AB: AE (::18:6) ::3:1. Alfo
CA: AF (::8:6) t: 4 : 3. Wherctore naming (or
making] AM=—-+tr, MB=--s5, AH="-1t, and H(
=+ v. From the Similitude of the Triangles AMB

ANE, and AHC, ALF, AN willbc:——-;-. NE

— L AL= - g—f, and LF w20 ;5 whofe Signs I

: Lo 4

put cota;trary to the Signs of AM, M B, AH, HC, becaufs
they tend contrary Ways with refped to the Point A from
which they are drawn, "and from the Axis P Q on which
they fland. Now thefe being refpe&ively written for 4 and
3 in the fictitions Aquation g4 L bx L s x =yy. ‘

rand L ¢ will give ag b7 gy =gy, \‘

o S Cbr

e~ and - - will give a4+ — L Jorr ==y

. . - j + )
Celepoand A v will giveag b e Lot —wwd
+jtand — 3o will give ga e b Xt Lot o= % 00

Now
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Now, by exterminating ss from the firfl and fecond -

quations, in order to obtain 7, there’ comes out —-—b- =r

Whence it is manifeft, that L b is Affirmative, becaufe r is
Alo by cxtcrmmatmq vv from the third and fourth,
(af'ter having wntten for b its Value -+ 5) to obtain t,

there comes out 53 = -, therefore ¢ is pofitive and equal

as . 244, .
to 30 and having writ 2 ~~ for r in the firfl, and 'f.f for
3b

¢t in the third, there arife 344 J—A’—b—b—:: 55, and’ LR
atc ' 3

obb = ’
Moreover, having Iet fall B A perpend:cular upon C H,
BC will be : AD (::3:1)1:BraAK::Cas DI(
Wherefore, fince B» is. (»~AA4 —AH ey e—t) == 5424,
3
Ax wxll be = S—b , but with a Negatlve Sign, vizs = 5 ;—

Alfo fince Cr (= CH4- BM._,U_!..,) — VWJ‘QE_D.

v

- ’/344-1-——5—1’—3, and therefore DK (=+C2) =

pad - . . .
| [/ 27 81 Izb [/ Aa - ———- ; wlnch being re~

fpe@ively written in the ./Equanon aaLbyLoxx=yy,
or rather the Equation a4 + bx d-cxx —=yy, becaule b
hath before been found to be Pofitive, for 4K and D K,

254 ¢ _13,, L

81bb T 27
37a* c__L_ 44» ad 44 4 ¢ Ad'b
8100 . 2V 81 bb ’/ Y1 2
Reduction w— bl - 4440—-— -2 &/36174 L r;I ﬂnbbc + 44450 3
and the Paxts being fquar'd, and agam reduc’d, there comes
b
out 0 == 143 b+ A= 196 aabbe, or "’—'“191:34 b L ¢. Whence

it is manifeft, that A= ¢ is Negative, and confequently the
X - fiGitious

aa
or aand y, there comes out — 222 4,
‘9
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§iGitions AEquation a4 -bx-cxx=—yy will be of thig
Form, ga-tbaw—cxx=yy. And its Center and two Axes
are thus found. Lo .
Making y=0, as happens in the Vertex's of the Figure
P and O, youll have aa--bx —¢xx, and having ex.

b bb aa '
v e 20 L2 5§ A
tracted the Root # = 25_,—!/4cc+ = LAP ¢

T b 2 bb
that is, A‘Q::;—c'l‘ ee
/bbb | aa o
vy -+ — where 4P and 4 Q are computed from 4

¢ ,

towards the Parts O ; and confequently when 4P is com-
puted from A towards P, its Value will be found to be

ia b .
-+ — and AP"z—c —

i b -1 [/ b 4 % And confequently, taking AP
2¢: 46¢ € !

513«,' V- will be the Center of the Ellipfe; and ¥~ Q, ox VP,
¢ .

([/ ;rb—cb; 4-#%) the greateft Semi-Axis, If, moreover, the

Value of 47, or Elio" be put for x in the Equation: a4 =k
o ‘ bh
bx ~-cxx = yy, thae will come out M'+4TE ==Yy

W]lereforc ada -+ ;/;-5 will be — V" Z q, thatis, to the Square
of the leaft Scx)li-Axis. ‘Laﬂly, in the Values of A} and

V' @,V Z algady \fbhnd, writing i‘}zz‘i for ¢, there come
IR 9 A
o8 an Tr2aav'y 84v/3
p 2228 s AP 2 ind ——= = Vi
T Ty < V2, V143 =V

The other Part vof the Analyfis. [Vide Figure 62.]

Suppofe now the Staff 4R fanding on the Point 4, and
RP O will be the Meridional Planc, and RPZ Q the lu-
minous Cone whofe Vertéx is R. - Let morecover 7 XZ be
a Plane cutting the Horizon in 72, and the Meridional
Plane in TP X, which Sedtion let it be perpendicular }tlo

. the.
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the Axis of the World, or of the Cone, and it will cut the
Cone in the Periphery of the Circle T2 X , which will be
every where at an equal Diftance, as R X, RZ, RT, from
its Vertex. Wherefore, if P§ be drawn parallel to T X,
youll have R §:= R P, "by reafon of the equal Quantities
RX,RT; and alfo S.X¥= X Q, by reafon of the equal

Quantities PV, V' O ; whence RX or RZ (= RS+R Q)
2

__ RP+R |
= ——j_;——-g. Lafily, draw R7, and fince " Z perpen<

dicularly flands on the Plane RP Q, (as being the Section
of the Planes perpendicularly ftanding on the fame [Plane])
the Triangle R7Z will be right-angled at 7,

Now making RA==d, AV =e, VPorVQ =f, and
VZ =g, youll have AP o= f ¢, and R P =
Vff—2efteetdd. Alfo AQ—f+e and R Q =
Vfft2efteetdd ; and confequently R'Z (=
RP R Q)__ Vifmzef e + dd - v/ T+ 2¢f +ee+dde

2 - 2
Whofe Square dd -+ c;—i——-ﬁ —{— L
VT —2eeff e T 2ddff k- 2ddec + 4+, is equal

(RVq -+ VZqg =RAGA-AVq -+ VZq) =to dd--ce
"+t gg. Now having reduc’d o
4/f-4i-—-2ceff—\- e* - 2ddff 4 2ddee - d* =ddFfeem
ff+2gg, and the Parts being fquar'd and reducd into

| - dd
Order, ddff=ddggteegz—ffggtg*, or E—g =

- 9%44 11222V3 8av3

— . Lafily, 6 o ; =

ddtee—ffeg Lafly, 6 oop =50 Vics

(the Values of 48, AV, V0, and ¥Z) being reflor'd for
» 1964*., 19244

143bb +4143 N
36,14, 1444 . 494° 36,4944
i -—~—;—4——3’—W—--, gnd thence by Redution “8aat 1287
=Dbbh
In the £irft Scheme 4 Mg - M Bq=ABq, thatis, rr
F55m=33% 33 Bu;rwas-_—:f—gf, and ¢ = 344 =—

Xz 44°¢

d, e, f, and g, there" arifes 36 —
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atc .. aat oo 143D
4171: , whence 77z T and fubftituting Totaa for ¢ )
PL
§o= i‘: _9_@. Wher‘efore ,4[]%_ -+ 4:; =33 ¥ 33, and thence

: ; _d9at o
by Reducion there again refults o — g bb. Put

ting thercfore an Equality between the two Values of pj,
and dividing cach Partof the HKguation by 49, you'll have

- E g 4

a'+3640 - 44 - 3 whofe Parts being multi.
48a1-4-1287 7 533601 -—444 ' ,
ply'd crofs-ways, and divided by 49, there comes out 4 4¢

== 98144 - 274428, whole Root a2 is 8 [”‘—V;ﬁ%

== 28052254144

‘ L ,
~ Above was found 3 A = bb, OF ~—~ 14 ﬂ-d::.._.:
3361 — 444 V53361 — 4aa

, and /p,

7 5/53361—-4.44

143

or Vo (]%‘:’—;2—1/-3) is I—% x/160083 — 12 A dy Thac is,
by fubflituting 280,2254 144 for a4, and reducing the Terms
into Decimals, AV == 11,188297, and VP or V Q-
22,147088 ; and confequently AP (PV — AV) =
10,958788, and A Q (AV + VL) 33,335382

~ Laftly, if ];i-fkhorTx be nnfadeh Radigs, + A4 Q or
% 355807 will be the Tangent of the Angle 4R Q of y9-
B’? 3457,' 4;%;. and 2 AP or 1,826465 the szgex;?\of t‘lllg
Angle ARP of 61 gr. 1. 52" half the Sum of which

Angles 70 gr. 32'.50". is the Complement of the Sun’s De-

clination 3 and the Semi-differenceé ¢ g7, 14/, 58", the Com.
plemerit of the Latitude of the Place. Then, the Sun’s De-
clination was 19 gz, 27'. 10", and the Latitude of the Place
‘Bogr.45'" 20". which were to be found. -

. ‘ g 9844,
e=b. Whence AV'(UB”) is

_Ppo-

A}
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Prosrem XLIIL

If at the Ends of the Thread DAE, moving
upon the fix’d Tack A, there are hang’d two
Weights, D and E, whereof the IWeight E

ides through the oblique Line BG given in
Pofision y to find the Place of the Tﬁcigbt E,
where thefe Weights are in  Equilibrio,
[ Vide Figure 63.]

UPPOSE the Problem done, and parallel to 4D
draw E F, which fhall be to 4 E as the Weight E to

the Weight D.  And from the Points 4 and F to the Line
BG let fall the Perpendiculars A B, FG. Now fince the
Weights are, by Suppofition, as the Lincs 4E and EF,
exprefs thofe Weights by thofe Lines, the Weight D by the
Line E.4, and the Wzight E by the Line EF. Therefore
the Body, or E, direted by the Force of its own Weight,
tends towards F.  And by the oblique Force EG tends to-
wards G.  And the fame Body E by the Weight D in the
dire@ Force AE, is drawn towards 4, and 1in the oblique
Force B E is drawn towards B. Since therefore the Weights
{uftain each other.in - Equilibrio, the Force by which the
Weight E is drawn towards B, ought to be equal to the
contrary Force by which it tends towards G, thatis, BE
ought to be equal to EG, But now the Ratio of 4E to
E P is given by the Hypothefis ; and by reafon of the given
Angle FE G, there is alfo given the Ratio of FE to EG,
to which B E isequal, Therefore there is given the Ratio
of AEt BE. .AB isalfo givenin Length; and thence
the Triangle 4BE, and the Point E will eafily be given.
Viz, make AB=—a, BE=x, and AE will te equal
yaa+ mx ; moreover, let AE beto BE in the given

Ratio of dtoe, and ev/aa 4 xx will == dx.  And the
Parts of the Fquation being {quar'd and reduc’d, eeaa=—

4 =, Therefore the Length

Add—ee
BE is found, which determines the Place of the Weight
E QEFL N

dd xx—ecexx, OF

Now,
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_Now, if both Weights defcend by oblique Lines given i
Pofition, the Computation may be made thus. [Vide Fi-
gure 64.] LetCD and B E be oblique Lines given by Po.
fition, through which- thofe Weights deftend. From the
fix'd Tack 4 to thefe Lines let fall the Perpendiculars 4
AB, and let the Lines EG, D H, creéted from the Weiglis
?erpendicularly to the Horizon, mect then'l in the Points G
and H; and the Force by which the Weight E endeavours
to defcend in a perpendicular Line, or the whole Qravity
of E, will be to the Force by ‘whic_h the fame Weight en.
deavours to defcend in the oblique Line BE, as GE to BE;
and the Force by which it endeavours to dgt?;'end. in the
oblique Line BE, will be to the Force by wiich it endes-
vours to defcend ii) the Line 4 £, that is, to the Force by which
the Thread 4 E is diftended [or ftretch’d] as BE to A4E, And
confequently the Gravity of E will be to the ]enﬁon of the
Thread AE, as GE to AE. And by the fame Ratio the Gra.
vity of D will be to the Tenfion of the Thiead AD, as HD
to.AD. lettherefore the Length of the whol.c Thread D 4
4 AE be ¢, and let its Part 4E=x, and its other Part
AD will —¢—wx. And becaufe AEqg - ABg i =
BEg, and ADg— ACq=CDq ; let, morcover, 4B
=—a, and AC=0, and BE will be == Vxx.__.ﬂ,,, and
CD = +/xx—2cx-+ce—1bb - Moreover, fince the Ty
angles B EG, CD H are given in Specie, let BE: EG::

f:lE, andCD:DH::f:9, and EG willzfx/m.;.,m,

=%

and DH -—,_:;27 Vit —2cx 4 ce—bb, Wherefore fince

GE: AE:: Weight E : Tenfion of AE; and HD : 4D
: : Weight D : Tenfion of 4D ; and thofe Tenfions are

equal, you'll have F»«g:—:: Tenfion of AE — to
;,' VAN~ d o
the Tenfion 4D - ~~»--~—§ Ds ﬁjﬁf»—-—-w,—»'r = from the

PR LTI
Ly wne—acn oo bl
Redudtion of which Aquation there comes ont ¥
ET ey dce—bb e Di— Dy Vxw—aa, o
Tguee

— gy e (F ¢ s : : | . .
- I%gD at + :z"';)t?Drc x? m‘f,ﬁ’ﬂ.))cbc N 2DDeaax-t
' © DDag

DDccan=o o But
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But if Ayou defire a Cafe wherein this Problem may be
confiructed by a Rule and Compafs, make the Weight 1

\ . BE C¢D
to th eight E atio 10 e
e Weig as the Ratio G to the Ratio DE and

g will become = D; and fo in the Room of the prece-
dent Hquation youll have this, ___7;2 XA 2800t ance

= 0, OF & o= —2
e a4l

ProzrLem XLIV.

If* on the Siring DABCF, that flides about the
twao Tacks A and B, there are bung three
Weights, D, E, Fy D and F.at. the Ends of
the String, and E at its middle Point C,
plac’d berween the Tacks: Frim the given
Weights and Pofition of the Tacks to findthe

- Situation of the Point C, where the middle
Weight bangs, and where they are in AEqui-
librio. [ Vide Figure 65.] :

INCE the Tenfion of the Thread A4C is equal to the

¥ Tenfion of the Thread 4D, and the Tenfion of the
Thread B.C to the Tenfionof the Thread BF, the Tenfion
of the Strings or Threads 4C, B(, EC will be as the
‘Weights D, E, F. Then take the Parts of the Thread CG,
C H, C1, in the fame Ratio as'the Weights, Compleat the
"Friangle G HL  Produce: IC till it meet G H in K, and
G K willbe = K H, and CK=4C/, and confequently C
the Center of Gravity of the Triangle G H1. For, draw
P QO through C, perpendicular to CE, and perpendicular to
that, from the Points G and H, draw G P, H Q. And if
the Force by which the Thread 4C by the Weight D draws
the Point C towards 4, be exprefs’d by the Line GC, the
Force by which that Thread will draw the fume Point to-
wards P, will be exprefs'’d by the Line CP; and the Force
by which it-draws it to K, will be expref'’d by the Line
‘G P. And in like Manner, the Forces by which the T hread
B (), by Means of the Weight F, draws the fame Point g
cana o1 1ae Y8 £, Grawa B 1 towards
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towards B, O, and K, will be exprefs'd by the Lines Cp,
CK, and HQ ; and the Force by which the Thread ¢ E,
by Means of the Weight E, draws that Point C towards E,
will be exprefs’d by the Line C/. Now fince the Point ¢
is fuftain’d in Aquilibrio by equal Forces, the Sum of the
Forces by which the Threads 4 C and B{ do together draw
Ctowards K, will be equal to the contrary Force by which
the Thread EC draws that Point towards E; that is, the
Sum GP -+ H QO will be equal to C/; and the Force by
which the Thread A4 C draws the Point (' towards P, wi]}
be equal to the contrary Force by which the Thread B¢
draws the fame Point C towards @ ; that is, the Line p
is equal to the Line C O, Wherefore, fince PG, CK, and
"Q H are Parallel, GK will be alfo == K H, and CK (=
. MﬁQ = £ (1) Which was to be thewn, It remains
: 2
therefore to determine the Triangle GCK, wliofe Sides G¢
and H C are given, together with the Line C'K, which is
drawn from the Vertex C to the middle of the Bafe, Le¢-
£l thercfore from the Vertex C to “the Bafe CH the Per-.

—CHg . :
pendicular  CL, and Gl 7 will be = KL=

) 2GH
GCg— fg ?Km G For 26 K wiite G H, and having -
rejedted the common Divifor G H, and orderd the Terms,

youll ‘have GCq — 2 KCq + CHyg = 2G Kgq, or

VAEGCqg—KCq- +CHq =G K, having found G K, or
X H, there are given together the Angles GCK, KCH, or
DAC, FBC, Wherefore, from the Points A4 and C in
thefe given Angles DAC, F B(, draw the Lines AC, BC,
meeting in the Point (5 and’ C will he the Point fought.

But it is nat always neceflary to folve Queftions thatare
of the fame Xind, particularly by Algebra, but from the So-
lution of one *of them you may moft commonly infer the
Solution of the other, Asif now there fhould be propos'd
this Queftion. : :

 The
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The Thread ACD R being divided into the pi-
wen Parts AC, CD, D B, and its Ends /)ei;zg
fuften’d to the two Tacks given by Pofition,
A and By and if at the Points of Diuifion,
C and D, there ave bang’d the two Weights
Eand Fy from the given Weight F, and the
Situation of the Points C and D, to know the
JWeight E. [[Vide Figure 66.7

ROM the Solution of the former Problem the Solu~
tion of this may be eafily enough found. Produce the
Lines AC, B D, till they meet the Lives DF, CE in G
and H ; and the Weight E will be to the Weight F, as
DG to CH.
And hence may appear 2 Method of making a Balance of
only Threads, by which the Wei:ht of any Body E may be
known, from only one given Weight F,

ProereEm XLV,

A Stone falling down into a Tell,  from the
Sound of the Stone flriking the Bottam, to
determine the Depth of the Well,

ET the Depth of the Well be &, and if the Stone de-
feends with an uniformly accelerated Motion through

any given- Space 2, in any given Time b, and the Sound
paffes with an uniform Motion through the fame given Space
4, in the given Time d, the Stone will defeend through the

Space » in the Time b ’/ —':— 5 but the Sound which is caus’d
by the Stone firiking upon the Bottom of the Well, will
afcend by the fame Space #, in the Time 4;. For the

Spaces defcrib’d by defcending heavy Bodies, are as the
Squares of the Times of Defcent ; or the Roots of the
Spaces, thatis, "¢/« and v/« are as the Times themfelves,
And the Spaces x and 4, through which the Sound paffes, are
as the Times of Paflage. YAnd the Sum of thefe Times

' : by
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b ﬂ_x., and 'if, is the Time of the Stone’s falling to thé

a 4 : \

Return of the Sound, This Time may be known by Obfes.
» 2 d

vation. Let itbe r, and youll have b/ T tr
4 a

And b ’/ ij; i b de. And the Parts being fquard,

atdx ddxx

Y R .
P aa

?fi’“dj abb x -——ﬁg And having extrafted the Root

J
[1

bbx

And by Redultion xx —

LA rLLL
it FAUU

i

=TT 2dd
ProsreEm XLVL

Having given the Perimeter and Perpendcnlay
of a right-angled Triangle, to find the Tii-
angle. [ Vide Fignre 67.] |

ET C be theright Angle of the Triangle, 4B( and

.4 CD a Perperidicular let fall thence to the Bafe 48,
let there be given AR -}-BC-- AC—=4a, and CD .},
Make the Bafe /B —=«, and the Sum of the Sides will be
a—x,  Puty for the Difference of the Legs, and the great-

er Leg AC will be = “"“:_il; the lefs BC = 27

. , ~ 2
Now, from the Nature of -a right-angled Triangle you have
ACq+ BCq= ABg, that is, 22247 ”i‘ %ty
=ax And alfo AB:AC::BC:DC(, thercfore 4B x
DC = ACxBC, that is, b = e 2ax +xx””.

. 1,4
By the former Hquation yy is == an-+ 24844, By’
the latter yy is == xa ~24x -} a4-—4ba.  And confe-
quently #2 + 248 ag == ¥ 2 —24x + ga—4bx. And

. y
by Reduclion 4.4x bx =24, or o= ——i~—-:
y nednc 4 +4' 244, * 2“+ 2b

Geome»
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- Geometrically thus, 1In every right-angled Triangle, as’
the Sum of the Perimeter and Perpendicular is to the Peri~
geter, {o is half the Perimeterto the Bafe.
.-Subtra& 2% fiom 4, and there will remain ab , the
a-+b

Excefs of the Sides above the Bafe. Whence again, asin
every right-angled Triangle the Sum of the Perimeter and
Perpendicular is to the Perimeter, fo is the Perpcndicular to
the Excefs of the Sides above the Bafe, '

) Prosrem XLVIL |
Having given the Bafe AB of « right angled

Triangle, and the Sum of the Per/)c'7,2'ﬂ'?'€w'ﬂw’,
and the Legs CA+CB+CD 5 to Sfind the
Triangle. : ‘ :

"ETCA+CB+CD=a, AB=b, CD=1x, and
AC--CB will be == 4—=x. Put 4( —CB=y,and
AC will be = a”:+y,, and CB:_;d—::—g:J. But ACq

A CBg is==ABgq; thatis," 2 2“”jx” +3 1.

Moreover, AC % CB=AB x CD, that is, M-—«M%‘—}-xx-—y?

exbx, Which being compar’d, you have 2bb‘f—- aa -
2K - X XYY == ad = 24% 4 22 —=g.bx.  And by Re-
dudtion, x ¥ =242+t 2bx -~ aa-bb, and ¥ =a+b—
- V24b+ 2bbs ,
Geometrically thus, In any right-angled Triangle, from
the Sum of the Legs and Perpendicular fubtrad the mean
Proportional between the faid Sum and the double of the
Bafe, and thete will remain the Perpendiculay, - o

/ | The fame otherwife.

Make CA+CB+CD#¢, AB=D, and AC=x, and
BCwillbe=v/} — 7, cu:’”/“;"‘”. And x -+
CBA CD=x4, ox CB4CD=—awmz,  And therefore
, B 7 X bts
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b»i—x Vih—zx — a—x, And the Parts being fquard
and multiply’d by b5, there will be made — & ¢ — 2b4s

A 2bix bt =aabb—2abbx -+ bbrx.” Which £qua.
tion being order'd, by Tranfpofition of Parts, after this

Manner, a* -+ 2bx? +3bb +2b;x—i—zab3 }

| +2ﬂb'¥x+2ﬂb1} b aabb

— 2 lelj o ijjb;b x} : iii’; and extrating the
Roots on both Sides, there will arife xa - b& -+ bb + ab
:-c:{-ab V2ab A 2bb, And the Root being again ex-

Vv I5h g Sap — sbb— 2 ab,
The Geometrical Confiraftion. [ Vide Figure 53,7
Take thciefore AB=3%b, BC=3a CD=1 AB, A4F,
a mean Proportional between b and AC,and EF — Efa

mean Proportional between b and DE, and BF, Bf will
be the two Legs of the Triangle.

ProBiLEM XLVIIL

Having given in the vight-angled Triangle ABC,
the Sum of the Sides A C+ BC, and the
Perpendicular CD, to find the Triangle.

: ET AC+ BCx==a, C_D_'-_::_:LAC::‘M, and BC will
md—p, AB = +Vas—z2ax-+ 202, Moreover,

CD:AC::BC: AB. Thercfore again AB:”””"““‘_

b ,
‘Wherefore au==xx—=0Va4—ax -+ 222 ; and the
Parts being fquard and order'd a* w242’ + 27) p At

2abbrx~aabb=0. Addto bothParts aabb-}b*, and
there will be made g4 =2 ax 7 ifzbmm-l— 2abbx & 1t

zaabb-+b4  And.the Root bheing extra&ed on both
, ‘ Sides,
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Sides, xx.;-ax-i-bsz—ab‘/aﬂ+ bb, and the Root be-
ing again extradted x=.§4;\:l/§44+ bbb vaatbhe

The Geowetrical Confiratlion. [Vide Figore 69.]

Take 4B =BC=ta. AtC ere&the Perpendicular CD
—=b. Produce DC to'E, fothat. DE fhall = DA . And
betweenn C D and (E take a mean Proportional C £, And
let a Circle. deferil’d from the Center F and the Radins B(C;
cut the right Line BC in G and H, and BG and BH will
be the two Sides of the Triangle, :

The fame otherwife,

Let AC+BC=a, AC—BC==y, AB=x, and DC
"”E’ will = AC, "_12‘-2'=Bc, ’ii;w__—,ch

“”_fﬂ_.ACX BC

-’i—BCq:_—:ABq;—_xyx. —:}—b' ___—-—l-)—z‘-" =A8 =x

Therefore 244 —~a4—=yy=aa—qbx, and x¥ = 24—

2bx, and the Root being extrated # = b - +bb - 22+
Whence in the Conftru©iion above CE is the Hypothenufe of
the Triangle fought, But the Bafe and Perpendicular, as
well in this as the Problem above being given, the Trian-
gle is thus expeditioufly confiruéed, [Vide Figure 70.] Make
2 Parallelogram C G, whofe Side CE fhall be'the Bafis of the
Triangle, and the other Side CF the Perpendicular, And
upon C E defcribe a Semicircle, cutting the oppofite Side PG
in H. Draw CH, EH, and CHE will be the Triangle
fought, S

— ZI, 311(:1

ProerEm XLIX

In a right-angled Triangle, baving given the
Sum of the Legs, and the Sum of the Per-
pendicular and Bafe, to find the Triangle.

ET the Sum of the Legs A4C and BC be [call'd] 4, the
¢+ Sum of the Bafe 4 B and of the Perpendicular CD
be [call’d] b, let the Leg 4C ==, the Bafe 4B =y, and
BC will z gm0, QD by, a4 —24%5 4 220 = ACq
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+BCg=ABg=yy, ax—xx=ACKBC=ABx (D
=by—yy==by—aatzax—zxx,and by=au — 4y
- xx. Make its Square 44— 2258 - 34478 — g 51
~x+ equal to yy x 6D, thatis. equal to aabbagp}y
- 2bbaxx, And ordering the Aquation, there will come
S our xt— 24k i?ZZxxiéiibxiZﬂmo- Add
to each Side of the Equation b4 —sabb, and there wi|f
e o o

come out a4 pm 24 3 j’_ 2171:“ x +_§Z“ x :-;lz:fabb

b —=aabb. And the Root being extracted on both Sides
xRz aamm bbbz —b Vb —aa, and thg_l}potbeing

again extralted & — %ﬂi ’/lzb—-—gan-—-bvlbb....u.

The Geometrical Confiruttion.

Take R a mean Proportional between b+ 4 and o,
and § a mean Proportional between R and b—R, andT a
mean Proportional between 24+ Sand 24——S; and {4
47, and 2a—T" will be the Sides of the Triangle,

N . Proerim L.

To fubtend the given Angle CBD with the
given right Lime CD, [o that if AD be
drawn from the End of that right Line D to
the Point A, given on the right Line CB pro-
duc'd, the Angle AD C [ball be equal 1o the
Angle ABD.  (Vide Iigure 70.]7 =~

I JAKE CD=4a, AB=0b, BD ==, and BD will ke

VA i BA::CD:DA= ﬂ»;b. Let fall the ﬁerp:ndicu-_
lax DF, and BE will be = %qu»*}— B4q =
' 2B A4 :
Av -.—-m‘qbb ~ bb

LA

ap ==+ By reafon of the given Triangle D B4,

make
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'
make BD:BE::bir, and yorll have again BE.— el

.;. "b"’;
Feref aabb .
therefore # 2 ————- +Dbb=2ex. And x*-—gex’ -

bhas—aabb =0,

- ProBLEM LL' o
Having the Sides of a Triangle given, to find
the Angles. [Vide Figure 72.]

ET the [given] Sides 4B =4, AC=D, BC=c, to
find the Angle 4. Having let fall to 4B the Perpen-
dicular C D, which is oppofite to that Angle, yowll have in
the firlt Place, bbwm¢¢e 4Cqg—~B(g=ADg—BDg
=AD 4+ BD X AD — BD —=AB %X 24D — AR —
bbeece - -
— A .D-
24

Whence comes out this firft Theorem. As 4B to AC -
BCfo AB— BC toa fourth Proportional N, AB+ N

-
— AD. As ACto AD foRadius to the Cofine of the
Angle 4. : :

Moreover, DCg = ACqg— ADg = ..
paabb 4 2aacc - 2bboe—a® — b —c*

USSR —_—
—

444 :
a+-b+c»_ﬂ)§a+b———cxi—-b+cx—f—a+b+

24D %X a~—aa. And confequently 2 -+

. Whence

, 444
having multiply’d the Roots of the Numerator and Deno-
minator by b, there is made this fecond Theorems. As 2ab
to a mean Prop?v{tjonal between a4 -+ b -+ ¢ X a4 b—¢ and
7—b 4 ¢ x—a-+ b+ fois Radivs to the Sinc of the .
Angle 4. ' ‘ ' ,
Moreover, on A4 B take AE = AC and draw CE, and the
Angle ECD will be equal to half the Angle 4. Take AD-
from AE, and there wi]l remain DE =b 24—
bbe—cc comaa~y2ab=-bb ¢t a—bX ¢—a-tb
24 24 - 24 :
4 g bye A a—bXc—a 4 bkc—atb.
‘ VVhence,DEg::c ba—bxeta ;ai ‘ Fa
And hence is made the third and fourth Theorem, viz. Als
. 24§
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aabto et a—bXc—a-+b (fo AC to DE) fo Radigs
to the verfed Sine of the Angle 4, And, as a mean Pro.
portional between a4 +b4-¢, and 4 4b~—~c¢ to a mean
Proportional between ¢ +a—0b, andc—a b (0 CD o
DE) fo Radius to the Tangent of half che Angle 4, or the
“Cotangent of half the Angle to Radius.
Befides, CEq is =CDg -+ DEq =
. . by
2abbbec—baa—b _ b K Fa—bxi—a¥h
a a
Whence the fifch and fixth Theores. As a mean Proporti-
onal between 2« and- 2b to a mean Proportional between
¢+ aeb, and ¢—a~ b, or as 1 toa mean Proportional
: — — b
between f-j-—ﬂ;-?, and ca—%;«a (fo AC to L CE, orCE
24
to DE) fo Radivs to the Sine of £ the Angle 4. And ag a
© mean troportional between 24 and 24 to a mean Proporti-
onal between a-bb+¢ and a4 +b—c (OCEto (D) fo
Radius to the Cofine of half the Augle A.
But if befides the Angles, the Area of the Triangle be alfs

fought, multiply CDg by 4 4Bg, and the Root, iz,

LA b exadth—cxa—box —atb -+ ¢ willbe
the Area fought,

ProsLEM LH.

From the Obfervation of four Places of a Co-
met, moving with an uniform right-lined Mo-
tion throughthe Heaven, to determine its Di-
flance from the Earth, and Direltion and
Velocity of its Motion, according to the Co-

- pernican Hypothefis. [ Vide Figure 73.]

F from the Center of the Comet in the four Places ob-
ferv’d, you let fall fo many Perpendiculars to the Plane of
the Ecliptick; and A, B, C, D, be the Points in that Plane
on which the Perpendiculars fall ; through thofe Points draw
the right Line 4 D, and this will be cut by the Perpendi-
culars in the fame Ratio with -the Line which the Comet
deferibes by its Mortion ; that is, {0 that .4 B fhall be to AC
as the Time between the firft and {econd Obfervation to the
Time between the firft and third; and 4B to AD a’} the
. ime



L 169 ]

Time between the firft and fecond to the Time between the’
girft and fourth, From the Obfervations therefore there are
given the Proportions of the Lines 4B, AC, 4D, to one
auother. ‘ : :

Moreover, let the Sun § be in the fame Plane of the Eclip2
tick, and E H an Arch of the Ecliptical Line in which the -
Earth moves ; - E, F, G, H, four Places of the Earth in the
Times of the Obfervations, E the firft Place, F the fecond,
G the third, H the fourth, Join 4E, BF, CG, D H, and
let them be produc’d rill the three former cut the latter in
I, K and L, viz. BFinl, CGin K, DH in L. And the

" Angles AIB, AKC, AL D will be the Differences of the
obferv’d Longitudes of the Comet ; A/B the Diff-rence of
the Longitudes of the firft and fecond Place of the Comet ;
AKC the Difference of the Longitudes of the firft and chird
Place, and AL D the Difference of the Longitudes of the
firft and fourth Place, There are given therefore from the
Obfervations the Angles 4/ B, AKC, AL D. S

Join SE, SE, EF; and by reafon of the given Points
S, 'E, F, and the given Angle E S F, there will be given the
Angle S EF. There is given alfo the Angle S E -4, asbeing,
the Difference of Longitude of the Comet and Sun'in the
Time of the firft Obfervation. Wherefore, if you add its
-Complement to two right Angles, wviz. the Angle SE/ to
the Anglc S E F, there will be given the Angle I EF. Therc-
fore theré arc given the Angles of the Triangle / E F, together
with the Side EF, and confequently there is given the Side
t1E, And by a like Argumeunt there are given K E and LE,
There are given thercfore in Pofition the four Lines 4/, B1;.
CK, DL, and confequently the Problem comes to this, that.
four Lines being given in Pofition, we may find a fifth, which
fhall be cut by thefe four in a given Ratio,

Having let fall to 41 the Perpendiculars B 44, CN, DO,
by reafon of the given Angle 41R there is given the Ratio
of BA to M1 ButBA to CN is in the given Ratio of
B4 and CA4, and by reafon of the given Angle C KV there
is given the Ratio of CN to KN. Wherefore, there is
alfo given the Ratio of B M to KN ; and thence alfo the
Ratio of BM to M 1-— KN, that 15, to AN+ I1K.
Take Ptol K asis A-Bto BC, and fince A4 A isto M N
in the fame Ratio, P 4 A A will be to. [ K + A/ N inthe
fame Ratio, that is, in a given Ratio, Wherefore, therc is
given the Ratio of BAd to P+ A4 A. And by a like Ar-
gument, if O be taken to / inn the Ratio of 4B to,B; D,

Laken 1o 8 Aalib o there
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there will be glven the Ratio of BAL to Q- M A And
thten the Ratio of B A/ to the Difference of P-4 M A4 and
‘Q + M A will be given, But that Difference, viz, P—Q,
or QP isgiven, and then there will be given B M4, Bug
‘B A4 being given, there are alfo given P+ A4 A and M ],
and thence, M A, ME, AE, and the Angle EAB.

Thefe being found, ereét at 4 a Line perpendicular to

“the Plan of the Ecliptick, which fhall be to the Line E 4 ag
the Tangent of the Comet’s Latitude in the firft Obfervati.
on to Radius, and the End of that Perpendicular will be
the Planet’s Place in the firft Obfervation. Whence the Di.
flance of the Comet from the Earth is given in the Time
of that Obfervation.

And after the fame Manner, if from the Point Byone.
7e& a Perpendicular which fhall be to the Line BF as the
Tangent of the Comet’s Latitude in the fecond Obfervation
to Radius, yowll have the Place of the Comet’s Center in
that fecond Obfervation, and a Line drawn from the firf}
Place to the fecond, is ‘that in which the Comet moves
throuigh the'Heaven, -

*

Prosrewm LI
If the given Angle CAD wmove aborst the an-

gular Point A givenin Pofition, and the given
Angle CBD about the angular Point B given
alfo in Pofition, on this Condition, that the
Legs AD, BD, fhall always cut one another
in the right Line EF given likewife in Pofi-
tiony to find the Curve, which the Interfeion
'C of the other Legs AC; B .C, deferibes.
[Vide Figure 74.] ~ :

RODUCE C4 tod, {othat A4d fhall be = 4D,

‘ and produce CB to &, fothat BJ fhall be = to B D.
Make the Angle Ade equal to the Angle 4D E, and the
Angle BSf equal to the Angle B D F; and produce 4B on
both Sides till it meet de and &f in eand £, Produce alfo
ed to G, that 4G fhall be =5, - and from the Point C to
the Line 4 B draw ('H parallel to ed, and CK parallel to
Jé  And conceiving the Lines ¢G, f& to remain immoxﬁ(-l
able
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able while the Angles CAD CB D, move by the aforefaid
Law about the Poles .4 and B, Gd will always be equal to
f&, and the Triangle CH K will be given in Specie. Make
therefore Ae=a, ¢Gz=b, Bf=c, .A’B——m, BR=x,
and CK.._.)' And BK willbe : CK : :Bf:fs, There-

 fore f5 —-———-—~Gd Take this from Ge, and there will

remain ed o b —-’4. Since the Triangle CX H is. given
in Specie, make C K CH::d:e, and CH: HK ::d: f;
and CH will »--—dl' and HEK = fd}' . And confequently

)
ﬁH:m-—-me But AH:HC:: Ae:ed, thatis,

m-—x---g—y edy T b-———%. Therefore, by multiply-
ing the Means and Extreams together, there will be made

wey ¢
mb-—-—T——bx-—l-cyu—-- y+° m 2’ Multiply

all the Terms by 4y, and reduce them into Order, and
+de

thexre will come out fcyy.--ac xywemdomymabd xn -t
b :

bdmax -—O; Where, fince the unknown Quantities « and
y afcend only to two ' Dimenfions, it is evident, that the
Curve Line that the Point € deforibes isa Conick: Setion.

- Make et f b ':ic =2p, and there will come ont 3y =
2pxy rI bdm - ,
e SO RS Rk x— ——x, And the Square Root:
7T +fc fo e
being ‘ extra&ed, Y= + —~— +

bdm “ddmm

P
ff'””“‘f wxb Bl — e S

Whenca we infer, that the Curve 1s an Hyperbo]a, if %—-E

be Afﬁrmatwe or Negat;vg: and not greatcx than 4 ; and
ff
22 abgs
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pp

x Parak‘ola, if I;—Il be Negative and équal to &5 , an Ellipfe
A

J ff
pp

-or a Circle, if bd le both Negative and greater than 73
Proscem LIV,

T deferibe a Parabola which foall pafs through
- four Points given. [ Vide Frgure 75.]

A ET thofe given Points be 4, B, C, D. Join AB, and
L bifeé it in E. . And through E draw VE, aright Line,
“which conceive to he the Diamerer of a Parabola, the Paing
V being its Vertex. Join .4(, and draw DG parallel to
AB, and meeting AC i G. Make AB=a, AC),
AG=—=0c, GD=d, Upon A( takc AP of any ‘Lengrh,
and from P draw P Q parallel to 4/ B, and conceiving Q
. to be a Point of the Parabola 3 make AP =x, P Q=y,
" Aund take any Equation expreflive of a Parabola, which de-
- termines the Relation between AP and P Q. " Asthaty is

=t fatgg+ b . :
" Now if AP or x be put = o, the Point P falling "upon
A, PO ory will ke -0, as alfo —— AB8. And by writ-
~ing in the affan’d Aquation o for #, youll have y—¢+
4/gg, thatis, —¢~+p.  The greater of which Values ofy,
e+ g is = o, the kller e — g — A B, orto — a. There-
, fore e = — g, and ¢—— g, that is, —2g ==—a, or g =14
And fo in room of the aflum’d Aquation you'll have this
.y:—-é’:d*i—f,vj*ﬁ/-%aa—}-hx- : ‘ j
Moreover, if 4P orx be made = AC, fo that the Point
P fallsupon () youw'l] have again P Q —o. For x there-

-~

fore in the laft Hquation write 4C or b, and for y write
o 3 and youll have o = — S 2+ b - VEda+thb, orta
e—fb=—=+'taa -+ hb; and the Parts being fquard —afb
- ffbb=hb, or ffb—fa=h. And fo, inroom of the
aflum'd Aquation, there will be had this, yew—— fa-fa
g iy —fax.. S
Morcover, if 4P or & be made = AG ore, PQory
willbe === G D or m=d, Whercfore, for ¥and y in the
laft Equation wiite ¢ and ~— d, and you'll have w— d =
La
2
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14 & fo= VEaa T [fbc —fac, of 2a—d fois
‘V\v%;aa.—{—-f'fbc“‘f“' And the Parts being fquard, — 44
—fac+dd-tadcf-toeff=ffbo~fac ~And the k-

guation being orderd and reduc’d, ff ___‘1'7 i‘i-‘c f+ dd—ad

‘ be——cc™
For & ¢, that is, for G C write k, and that Aquation will

d, dde—ad
become ff:_—zé.f+ ..__i_c.i. And the Root being ex=

d dde +ddbk—adl
+V khe 7

tracted, f; T But f being found,“
the Parabolick Aquation, viz. y=— %4+ fx
Vg a4 ffbx—fax will be fully determin'd; by whofe
Conftruction therefore the Parabola will alfo be determin’d.
The Confiru&tion isthus : Draw CH parallel to BD meet-
ing DG in H. Between DG and D H take a,mean Pro-
portional D K, and draw E [ parallelto C K, DbifeCting 4B
i E, and meeting DG in & Then produce’ 1 E to V7, fo
that EV fhall be to E/::EBg: DIq—EBgq, and ¥,

| wili be the Vertex; ¥E the Diameter, and VEQ, the Latas
Reltum of the Parabola fought, - A

[P

) ProsrLEM LV IR
To deferibe a Conick Section ‘ib‘;ﬁ‘a‘gg/ya five. Points

- given. [Vide Figure 76.]

ET thofe Points be A4 B, C, D, E. Join AC, BE,

cutting one another in H. Draw D[ parallel to B E,

and meeting ACin . Asallo EK parallel to 4C, and

meeting D 7 produc’d in K. Produce /D to F, and E K to

G ; fothat AHC fhallbe : BHE :: AIC: FID :: EXG

: F XD, and the Points F and G will be in a Conick Sedli«
ony, as is known.

But you ought to obferve this, if the Point H falls be-
tween all the Points A4, C, and B, E, or without them all,
the Point J rmuft either fall between all the Points 4, C, and
P, D, or without them all ; and the Point K between all
the Points D, F, and E, G, or without them all. But if the
Point H falls between the two Points 4, C, and without
the other two B, E, or between thofe two BE, and with-

out
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out the other two AC, the Point [/ ought to full betweey
two of the Points 4, C and F, D, and without the othey
two of them; and in like Manner, the Point K ought to
£all between two of the Points D, F, and E, G, and with.
out Side of the two other of them ; which will be done by
taking I F, K G, on this or that Side of the Points /, K, ac.
cording to the Exigency of the Problem. Having found the
. Points F and G, bife& 4C and EGin N and O; alfo BE,
FDin L and M. Join NO, L M, cutting one another in
R;and L M and NO will be the Diameters of the Conick
Sedtion, R its Center, and B L, F A4, Ordinates to the Dja.
meter LM. Produce I,/ on both Sides, if there be Occaﬁgn’
toPand Q, fothat BLg fhall be to FAdg:: PLQ : PMQ,
and P and Q will be the Vertex’s of the Conick Sedion,
and P Q the Laus Tranfverfas. Make PL QO :LByg:;
PQO:7, and T will be the Laus Rellwm.  Which being
known, the Figure is known. S
It remains only that we may thew how L A4 is to be
produc’d each Way to P and @, fo that BLg may be:
FMq::PLO:PMOQ, viz. PL Q, or PLXL g, is
PR—LRxPR-LR;fox PLis PR—LR, and L QT
RO+ LR, or PR-+LR, Morcover, PR—LR
PR - LR, by multiplying, becomes PRgw~LRg, And
after the fame Manner, P 4 qIPRA-RMX PR-«—-RAZ
or PRg~RMgq. Therefore BLg : FMy :: PRq
LRq: PRqg~RMg ; and by dividing, B Lg—~FMgq:
FMg::RMg—LRg: PRg— R Mq, Wherefore fince
there are given BLg~F Mg, FMq and R M g— LRy,
there will be given PRg—R Mg, Add the given Quan-
tity R Mg, and there will be given the Sum P R ¢, and con-
fequently its Root P 2, to which QR is equal,

Pro-
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ProsrLem LVIL-
To deferibe a Conick  Section which fhall pafs .

through four given Points, and in one of
thofe Points [ball touch @ right Line givern
in Pofition. [ Vide Figure 77.7

"ET the four given Points be 4, B, C D, and the righ
4 , Line given in Pofition be A4 E, which let the Conick
§edtion -touch in the Point A, Join any two Points D, C,
and let D C produc’d, if there be Occafion for it. meet the
Tangent in E. Through the fourth Point B draw B F pa~
rallel to D¢, which fhall meet the fame Tangent in Fo
Alfo draw D I parallel to the Tangent, and which may meet;
BF inl. Upon FB, DI, producd, if there be Occafion,
take FG, H/, of fuch Lengthas AEq:CED:: AFq ¢
BFG::DIH:BI1G. And the Points G and H will be
in 2’ Conick Setion asis known ; if you only take F@G, ! H,
on the right Sides of the Points F and J, according to the
Rule deliver'd ip the former Problem, Bife& BG, D,
DH, in K, L, and A4,  Join KL, .4 M, cutting one ano=-
ther in O, and O will be the Center, A4 the Vertex, and
H M an Ordinate to the Semi-Diameter 40 ; which be=
ing known, the Figure is known, ‘

ProBLEM LVIL

To deferibe a Conick Seftion which [ball pafs
through three given Points, and touch right
Lines given in Pofition in two of thoft Pointse

[Vide Figure 78.]

LET thofe given Points be 4, B, C, touching 4D, B,
in the Points 4 and B, and let D be the common Inter—
fe&ion of thofe Tangents, Bife® 4B in E. Draw DE,
and produce it till in F it meets CF drawn parallel to 4B 3
and. D F will be the Diameter, and 4E and.CF the Ordi~
nates to [that] Diameter, Produce DF toO, and on D O
take OF a mean Proportional ‘between. DO and EQ, orx

this Condision, that allo AEq : CFg : :PEx 7O+ OF

]
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: VE X PO 40 F; and 7 will be the Vertex, and O the
Center of the Figure. Which being known, the Figure
will alfo be known. But VE is = VO—OE, and confe.
quently PE x VO +OE = VO—OE xVO~+OE =
V0q—OEq. Befides, becaule /O is a mean Proportic.
nal between DO and EQ, VOgq will be == DOE, ang
confequently/0g—O Eq=DOE—QOEq=DEO. Ad
by a like Argument you'll have VF x VO + OF =VOq-
OFg—=DOE—OFq. Therefore AEq:CFq::DEQ
: DOE — OFq. OFq is =— EOq — 2FEO +-FE,,
And confequently DOE—OFgq—=DOE—OEq42FE)
—FEq=DEO+}2FEO—FEq. And AEq:(CFq::
DEQ:DEQ-2FEQ~—FEq::DE : DE+ 2FE .

- " F |
EEEOLI Therefore there is given DE < 2FE — ;Cg

Take away from this given Quantity DE—~}-“2 FE, and
EE
there will remain %%q given. - Call that V; and —Kl?i

will be — EO, and confequently EQ will be given, But
EO being given, there is alfo given J'O, the mean Propor-

* tional between DO and E O.
After this Way, by fome of Apollonizs’s Theorems, thefe
Problems arc expeditionfly enough folv’d; which yet may
be folv’d by Alpebra without thofe Theorems, As if the
firft of the thiee laft Problems be propos’d : [Fide Figure 73.]
Let the five given Points be 4, B, C, D, E, through which
thz Conick Section is to pafs, Join any two of them, 4,(,
and any other two, B, E, by Lines ‘cutting (or interfcéing)
one dnother in H. Draw D/ parallclto BE meeting 4C
in I; as alfo any other right Line KL mecting AC in K,
and the Conick Seétion in L, And imagine the Conick
‘Seélion to be given, fo that the Point K being known, there
will at the fame Time be known the Point [, ; and making
AK=wx, and KL=y, to éxprefs the Relation betwcen g
and y, aflome any Aquation which generally exprefles the
Contck Sections ; fuppofe this, a--bx -+ caw 4 dy -k exy
-+ yy = 0. Whercin 4, b, ¢, d, ¢, denote determinate Quan-
tities with their Signs, but wxand y indeterminate Quan.
tities, Now if we can find the determinate Quantitics a,
b, ¢, d, e, the Conick Scétion will be known., If therefore
the Point L falls upon the Point 4, in that Cafe 4K and
KL, thatis, xand y, willbeo. Then all the Terms of the
T Kquation
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/Equation befides # will vanith, and there will remain 7= &1
herefore 4 is to be blotted out in that Kquation, and the
other Terms ba +4cxx4-dy-+exy-+yy will be = o.
Butif L falls upon C, 4K, or &, will be = A4C, and LK
or y,== 0. Put theretore 40— (’, and by fubflituting f for
xaund o fory, the Equation for the Curve ba + ¢x v -
dy +exy-fyy—o, will become bf4cff=—o0, of b=
-—-jcf. And having writ in that Aquation —c¢f for b, it
will chome —cfx -t oxx4dy+exy+yyz=—o. Mores
over, if the Point L falls upon the Point B, 4K or x will
be == A H, and KL ory=BH. Put therefore 4H=g;
and B H —p, and then write g for » and b for y, and the
Mquation «cfx 4 cxx, & will become ——cfgtcgg
+db=-egh-4 hh=o0. Now if the Point L falls upon
E, AK willbe —— 4 H, orx =g, and KL ory =HE.
For HE therefore write ~——£, witﬁ a Negative Sign, becaufe
HE lies on the contrary Side of the Line 4 C, and by fuba
ftituting g for x and —*% for y, the KEquation ——¢fx -
cxx, &, wil become — ¢fx tegg—db—egh+4ik
= 0. Take away this from the former Aquation —¢fg
“+“egg-tdh-egh-hh, and there will remain dh 4
egh-4-bb 4 dk-tegh—kt=o0, Divide this by h -k,
and there will come out d +eg + h—k=o0. Take away
this muleiply'd by b from —cfg 4-cgg-t+dh-tegh+ kb
=0, and there will remain —¢fg 4 cgg+ hk=o, or

bl :
———— —¢, Lafily, if the Point L falls upon the

Point D, gA K orx will be =471, and KL or y will be .
== 1ID. Wherefore, for 41 write s, and for ID, n, and
likewife for « and y fubftitute » and », and the Aquation
s—cfx 4 cxx, & will become —cfm~tcmm - dn -
emn~-}nn=o. Divide this by s, and there will come

out ""“cf.m_‘"mm-’r d-+tem~+n=o. Takeawayd--
n

A

»
+em.—.cg+n,__b+ Lzo’ or c_{”m + n n—h

F—eg —em. But now by reafon of the given Points
A, B, C, D, E, there are given A4C AH, AILBH, EH,
DI, that is, f, g, m, by b, n. And confequently by the &~
. Aa ‘ guation

¢g b= Fkz==o0, and there will remain
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Jgogtion ”“?"—-EE &= ¢ there is given G, HBut ¢ being given .

by the '/Equation g,mm-;w_ffi_ dne—m bt bmeg—ey

there is given eg —em. Divide this given Quantity by
the given one g — m, and there .w1ll come out the given ,,
Which being found, the Fquation d—+4-eg bk —¢
otd =k—h—eg, will give 4. And thefe being known,
there will at the fame Time be determin’d the Aquation ex.
preffive of the Conick Setion fought, viz. ¢f# = cx x -
dy-texy-fyy. And from that Aquation, by the Method
of Des Cartes, the Conick Se&ion will be determin’d; ,
Now if the four Points 4, B, G, E, and the Pofition of
the right Line 4F, which touches the Conick Secion in ope
“of thofe Points, A were given, the Conick Seftion may be
thus more eafily determin’d,  Having found, as above, the
fquations chf&x =cxx4dy-fFexy-tyy, d=% --,—[g._..eg,

, conccive the Tangent AF to meet the

and ¢ =

right 'Linég EL ;?;n F, and then the Point L to be moved
along Ihe Perinletcr Qf the Figure CD E ti]] it fall upon thﬂ
Point 4 ; and the ultimate Ratio of LK to AKX will be
the Ratio of FH to A H, as will be evident to any one
that contemplates the Figure, Make FH ==p, and in this
Cafe where LK, A K, are in a vanifhing State, you’ll have

pigiiy:a, or g?y = x. Whercfore for #, in the £quas

tion ¢fa = cwx -+ dy-texy-yy, write ’%2, and thete

will arife ”_fzf—y ~ fé’[%! 4 dy+ ”bp” “yy. Divide all
by y, and there will come ont et = 882 + g 4 £82
)

P pp
~+y. Now becanfe the Point L is fuppos'd to fall upon
the Point 4, and confequently K L, or y, to be infinitely -
{mall or nothing, blot out the Terms which are multiply'd

B.V J'; and there will remain 2% 4, Whercfore make
b ' ey

cfg
: =1, then =22 =d. Tlaflly, e —p, and
tg—gg” p ’ : ’

having
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aving found ¢, d,and ¢, the Aquation ¢fx =cxy A dF
=t exy - yy will determine the %onick Seion. Lk
If, lafily, there are only given the three Points 4, B, C,
together with the Pofition of the two right Lines 47 CZ",
which touch the Conick Seétion in* two of thofe Points, 4
and C, there will be obtain’d, as above, this Equation €x-
preflive of a Conick Seion, ¢fa —cxx -4 dy-k ey F y -
[7ide Fignre 80.] Then if you fuppofe the Ordinate K Z
to be paralle] to the Tangent’ 4T, and it be conceivd to be
produc'd, till it again mcets the Conick Se@ion in A4, and
that Line Z A7 to approach to the Tangent AT till it coin=
cides with it at 4, the ultimate [or evanefeent] Ratio o
the Lines K L and K 24 to one another, will be a Ratio of
Aquality, #s will appear to any one that contemplates the
Figure. Wherefore in that Cafe KL and X M being equal
to each other, that is, the two Values of y, (wiz. the AE-
firmative one KL, and the Negative one K 3/) being equal,
thofe Terms of the Equation (cfx—cex -+ dy 4 eyt
2) n which y is of an odd Dimenfion, that is, the Terms
dy 4exy in refpedt of the Term yy, whereiny is of an
even Dimerfion, will vanifh, For “otherwife the two Va-
lues of y, wiz, the Affirmative and the Negative, cannot be
equal ; and in that Cafe 4 K is infinitely lefs than L K,
that is x than y, and confequently the Term ¢xy than the
Term y g And confequently being infinitely lefs, may be
teckon'd for nothing. But the Term dy, in refpedt of the
Term yy, will not vanith as it ought to do, - but will grow
fo much the greater, unlefs d be fuppos'd to be nothing.
Therefore the Term dy is to be blotted out; and fo there
will remain cfx—=cx x4 evy-yy, an Aquation expref-
five of a Conick Se&tion.  Conceive now the Tangents A7,
CT, to meet one ancther in 7, and the Point L tocome to
approach to the Point C, till it coincides with it,  And the
ultimate Ratio of KI to X C will be that of 4T to ACe
KL wasy 3 AK, z; and AC f; and confequently KC,
—a ; make AT —g, and the ultimate Ratio of y to
f—x, will be the fame as of g to f. The Aquation ¢fx
=c¢xx -} exy-yy, fubtradting on both Sides cx %, be=
comes cfx —cxx=—=exy~ yy, that is, f—x intocx =y
into ex 7. Thereforey :f—ux ::¢x:ea -y, and con-
fequently g = f::cx:ex -y DButthe Point L falling up=-
on C, y becomes nothing, Therefore g : f::cx:ex Di-
vide the lateer Ratio by a, and it will become g :f:: ¢3¢,
=Pkt Aaz »-‘ - ?nd
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and f_f =¢, Wherefore, if in the Equation cfx = ¢xu
“+ exy4yy, you write Cgf for e, it will become ¢ f £ — cuy

an chy 4y, an Equation expreflive of a Conick Sedi-

on. Laftly, draw B H parallel to KL, or AT, from the
given Point B, threugh which the Conick Se€tion ought to
pafs, and which fhall meer 4C in H, and conceiving K[,
to come towards B /7, tili it coincides with it, in that Cafe
AH will be ==x, and B ==y, Call therefore the given
AH=m, and the given B H=n, and then for x andy,

. ¢ ' . \
in the Kquation ¢fx=cxa -t f xy -t yy, write a and

S

#, and there will arifc cfm = cmm + gmn +an. Take

. ¢ ‘ _—
away on both Sides ¢mm -} —;f mn, and there will come

out cfm - c—fmn::nn- Put f—-—m-—-—f-f =,
and ¢sm will be mnn.  Divide each Part of the Equa- .
tionby sm, and there will arife 62,2,_3' .' Bqt having found
¢, the £quation for the Conick SeCtion is determin’d (¢fa
xR Efxy -+-yy). And then, by the Method of Des

Cartes, the Conick SeStion is given, and may be defcrib'd,

Pro-
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Prosrem LVIIL

Having givsn the Globe A, and the Pofition of
the Wall DE, and BD the Diffance of the
Center of the Globe B fromihe Wall; to find
the Bulk of the Globe B, on this Condition,
that if” the Globe A, (whofe Center is in the
Line BD, which is perpendicular to the Wall,
and produc’d ous beyond B) be moved in free
abfolute Space, and where Gravity can’t alf,
wz';lb an uﬂ[z::)"orfﬁ J\Zotion towards D, till it
alls upon [or firikes againfF] the other qui-
{/‘cem Globe By and ﬂ;gmt Geojée B, after Z: is
refleted from the Wall, fhall meet the Globe
A in the given Poim C. [Vide Figure 81.7

ET the Velocity of the Globe A before Reflection be
a, and by Problem 12, the Velocity of the Globe .4 will

. A ~—
be after Refletion = A+;£B’ and the Velocity of the
Globe B after Refletion will be = ;iAB. _Therefore the

Velocity of the Globe A4 to the Velocity of the Globe B is
as A~ B to 24, ‘On GD take gD=GH, @iz, tothe
Diameter of the Globe B, and thofe Velocities will be s
GCtoGg+gC For when the Globe A ftruck upon the
Globe B, the Point G, which being on the Surface of the
Globe B is moved in the Line 4D, will go through the
Space G g before that Globe B fhall firike againft the Wall,

and through the Space g C after it js refle€ted from the Wall ;
that is, through the whole Space Gg-gC, in the fame
Time wherein the Point F of the Globe A fhall pafs through
the Space G (, fo that both Globes may again meet and firike
one another in the given Point C, Wherefore, fince the In-
tervals BC and € D are given, make BCo=m, BD +CD
—=n,and BG=2«, and GC will be —=m -} v, and G g -t
gC=6D4+DC—2gD=GB-+BD+DC—~2GH=
x~p pe=4x, OF mmn~—3& Above you had 4—3 to
24, as the Velocity of the Globe A tothe Velocity oé ldll)c
: . obe
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Globe B, and the Velocity of the Globe A4 to the Velocity
of the Globe B, asG( to Gg-+gC, and confequently 4
—B to24, as GC to Gg —+ gC; therefore fince GC is
m-ta, and Gg +gC=n—3x, A~~B will be to 5 4
as m -} # to p—3x. Moreover, the Globe 4 is to the
Globe B as the Cube of its Radius 4 F to the Cube of the
others Radius G B ; that is, if you make the Radius A F 1,
bes,ass? to #? 3 therefore 3 —x' 2250 (1 Aap
s2d) iim-tx ine—32, And multip]ying' the Means
and Extreams by one another, youwll have this Zquation,
o3} A 300 == 2m 5 + 2527, And by Re.

1
Ay a4 3 e ;
duftion 3x4—nad —gsix - 5 =0 From the Con.

$iruction of which Equation there will be given &, the
Sémi-Diameter of the Globe B 3 which being given, tha
.Globe is alfo given. Q, E. F.

But note, when the Point C lies on contrary Sides of the
Globe B, the Sign of the Quantity 2 muft be chaigd,

' 3

and written gt e pxd —55in :{*:;:fm:-:o.

1f the Globe B were given, and the Globe 4 foughton
this Condition, that the two Globes, after Refle&tion, fheuld
meet in C, the Queftion would be cafier ; wviz. in the laft
Aquation found, » would be fuppos’d t6 be given, and | to
be fought.  Whereby, by a duc Redu@ion of that Equa-
tion, the Terms — 563 + s — 253 m being tranflated to
the contrary Side of the AEquation, and each Part divided

3xt— il
by sx—n -+ 2m, there would come out i

8 X e 12~ 27
==s*. Where ¢ will be obtain’d by the bare Extrattion of
the Cnbe!Roor. ' ' ,

_ Now if borh Globes being given, you were to find the
Point (, in which both would fall upon one another aftes
Refletion, the fame Aquation by due Redu&ion would

i 3t i . ; C
give m—ip——fpad 2 — 5 that is, BC=1 Hg &

24}
B

1gCl— - X HD+DC For above, w3 a4 was = Og

~-g . Whenee, if you take away 2%, or G H, there will

semuin n —gx == Hg 4 ¢C  The Half whereof is £n-=<

SxmfHy g Morcovey, from n, or BD-FCD;
take away x, or BH, and theic will remain n— x, of

4
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HD+ (D, Whence, fince -’% =;2%3; you'll have G

4

2 PVl
e Lt S A 2
K B o 3y OF e e :;—EXHD—}-CD. And the
. 4 3
Signs being chang'd,*_—#%’ B
o8 being chang 0,22 = e 7, x HD CD

ProereEm LIX.

If vwo Globes, A and B, are join’d together by
@ fmall Thread PQ , and the Globe B hang-
ing on the Globe A3 if you let fall the Globe
A, (o that both Globes may begin to fall to-
gether by the fole Force of Gravity in the
Same perpendicular Line PQ 5 and then the
lower Globe B, afier it is refleted upwards
from the Bottom or Horizontal Plane F G, it
Jball meet the upper Globe A, as falling, in «
certain Point Dy from the given Length of
the Thread PQ , and the Diffance DF of
that Point D from the Bottom, to find tke
Height PF, from which the upper Globe A
ought to be ler fall to [cazzfeﬁ this Effetts
[ Vide Figure 83.7 ‘

ET abe the Length of the Thread P 0. In the Per-
pendicular P Q RF, from Fupwards take F E equal to
the Diameter of the lower Globe, fo that when the

loweft Point R of that Globe falls upon the Bottom in F,
its upper Point © fhalt poffefs the Place E; and let ED
be the Diftance through which that Globe, after it is re-
flectcd from the Bottom, fhall, by afcending, pafs, before it
meets the upper falling Globe in'the Point D. Therefore,
by reafon of the given Diftance D F of the Point D from
the Bottom, and the Diameter E F of the inferionr Globe,
there will be given their Difference D E, Let that —b, and
let the Depth R F, or Q E, through which that lower Globe
by falling before it touches the Bottom be = #, if itbe
unknown. And having found #, if to it youadd EF and

2
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: * there will be had the Height P F, from which ks
gp%; Globe ought to fall to have tlgle defird Effed. e

Since therefore PQ is —4, and Q@ E==x, PE will b
e—a4-} 2 Take away DE orb, and there will remajy
PD—a-}x—b But the Time of the Defcent of ¢he
Globe A is as the Root of the Space defcrib'd in falling, o

v/ 4 x—b, andthe Time of the Defcent of the other
Globe B as the Root of the Space defcribd l?y [its] falling,
or ¥, and the Timeof its Afcent as the Difference of tha
Root, and of the Root of the Space which it would deferipe
by falling only from @ to D, For this Difference is as the
Time of Defcent from D to E, which is equal to the Time

of Afcent from E to D, But that Difference is ¥ ~—v/x],
Whence the Time of Defcent and Afcent together will
be as 2vr—+ x—"b Wherefore, fince this Time is
equal to the Time of Defcent of the upper Globe, the

Vit x—b will be —2vx—+'x—b.  The Parts of
which Aquation being fguar'd, you'll have 4—xwmj.
S X ) ¥ 2 b, OY d= g g V‘.}m.....bx s and .
the Zquation being order’d, g4& — 4==4 v ww—bx; and
fquaring the Parts of that Aquation again, there arifg
16x% = Bax - 44 =16xx—16bx; OF 4a:=8 a5

16ba; and dividing all by 8 P 16, you'll have 74_‘,,?67)
==x. Make therefore as 84— 16b to 4, fo atox, and

you'll have xor QE. QE.L

Now if from the given Q E you are to find the Length
of the Thread P Q or 4 ; the fame Equation 42— 8§45 —
16bx, by extradting the affe@ted Quadratick Root, would
give ze= g & —4 165 % —16 b 5 that is, if you take Qr
a mean Proportional between @ D and QFE, P Q willhe
== 4EY. For that mean Proportional will be v/ % a —J,
or v/ xx—Dbx 3 which fubtraded from &, or QEL, leaves

EY, the Quadruple whereof is 4.1 — 4 v 2 — b x»

But if from the given Quantitics Q E, or &, as alfo the
Length of the Thread P @, or 4, there were fought the Point
D on which the upper Globe falls upon the under one ; the
Diftance D E, or b, of that Point from the given Point E,
will be had from the precedent Aquation 24 = 8 ax — 16bx
by transferring 44 and 16ba to the contrary Sides of the

Kquation
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Zquation with the Signs chang’d, and by dividing the whole
by 16% There will arife S°% 6—M =b. Make there=
16x '

fore as 16 x to 84, fo 4 to b, and you'll have bor D E.
Hitherto I have fuppos'd the Globes ty’d together by a
fmall Thread to be let fall rogether, Which, if they are
ler fall at different Times conne&ed by no Thread, fo that
the upper Globe 4, for Example, being let fall firft, fhall
dcﬁzend through the Space P7 before the other Globe begins
to fall, and from the given Diflances P7, P Q, and D E,
you are to find the Height P F, from which the upper Globe
ought to be let fall, fo that it fhall fall upon the inferior or
lower one at the Point 1), Make P Q=4, DE=b, PT
=c¢, and QF =gz, and P D willbe —a - 2 —Db, asa-
-bove. And the Time whercin the upper Globe, by falling,
will deferibe the Spaces P 7-and T D, and the lower Globe
by falling before, and then by re-afcending, will deferibe the
Sumof the Spuces QE -+ E D will be as¢/PT, VP D —
VvP7, and 2VOE—vQD ; that is, as the ¢
Va4 z el /e, and 2 Va—+v m—Db, but the two
laft Times, becaufe the Spaces T D and Q- E 4 ED are de-
ferib’d together, are equal, Therefore +/4 -f e b — ¥/¢
v= 2V &= +/x—Db. And the Parts being fquard ¢ -\ ¢ —

2 V’ca»}— cax g b :,4.“--41/:}7—-1% Make a+¢
=e, and g4 -~} —f, and by a due Redultion 4x——e¢-}- 2
Veftox =44/ 2x—by, and the Parts being fquard
ee—8ex -t 16xx 4 qcftgcatiba—ae X Vefteox
== 16&x—16bx.  And blotting out on both Sides 16 ¥,
and writing » foree 4+ 4¢f, and alfo writin_g n for _8_?"‘
160 — 4¢, youll have by due Redu&tion 164 — 4e %
2/ of + cx =—nx—m. Andthe Parts being fquar'd [you'ld
have] 256¢fax - 256 ca’ ~= 128cefx —m 128cex 2 -
16ceef < 16cecxmnniX— 2mnx - mm, And having
order’d the xquuatiogn ?560 x?

= 256¢ —1230¢] -
*——1284’{ XX -Jr- 1Gcee & if;;ef =0, By the Con-
—nn “+2mn ' ’ ) .
firu@ion of " which Equation » or QE will be given, to
which if you add the given Diftances P Q and E'F, yon'ld
have the Height 2 F, which was to be found,

Bh ‘ , Pxe{

p
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Prosrem LX.

If two quiefent Globes, the upper one 4 and
the under one B, are let fall at different T/'mer,
and the lower Globe begins to full in the
Same Moment that the wpper one, by falling,
has deferib’d the Space PT 5 10 find the Places
, B, which thofe falling Globes [hall ocenpy
when their Interval or Diftance wy is given,

[Vide Figure 84.]
} CMNCE the Diftances PT, PQ, and =y are given;

call the firlt a, the fecond b, the third ¢, and for Pa, -
or the Space that the fuperior Glote deferibes by falling he-
fore it comes to the Place fought =, puta. Now the Times
wherein the upper Globe defiribes the Spaces PT, P, T,
and the lower one the Space Qx, areas vVPT, VPx Py
— A PT, and v Q. The latter two of which Times,
becavfe the Globes by falling together deftribe the Spaces
T and Q¢ arc eqml. Whenee alfo the vPar—vPT
will be equal to the vV Q. Pw was =z, and P T=q
and by adding 7;¢, or¢, to P, and fuberactiog P @, or b,
from the Sum. you'll have O =—x +¢c—b,  Wherefore

fubflituting thefe, you'll have va—+va= Vo F el
And fquaring both Sides of the Aquation, there will arife

w o ge—ea vV ax = c—b. And blotting out on both
Sides x, and ordering the Aiquation, you'll have 4 4 s
==2+Vax., And having fquar'd the Pares, the Square of
a b will be = 402, and thar Squue divided by 44
will be =z~ or g4a willbeto a4 bemr as a4 b—cis
to x. Bur from » found, or P, there is given the Place
fought, wiz. « of the fupcrior GGlobe fought,  And by the
Diiftance of the Piaces, there is alfo given the Place of the
lower one £ . ‘

" And henee, if you were to find the Point where the up-
per Globe, by falling, will at length fall upon the lower
one 3 by putting the Diftance »35: 2= 9, or by extirpating ¢,
fay, 4o s 104a-+busasdb istow, or Lo, and the Point
» will be that fonght, ,

And
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.,‘Atacliﬁreciprocally, if that Point =, orx, in which the .
uppers lobe falls upory the undzr one, be given, and you
are to find the Place 7 which the lower Point P of the up-
per falling Globe poflefs’d, or was then in, vhen the lower
GlObC bega{m r,O. fall 3 bec_aufe 4.4 is t0 4 -+ b as 4 +b 13 to
x5 or multiplying the Means and Extreams together, 441
=aa+2ab -+ bp, and by due ordering of the Lquition
ARz qai—2ab-—bb; extraél the Square Root, and you'll
have ¢ 2w pomn v wx ~ba. Take therefore Vr, a.
mean Proportional between P and Ox, and towards 7.
take "7 =F Q, and T will b the Point you feck,. For
P will be —vPrx Qm, thatls, =vaxx—b, or=
W yx e by s the double whereof fuhtraded from 2x-— b,
or from 2 P ~~pP Q, that is, from P Q-+2 O, leaves
PQ—2lQ,or PV —FQ thatis, PT. ‘

If, laftly,  the lower of the Globes, after the upper has-

fallen wpon the lower, and the lower, by their Shock upon
~ one another, is accelerated, and the fuperior one retarded,
the Places are requir'd where, in falling, they fhall acquire
a Diftance equal to a given right Line. In the firft Place,
you muft feek rhe Place where the upper onz falls upon the
lower one ; then from the known Magnitudes of the Globes,
ag alfo from their Celerities where they fall on each other,
you muft find the Celeritics they {hall have immediately
afrer Refle@ion, after the fame Way as in Probl, 12.  After-
wards you muft find the higheft Places to which thefe
Globes, if they were carry'd wpivards, would afcend, and
thence the Spaces will be known, which the Globes will
deferibe by falling in [any] given Times after RefloGion, as
alfo the Difference of the Spaces ; and reciprocally from
.that Difference affum'd, yoo may ‘go back Analyrically to
the Spaces deferibyd in falling, '

As if the upper Globe falls upon the Iawer one at_the
Point =, [Vide Figure 857 and after RefleStion, the Cele-
rity of the upper one downwards be fo great, was if it were
upwards, it woukd caufe that Globe to afcend throogh the
Space = 2V; and the Celdrity of the'lower one downwarls
was {o great; as that, if it were upwards, 1t wonld caufe the
lower one to afcend through the Spice o A4 5 then the Times
wherein the upper Globe would reciprocally defeend tl\;ougll

the Spaces N, NC, and the inferior one through the Spaces

- Mw, MH, would be as ¥/ N7, YNCV M~ vVMH;

and confequently the Times 'Wherelll; the upper Globe woul«lil
2 - B

!
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gun the Space #G, and the lower one = H, would be ay
VNG~V N7, t6 ¥ MH—vVMx. Makethofe Times
equal, and the v NG v N7 willbe = VM H —/ My,
And, moreover,- fince there is given the Diftance G H, put
#G-+GH==xH And by the Reduftion of thefe two
Zquations, the Problem will be folv’d.  As if A4 ris = 4,
Nrwb, G H=c, »G=wx, youll have, according to the
latter Fquation, z#--c¢==H. Add M=, youll have
MHz=a+c+x ToxGadd Nx, and youll have NG
e= b+ x. Which being found, according to the former
Equation, b+ xw—vb will be = Va-tc-t v—vy,
Wirite ¢ for a - ¢, and v/ f for v'a - v, and the AEquation
will be Vb v =ve-b a4 V. And the Parts being
fquard b+ weme -+ w4 f - 2V efFfa, ot b emnfe
s Vef+fx. For beme—f write g, and you'll have
ge=2 V¢ f+ fx,and the Partsbeing fquar'd, gg s 4ef e

4fx,and by Reduction %—)g, — o X '

Pro:
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Proerem LXIL

If there are two Globes, A, B, whereof the
upper one A fulling from the Height G, flrikes
upon _another lower one B rebounding from
the Ground H upwards y and thefe Globes [o
part from one anotber by Reflection, thar the
Globe A returns by Force of thar Reflection to
its former Altitude G, and that in the [ame.
Time that the lower Globe B returns to the

Ground H then the Globe A falls again,

and flrikes again upon the Globe B, rebound-
ing again hack from the Ground ; and afier
this rate the Globes always rebound from
one another and return to the fame Place :
- From the given Magnitude of the Globes, the
Pofition of the Ground, and the Place G from
whence the upper Globe falls, to find the Place
where the Globes [ball [flrike upon each other.
[Vide Figure 86.7] ) .

ET ¢ be the Center of the Globe 4, and f the Center

of the Globe B, d the Center of the Place G whereia

the upper Globe is in its greateft Height, g the Center of the
Place of the lower Globe where it falls on the Ground, 4
the Semi-Diametex of the Globe 4, b the Semi-Diameter of
the Globe B, ¢ the Point of Conta& of the Globes falling
upon one another, and H the Point of Conta& of the lower
Globe and the Ground, And the Swiftnefs of the Globe A,
where it falls on the Globe B, will be the fame which is ge~
~ nerated by the Fall of the Globe from the Height de, and
confequently is as vde, With this fame Celeraty the Globe
A ought to be refleCted upwards, that it may return toits
former Place G. And the Globe B aught to be reflected
with the {fame Celexity: downwards wherewith it afcended,
that it may return in the fame Time to the Ground it had
mounted’ up from. And that both thefe may come to
pals, the Motion of the Globes in refle@ting oughe to b]e
‘ i - ‘ equaly
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equal. But the Motions are compounded of the Celerities
and Magnitudes together, and confequently the Produ& of
the Bulk and Celerity of one Globe will be equil to the
Produd of the Rulk and Celerity of the other, Whence,
if’ the Prodo& of the Bulk and Celerity of one Globe be
divided by the Bulk of the other Globe, vou'll have the Ce.
lerity of the other before and afrer _Reﬂc&iqn, or at the
End of the Afcent, and at the Beginning of the Defeeyyy,

. g - 1 »
Therefore this Celerity will be as fi;f—i, or fince the Globes

. ‘ ‘ . awde .
are as the Cubes of the Radii as T But as the Square of
this Celerity to the Square of the Celerity of the Globe 4
juft before Reflection, fo would be the Height to which the
Globe B would afcend with this Celority, if it was not hin-
der'd by meeting the Globe 4 falling upon ity to the Height

‘ed from which the Globe B defeends: That s, as ‘:q de

tode, oras Agto Bg, ora® to b€, fo that firlt Height to

x,if you pur & for the latter Height - ed.  Therefore this

Heighr, wiz., o which B would afeend, if it was not hin-
i &

der'd, is %; % Let that be fK. To fK add fg, or dH

..,-e‘f'..'..g H ; that is, p— i, if for the given rll?}——.e[,...
o H you write p, and x for the unknown Je; and you'll
- s

have K¢ ».:7( x4 pe—n,  Whence the Celerity of the
) .

Globe B, when it falls from K to the Ground, thatis whn
it falls through the Space K g, which its Centre would de-

fribe in fuling, will Le as ﬂ/; S &t p-—x.  Bur tha
Globe falls from the Place . B¢ f to the Ground in the fame
Time that the upper Globe 4 afcends from che Plice Az e to
its gredteft Height 4, or on the other Hand falls from d to the
Place Ace y and then fince the Celerities of fdling  Bodies
aveequally: angménted in equal Times, the Celerity of the
‘Globe B, by falling to the Ground, will be augmented ‘s
‘mah as is the whole Celerity which the Globe A4 acquires -
by falling in the fame Time fiom d to e, or lofes by afcend-
ing from e to 4. Therefore, tothe Celerity which the:Globe
‘B has in the Place Bef, add the Celerity which the Globe
R P e : R SRR . |
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A has in the Place Ace, and the Sum, which is as vde -+

d 3 ,V’ d e ) a4 3 . .
—gi T O Yoo - b v x, will be the Celerity of the Globe
: e . ‘ ‘ ‘ ad
B wlhere it falls on the Ground, Then the vz - i v x
C Y - “_"‘ _ a3 + b3 ‘ r‘
-will be equal to med X+ p—i, Fox_‘ T write (s
at b oy . . -r
and for T T and that Aquation will become ~
—_ _,‘ L R s
r
, L, T
Ve g/ " %—p, and the Parts being fquard, A==

rtr .
;} x4 p, fubtradt from both Sides :t #, and multiply all
s
into g5, and divide by r7 ¢, and there will arife x =

55p

rr—7rt

fimple, if T had taken P for :_ b
5 3

. Which Equation would have come cut more

, for there would have

SL . :
come out —— —x. Whence making that p—¢ fhall be

—1
tosasstox, youwll have - ored ; to which if you add
ec, you'll have d¢, and the Point ¢, in which the Globes fhall
fall upon one another. Q E.F.

Hitherto T have been folving feveral Problems. For in
Tearning the Sciences, Examples are of more Ufe than Pre-
cepts.  Wherefore I have been the largeron this Head, And
fome which occun’d as I was putting down the reft, I have
given their Solutions without ufing Algebra, that I might -
fhew that in fome Problems that at firft Sight appear diffi-
cult, there is not always Occafion for Algebra. Bur now it
is Time to fhew the Solution of Aquations. For after a
Problem is brought to an Aquation, you muft extraét the
Roots of that Equation, which are the Quantities that [an-
fwer or] fatisfy the Problem,

n N , ’ : o Hw



L1927
How EQUATIONS are to be Sfolv’d,

FTER therefore in the Solution of a Queftion you are
come to an fquation, and that Aquation is duly re.
duc’d and order’d; when the Guantitics which are fuppos'd
given, are really given in Numbers, thofe Numbers are to
be fubftituted, in their room in the Aquation, and you'lj
have a Numeral Aquation, whofe Root being extradted wi]]
fatisfy the Queflion.  Ag if in the Divifion of an Angle
“into five equal Parts, by putting » for the Radius of the
Circle, g for the Chord of the Complement of the proposq.
Angle to two tight ones, and «x for the Chord of theCom.
plement of the fifth Part of that Angle, I'had come to thig
Aquation, x*—grra’ 4 grtuw—rtg=0  Where in
any particular Cafe the Radius 7 is given in Numbers, and
the Line g fubrending the Complement of the given Angle;
as if Radius were 10, and the Chord 3 5 IHubflitute thofe
Numbers in the Equation for » and ¢, and there comes oyt
the Numcral Alquation x°— 5004’ -} 5000cx — 30000
=0, whercof the Root being exeradted will be &, or the
Line fubtending the Complenwent of the fifth Part of thag
given Angle.

But the Ruot is a Number which being fubflituted in the

‘ Alquarion for the Letter or Species fignifying
OF the Natwre the Roor, will make all the Verms vanifh,
of the Roors of Thus Unity is the Root of the Equation 4+
an ABquation,  —= % = 1QXX -+ 492 ~—30 = 0, becaufe

being writ For it produces 1 — 1—r19 - 49
w30, that is, nothine,  And thus, if for x yon write the
Numtber 3, or the Negative Number — 5, and iu both
Cafes there will be produc'd nothing, the Affirmative and
Negative Terms in thefe four Cafes deflroying one another ;
then fince any of the Numbers written in the Aquation
fulfils the Condition of x, by making all the Terms of the
HKquation together equal to nothing, any of them will be
the Root of the Equation, ,

And rhat you may not wonder that the fame Aquation
may have feveral Roots, you muft know that there may be
more Solutions [than ane] “of the fame Problem, As if
there was fought the Interfedtion of two given Circles
there are two Interfections, and confequently the Queflion
admits two Aufwers ; and then the &quation dcternﬂnig&

. tag



L1931
the Interfe&ion will have two Roots, -whereby it determines
both [Points of }- the Interfetion, “if there be nothing in
the Data whereby the Anfwer is determin'd to - [only] one
Interfeétion.  [Fide Figure §7.] And thus, if the Arch
AP B the fifth Part of 4P were £o be found, though per-
' haps you might apply your Thoughts only to the Arch 4P B,
yet the Aquation, whereby the Queftion will be folv’d, will
.determine the fifth Part of all the Arches which are termi-
nated at the Points A4and B; iz, the fifth Part of ‘the
‘Arches. ASB, APBSAPB, ASBP ASB, and APBSAPBSAPB,
as well as the fifth Part of the Arch 4P B; which fifih
Part, if yoy divide the whole Circumference into five equal . .
Parts PO, OR, RS, ST, TP, willbe AT, AQ, AT S,
A Q’R. Wherefore, by feeking the fifch Parts of the Arches
which the right Line 4 B fubtends,  to detcrmine all tlie
Cafes the whole Circumference ought to be divided in the
five Points P, @, R, S, T: Wherefore, - the Aquation that
will determine all the Cafes will have five Roots - For the
fifth Parts of all thefe Arches depend on the fame Data, and
_are found by the fame Kind of Calculus; fo that you'll al-
ways fall upon the fame AEquation, whether you feek the
fifth Part of the Arch 4P B, or the fifth Part of the Arch
A8 B, or the fifth Part of any other of the Arches. Whence,
if the Aquation by which the fifth Part of the Arch 4P B
is determin’d, fhould not have more than one Root,  while
by fecking the fifth Part of the Arch 4SB we fall nupon
that fame Aquation ; it would follow, that this greater Arch’
 would have the fame fifth Part with the former, which is -
lefs, becaufeits Subtenfe [or Chord] isexprefs'd by the fame -
Root of the Zquation. In every Problem therefore it is-
neceffary, that-the Kquation which anfwers fhould have as -
many Roots as there are different Cafes of the Quuntity
fought depending. on the fame Data; and to be determin’d ~
by the fame Method of Reafoning.. s
But an £quation may have as many Roots - as.it has Di-.
menfions, and.not more. Thus the Aiquation x4 —x?.
—19x% + 49230 == 0, has four Roots, 1, 2, 3, =3,
but not more, . For any- of thefe Numbcrs writ in the A&~
quation for x will caufe all the Texms ro deftroy one ano-
ther as we have faid ; but befides thefe, there is no Num-
ber by whofe Subftitution this will happen. - Moreover, ‘the
Number and Nature of the Roots will be beft underfiood.
from the Generation of the Aquation, * As if we would
know how' an Aquation is geaerated, whofe Roots arve ;,
L L Ce 2
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2, 3, and w— g § we are to fuppofc & to fignify fambiguouﬂy"
thofe Numbers, or # 10 be o 1, % == 2y & == 3, and & &= g,
or which-is the fame T-hing., o120y X220y & v
3 =0, and x -+ g=0; and multiplying thefe together,
there will come out by the Multiplication of s 1 by aasg
this Aquation x & =3 & = 2 £= 0, which is of two Dimenu
Jﬁons,,and has two Roots .1 and 2. And by the Multiplica-
tion of this by x— 3, .there will come out &/ —6 x 2.
LI 6:=0, an Hquarion of three Dimenfions and as
many Roots ; which again multiply’d by » 45 5 becumes-
X% g b [QX A = 408 =30 =0, a5 3bove.  Since
therefore this Aquation is generated by four Fadors, w—1,
Amm 2, K3 X g,{ﬁcplxtixl‘ua]ly multiply’d by one ang-
thex, where any. of ‘the Padtors is noching, that which s
méz_dc by all will be nothing; but wherenethe :of them ig
nothing, that which is contain'd under tliem all canhot be
nothing. Thatis, &' & ¥t 198 % 9 X = 30 cannoy
be —o0, as ought to be, except in thefe four Cufts, where
A=~ ] 35 =0, O X=-22=0, OT ¥==3i=0, or, laftly
t4g=—c, and then only the Numbers 1, g; 3, and — ¢
can exhibir &, or be the Roots of the Equation,  And you
are to reafon alike of all. Aquations. For we may imdgine
all ¢o be generated by fuch a Multiplicatioh,. alehongh'it is
ufually very difficale to feparate the Fa&ors from one dnox
ther, and 4s the fame Thing as to refolve the Aquation and
extrad its Roors, For the Roots being had, the Fadtorsare
had alfo, T o S
. But the Roots arc, of two Sorts, Aflivmative, as in the
Example brought, 1, 2, and 3, and Negutive, ds « 5. Ajd
of thefe fome are often impoffible,  Thus, the two Roots
of the Aquation xww~—2n% 4 bbe=o, which are w
Vg ==bh and g~ da Db, areveal wlien an isgredser
" than+b by but when ax is Tefs than b b, they become idipaf-
fible, becaufe then a4 00 will be a Negative ‘Quiaritiry)
anid ‘the Squate Roor of -4 Negative ‘Quiatitity - is impoflible,
For. every péflible Root; ’x\vhe’t’hcr it be Affirimative briNew
gative, if it be multiply’d by it felf, produces an Affirinative
Squiare; therefiote that 'will be an impoflible one which is b
produce a'Negative Sqtiare, ' By 'the fame Argoniicnt 'you'iay
coniclude, 'that the quation w3 we iy a4 4 ft i 6o, iy
orie'real Root, whieh'is 2, and'two iinpoffible ones 1 - 4/5— 5
and 1 v'—2, For dnyof thefe, 2, 1 4 Vg, 1ot pfiry
beitig wyit in the Aquatioh for a, will yakedll {ts Térms
deftroy ot another; DRE T+ 4w o) 4 'y sy ismp, it
: im-
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impoflible Numbers, becaufe they fuppolc the Fxtration of
the Square Root out of the Negative Number —2,
~ Bue it isjufl, that the Roots of Equations fhould be of
ten impoflible, left they fhould exhibit the Cafes of Problems
that are often impoflible as if they were poflible. . As if
you were (o determine the Interfe@tion of a right Line and
a Circle, and you fhould put rwo Letters for the Radivs of
the Circle and the Diftance of the right Line from. its Cen-~
ter 5 and when you have the Aquation defining the Inter-
{ection, if for the Letter denoting the Diftance of the right
Line from the Ceéntes, you put 2 Number lefs than the Ra-
*_husa the Interfe@tion will be poffible ; bur if it be greater, .
unpqﬁlbie 3 ‘and the two Roots of the Hquation, which de-
- rerming the two-Interfe€ions, ought to be either poffible or
impofiible, that they may truly exprefs the Matter, [Flide
Figure 35?-] And thus, if the Circle CDEF, and the El
liplis A C B F, cut enie another in the Points ¢ D, E, F, and.
10 any right Line given in Pofition. as .4 B, you ler fall the
Perpendiculars G, DH, El, FK, and by feeking the
Length of any one of the Perpendiculars, you come at
length to an Aquation ; thar HEquation, where the Circle
cuts the Ellipfisin four Points; will have four real Roots,
w_luch.will be thofe four Perpendiculars, Now, if the Ra-~
_d_ms of the Circle,- its Center remaining, be diminifh’d ui-
till the Points E'and F meeting, the Circle at length touches
the Ellipfe, thofe two of the Roots which exprefs the Per-
pendicolars E 7 and F K now coinciding, will become e~
qual, And if the Circle be yer diminifh'd, fo that ic does
" not touch the Ellipfe in the Voint EF, but oply cuts it in
the other twa Points €, D, then out of the four Roots thofe
two which exprefs'd the Perpendiculars E Z, F K, which are
~ now become impoffible, will become, together, with. thofe
~Perpendiculars, alfo impoffible.  And. after this Way in all
Aquations, ' by augmenting or diminifhing their Terms of
the unequal Roots, two will become firft equal and then im-<
poffible. . And thence it is, that the Number of the impof-
fible Roots is always even. ‘ - - .
But fometimes the Roots of AEquations are poffible, . when
the Schemes ¢xbibit them as impoffible.  But this happens
by reafon .of fome Limitation in the Scheme, which does
not belong to the Equation, -[Fide Figure 89,1 As if in
* the Scmi-Circle 4D B, having given the Yamerer 4B,
~and the Chord 4D, and havipg let.fall the Perpendicular’
D C, T'was to find'the Segment of the Diameter AC, you'll
, U OO - have
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have %‘7 =AC And, by this Equation, AC is exhi-
bited a real Quantity, where the inferib’d Line A4 D is greater
than the Diameter 4B ; but by the Scheme, A4C then be~ -
comes impoffible, viz. in the Scheme the Line 4 D is fup-
pos'd to be inferib'd in the Circle, and therefore cannot be
greater than the Diameter of ' the Circle ; but in the Equ;.
tion - there is nothing that depends upon that Condition,
From this Condition alone of the Lines the Equation comes
out, ‘that 4B, 4 D, and AC are continually proportional.
And becaufe the Aquation doesnot contain all the Condi.
tions of the Scheme, it is not neceffary that it thould be
bound’ to the Limits of all.the Conditions,. Whatever is

more it the Scheme than in the Equation may confirain that
to Limirts, but not this. - For which reafon, when Kquati-
ons are of odd Dimenfions, and confequently cannot have
all their Roots impoffible, the Schemes often fet Limits to
the Quantitics on which all the Roots depend, which ’ts
impoflible they can exceed, keeping the fame Conditions of
the Schemes, - S : ‘

Of thofe Roots that are’ real ones, the Affirmative and
Negative ones lic on contrary Sides, or tend contrary Ways,
Thus, in the laft Scheme but one, by fueking the Perpendi.
cular CG, “youll light upon an Aquatidn that has two Af-
firmative” Roots CG and D H, tending from the Points C
and D the fame Way; and two Negative ones, EJ and FK,
tending from the Points E and F the oppofite Way, Or it
in the Line A B there be given any Point P, and the Part
of it PG extending from that given Point to fome of the

" Perpendiculars, as (G, be fought, - we fhall light on an E-
quation of four Roots, PG, PH, P, and P K, whereof
the Quantity fought PG, and thofe that tend from the
Point P the fome Way with PG, (as P K) will be Affie.
mative, but thofe which tend the contrary Way (as P H,
P 1)y Negative, .

Where:there are none of the Roots of the Aquation im.
poflible, the Number of the Affirmative and Negative Roots
may beé known from the Signs of the Terms.of ‘the Equa-
flon.  For there are fo many Affirmative Roots as there are
Changes of the Signs in a continual Serics from - to —,
and'from —to -} ; - the r¢ft are Negative.  As in the B-

Cquation &% e pi=—1 gA & - 40 & — 30 = 0, where the Signs’
of the Terms fuliow one another in this Order, - e nee



I‘.




- L1971 ,

"t e the Variations of the fecond —fivm the firft 4-, of
the fourth «}- from the third —, and of the fifth — from
the fourth -{-,. thew, that there are three Affirmative Roots,
and confequently, that the fourth is 3 Negative one, Bue
where fome of the Roots are impoffible, the Rule is of no
Force, unlefs as far as thofe impoffible Roots, which are
neither Negative nor Affirmative, may be taken for ambi-
guous ones, Thus in the Aquation %3 + pxa + 3ppx —
9==0, the Signs fhew that there is one Affirnmative Root
and two Negative ones, Suppofe ®=2p, 0T xwm2p == 0,
and multiply the former Aquation by this, ¥—2p=—o0
and add one Affirmative Root more to the former, and.

yowll have this Hquation, x*—pa® ppx x:ap *

- 2p == 0, which ought to have two Affirmative and two
Negative Roots; yet it has, if you regard the Change of
the Signs, four Affirmative ones, There are therefore two
impoflible ones, -which for their Ambiguity in the former
Cafe feem to be Negative ones, in the latter, Affirmative
ones. ' , ' ‘ '
. But you may know almoft by this Rule how many Roots
~are impoffible. Make a Series of Fra&ions, whofe Deng- -
minators are Nambers in this Progreffion 1, 2,3, 4, 5, @ .
going on to the Number which fhall be the fame as that'of
the Dimenfions of the Aquation ; and the Numerators the
fame Series of Numbers in a contrary Order. Divide each.
of the latter FraQtions by each of the former, and place the
Fra&ions that come out on the middle Terms of the Aqua-
tion. And under any of the middle Terms, if its Square,
multiply’d into the Fradion ftanding over its Head, is greater
than the Re&angle of the Terms on both Sides,” place the
Sign -, butif it be lefs, the Sign —; but under the firft
and laft Term place the Sign -+. And there will be as
many impoffible Roots as there are Changes in the Series of
the underwritten Signs from - to —, and — to 4. " As
if you have the Equation 2° - pxrx-4-3ppxr —g=0 ;
1 divide the fecond of the Frattions of this Series &, 2.+,
wiz.. % by the firft 2, and the third £ by the fecond %, and -
I place the Fra&tions that come out, wiz. } and + upon the

b

mean Terms of the Equation, as follows;
PR I S RN : | K

27 A pra - 3ppr — g =0
B e BECHE S

el : " ' - Then



[ 198 ]

Then, becaufe the Square of the fecond Term pe muti-
1

ply'd into the Fradtion over its Head 4, wiz. is lefs
than 3ppa+, the Redtangle of: the firft Term & ‘and third
3ppx, 1 place the Sign — under the Term pxa,  But be.
caufe 9p* xx (the Square of the third Term 3ppa) myl
tiply'd into the Fraction over its Head %, 1s greater than ne-
thing and therefore much greater. than the Negative Re@.
angle of the fecond Term pawx, and the fourth —

place the Sign + under that third Term. Th_em,_l;nde‘; the
firt Term &7 and the laft —g, 1 place the Sign -, Anq
the two Changes of the underwritten Signs;  which are in’
. this Series «f- — -+ -+, the one from - into ~, and the
other from — into ~,; fhew that there are two impoffible
Roots, . Auid thus the Equation &/ — 4z -+ % —6=0

has two impoffible Roots, &% e gqud - 42— 6 =0,

- -
Alfo the Zquation x* ——6xA == 3 & == 2=0 has two,
3 a

o

nt ,\T_._éfm — 3.}: — e O, For this Series of Fra.
I R

© &ions L.2.2, by dividing the fecond by the firft, - and the

 third by the fecond, and the fourch by the third, gives this
Series b%é%‘? i, to be placed upon the middle }Terms of the
Hquation. Then the Square of the fecond Term, which is
here nothing, multiply’d into the Fraction over Head, viz,
2, produces nothing, which is yét greater than the Negative
Redlangle — 6 & ¢ contain’d under theTerms % * and — G xa,
‘Wherefore, under the Term that is wanting I wrice -f-,
In the reft 1 goon as in the former Example; and there
comes ont this Serics of the underwritten Signs -+ -4,
where two Changes fhew there ase two impoflible Roots,
And afrer the fame Way in the Equation x ¥ — 484 4
42} w2 ¥ — 5 —¢ =0, arc difcover'd two impoffible
Roots, as follows ; o

. 1

It ¥ ' 2

LT R SRR ,

R e B AT 2X X e Y 4 O

o e A
‘Where two or more Terms are at once wanting, under
the firft of the deficient Terms you muft write the Sign —,
under the fecond the Sign -+, ungder the thixd the Sign w,
and {o on, always varying the Signs, except that under the
: , C : , lat

-
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1aft of the deficient Terms you muft always place «f-; where
the Terms next on both Sides the deficient Terms have cons

trary Signs. As in the Zquations J}’r‘ f“"'““‘ * X X' =o0,

a5 + ! de S as + ---+_.-+
gnd, 7_*_ it +"" L O, : the firf whereof has
four, and the latter two impoflible Roots. Thus alfo the
Aiquation, - : TP .
e g b Bk g
im{'s '}ﬁx‘ impoflitle -Ré"b‘fs.

:____” e +-_—+v +

~Hence alfo may be known whiether the impofiible Roots
are among the Affirmative or Negative ones. = For the Signs
of the Terms over Head of the fubforib’d changing Terms
fhew., that there'ds many impoffible . Affirmative [Roets] as
there are Viriations of ‘themy :and-as many Negative .ones
as there are Succeffions without iVariations, Thas,. in the
Fiquation %' T 4%" T 4E S 2EN =R —dm0 e,

— 3

e T

caufe by the Sighs that are writ underneath that are change-
‘able, wiz. =t ~= -}, by whichitis Thewn therte are two
impoffible Roors, the Terms over-Head g+ qia?
g have theSigns =~ -} —, which by two Variations
thew there are two Affirmative Roots ; itherefore there will
be. two impoflible Roots among the . Afiirmative ones. : Since
thezefore the Signs. of all the Terms of the Equation
A o g e o e by three Variations fhew that there are
. three- A firmative Roots, and that the other two are Nega-
tive, and that among the Affirmative ones there are'two
impoflible ones ; -it follows that there are, wiz. g 'true
afficmative Root, - two negative ones, and two impoflible
,vu U raaf® PR a3
ones, Now,if the Aquation had been fl" —4xt ’”‘f_f —
2 i N

ferib d former Terms - ==, ik, neq a3 by their
- Signs that don't change ~— and =, fhew, that ane of the
Negative Roots is impoffible ; and the Terms over tite'for-
mer underwritten varying Terms ~— ~- vz, =2 £ & —g ¥,
‘by their Terms not varying, ~ and —, fhew that one of the
Negative Roots are impoffible, Wherefore, fince the Signs
of the Bquation ~ ~— wm == — by one Variation fhew
there is one Affirmative Root, and that the other four-are

: Negative 3

O, then the fl")errfn‘s"ovcr‘Headv 'p'f ‘the fub-
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Negative, it follows, there s one Afﬁt‘{n:{?ive, two Nega.
tive, and two lmpofiible ones, And thisis fo where theye
are not more impofiible Roots than what are difcoverd 1,
the Rule preceding. For there may be more, although ¢
" feldom happeus. o
Moreoves, =1l the Affirmative Roots of. any Kquation
“may be chang'd into Negative ones, and the Negative inte
Affirmative_anes, and that only
Of the Tranfmuta- changing of the alternate Terms i, .
tions of Aquations. every other Term]. Thus, in the Equas
‘ * tion x*’-—-4x“‘+4x‘<-—-2xfc__,,;x;__
4 =0, the three Affirmative Rogts x‘vi]l bq chang'd into Ne..
gative ones, -and the two Negative ones into Aﬁirmativ‘es,
by.changing only the Signs of the fecond, fourth, and fxh
Tepms, as-is done here, &% gqxt 4427t 2xxe oy
o} 4 ==0. This Kquation has the fame Roéots with the gy,
. mer, unlefs that in chis, thofe Roots are Affirmative thae
were there Negative, and Negative here that there were
Affirmative ; and the two impoffible Roots, which lay hid
there among the Affirmative ones, lic hid herc among the
Negative ones ;. fo that thefe being fubduc’d, there vemains
only one-Root traly Negative;. ‘ S
_There are alfo- other Tranfmutations of Fquations which
are of: Ufe in divers Cafes. -For we may fuppofe the Root
of an Aquation to be compos'd: any how out of a known
"and ‘an wnknown Quantity, and then fubflitute what we
fuppofe cquivalent 'to it.  As if wc fuppofe the Root to be
cqual to the Sum or Difference of any known and unknown
Quantity.  For, after this Rate, we may augment or di-
minifh the Roots of the Aquation by that known Quanti-
vy, or fubtrad them from it ; and thereby caufe: that fome
of them that were before Negative fhall now become Affir.
mative, or fome of tlie Afrm:tive ones become Negative,
ar alfo that. all fhall become Aflirmative or all Negative,
Thus, in.the Aquation a * = £} — 19.x4 ~F 494~ 30 =0,
if 1 Kave 2 mind to augment the Roots by Unity, T luppofe
2~ 7,2 95008 X zoy o= U and then for 2T write y ~— 1 in
the Aquation, and for the Square, Cnbe, or Biquadrate of -
a, Pwrire thelike Power of yw 1, as follows; ~ o

¢

. f‘x;g
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&+ Jyt—ayi b6yy— 4y-1

x| ey 3yy— 331
—~—fgax i 193Y 1 30)—19
+49% +49y—49
--.30 '___30

Sam |yt gy’ —10yy+80y— 96 =0.

And.the Roors of the Equation thit is produc’d, (wiz.)
¢ =8y} —10yy -+ 80y — 096 =0, will be 2, 3, 4, — 4,
which before were 1,2, 3, — 3, 4. e bigger by Unity, Now,
if for & 1 had writy 4 1, there would have come out the.
Equation y+ 4 557 — 109y — 5y 2=0, whereof
t.here be two Affirmative Roots, L and 14, and two Nega-
tive ones, — £ and —— 6%, But by writing y— 6 for &,
there wonld have come out an' Equation whofe Roots would
have been 7, 8, 9, 1, viz. all Affirmative; and writing for
the fame [47 y -~ 4, there would have come out thofe Roots
diminifh'd by 4, viz, =32 —1—9, all of them Ncs
gative. :

And after this Way, by augmenting or diminifhing the’
Roots, if any of them are impoffible, they will fometimes
be more eafily deteted this Way than before, v

Thus, in the Aquation x3—g3aa4 ~3a% =0, there
are no ‘Roots that appear impoffible by the preceding Rule ;
but if you augment the Roots by the Quantity 4, wriring’
y—a for x, you may by that Rule difcover two impofiible
Roots in the Aquition refulting, y* — 343y —2’ =0,

By the fame Operation you may alfo take away the fecond
Terms of Aquations ; which will be done, if you fubduét
the known Quantity [or Co-efficient] of the fecond Term
of the Aquation propos’d, divided by the Number of Di-
menfions  [of the higheft Term] of the [Hqurtion, from the
Quantity which you affume to fignify the Root of the new
Aquation,-and fubfliture the. Remainder for the Root of the
Equation propos'd, As if there was propos'd the Aqua-
tion xd e gxx & 4x—G6 =0, i fubtra& the known'
Quaiitity [or Co-cfficient] of the fecond Term, which is
g divided by the Number of the Dimenions of the £-.
quation,. wiz. 3, from the Species [or Letter] which isafl-
fum’d to fignify the new Root,. fuppofe from'y, and the
Remainder y 4 4 1 fubftijute for », and there comes out

Dd 37+
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By the fame Method, the third Term of an Aquation
may be alfo taken away. Let there be propos'd the Aquation
x¢ 32 +3xx—gx—2=0, add mike x—=y—e,
and fubftituting. y—-e in the room of w, there will arife
this Aquation;

et
o 3
‘ - Gee MM -3¢0
3 T4y doe 3y T2 yb3ee s o,
3 —s  tse

The third Term of this Aquationis 6ee-+ge -+ 3 mul.
tiply'd by yy. Where, if 6¢e +9e-}3 were nothing,
you'd have what you defir'd, Let us fuppofe it therefore to
be nothing, that we may thence find what Number ought
to be fubftituted in this Cafe for ¢, and we fhall have the
Quadratick Aquation Gee 4+ 9e - 3 =0, which divided
by 6 will become ce+ Le-d § =m0, Or cemmwmte—p,
and extradting the Root ¢ = — 2 -+ 4/ 2 — & orm — 3+
v, that is, = — &+ 2 and confequently equal {:f}

Whence y —¢ will be cither y + £ or y 4 1. Wherefore, *
fince y——e was writ for w; in the room of y-—e there
ought to be writ y + %, or y -+ 1 for x, that the third Term
of the Aquation that rcfults may be taken away, And
that will happen in both Cafes. For if for x you write
y 4%, there will arife this Aquation, y* —y* — 15y~
2% == 0 3 but if you write y +{- 1, theve will arifethis Fqua- .
tion, y* 4y =4y 12 =2 0 ‘
Moreover, the Roots of Aquations may be multiply'd or
divided by given Numbers ; and after this Rate, the Terms
of Aquations be diminith'd, and Fra&ions and Radical -
Quantities fometintes be taken away. As if ;the Fquation
were y i} by — L4 om0 5 inorder to take away the Fra-.
tions, 1 fuppofe y to be = }&, and then by fubftizuring 4=

OF
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3 . . %z} T2z —
for y, there comes out this new /quation, i 2= —

146 . 27

E; == 0, and having reje&ted the common Denominator of

the Terms, 1 e 122146 =0, theRoots of which /-~
quation are chrice greater than before. And again, to di-
minifh the Terms of this EAquation, if you write 2w for
%, there wilj come out §23 — 247 — 146 —o, and divid-
ng a“.by 8, you'll have »} —=39~~18%=0; the Roots
of which quation are half of the Roots of the former:
And here, if at laft you find » make 27 ==z, tz—y, and
¥+ $=uwx, and you'll have x the Root of the Aquation as
firft propos’d.

And thus, inthe Equation £ — 22 - ¥3 =0, to take
away the Radical Quantity v/3; for » I write yv/3, and
there comes out the Kquation 3y'v/ 3~ 2y V3 -+ V3 =0,
which, dividing all the Terms by the v 3, becomes 33 mm
2+ I=—=o0, '

Again, the Roots of an Kquation may be chang'd into
their Reciprocals, and after this Way the Equation may be
fometimes reduc’d to a more commodious Form, Thus, the

laft Aquation 3y ~—2y 4+ 1==0, by writing -Iz’— for y, be-

comes f—; -——-z 4 1=o0, anfl all the Terms being multi-
ply’d by =3, and the Order of the Termschang'd, z3 —
2%z 3 =0. The laft Term but one of an Aquation may
alfo by t%lis’ Method be taken away, as the fecond was taken
away before, as you fee done in the precedent Aquation ;
or if you would take away the laft but two, it may be done
as you have taken away the third, Moreover, the leaft Root
may thus be converted into the greateft, and the areateft
into the leaft, which may be of fome Ufe in what folloivs;
Thus, in the Aquation x* e—x’— 19x2x - 49%— 30

. .
=0, whofe Roots are 3, 2, 1,— 15, if you wntej-'— for x,

1 Ryl
there will come oyt the Aquation i; — »I; —— 59 ~ %
s~ 30 == 0, which, multiplying all the Terms by 3+, and
dividing them by 30, the Signs being chang’d, becomes y*

e 4?y3 | % y* ot X Y e LI ¢, the Roots whereof
30 3% 30 30
, Ddo2 ‘ . are
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are &, £, 1, -1y the greateft of the Affirmative Roots 5
being now changed into the leaft %, and the leaft y being
now made greatcft, and the Negative Root —35, which of
all was the moft remote from 0, now coming neareft
to it,

There are alfo other Tran{mutations of Aquations, byt
which may all be perforin’d after that W’a,y of,‘ .tr:n’lfmu-
gating we have fhewn, when we took away the third Term
of the Aquation, )

From the Generation of Aquations it is evident, that the
known Quantity of the fecond Term of the Kquation, if .
its Sign be chang'd, is equal to the Aggregate [or Sum] of
all the Roots [added together] under their proper Signs g
and that of the third Term equal to the Aggregate of the
Re&angles of each two of the Roots ; that of the fowth, if
its Sign be chang’d, 1is equal to the Aggregate of the Con-
tents under each three of the Roots 5 that of the fifth is e
qual to the Aggregate of the' Contents under each four, and
fo on ad infinitnm.  Letus aflume ¥—=a, ¥'=b, ¥ =g
se=d, &, or x~—ar=0, X—Dbzz0, ¥ =0, xud
=0, and by the continual Maultiplication of _thc(_e we may
generate Aquations as above.  Now, by multiplying a4

by a == b there will be produc’d the Aquation x x :Z x

ab =03 where the known Quantity of the fecond Term,
if its Signs are chang’d, viz. 2 - b, is the Sum of the two
Roots 4 and &, and the known Quntity of the ‘third Term
is the only Re@ingle contain’d under both,  Again, by mul-
teiplying this Equation by & - ¢, there will be produc’d

e (] + a l'i .
the Cubick Equation &% —b xy —ac & -4 abc = 0, where
' ¢ —be

the known Quantity of the fecond Term having its Signs
chang’d, wiz. @+ b — ¢, is the Sum of the Roors 4, and b,
and —e; the known Quanticy of the third Term 4 b a¢
~—be is the Sum of the Reflangles under eacli two of the
Terms g and b, aand -«—¢, band—¢; and che known
Quantity of the fourth Term under its Sign chang'd, ~—abe,
is the only Content generated by the continual Multiplicas
tion of all the Terms, a by b into —-¢z.  Moreover, by mul-
tiplying that Cubick Aquation by &, there will be pros
duc'd this Biquadratick oue ;

At
¥
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- ab

“‘"i -—Zc ~abe
— ad 24 —abd .
e x‘_+ml ’W-{-ch xm=abod == 0.
—d +b;l 4 acd

e

Where the known Quantity of the fecond Term under its
Signs chang’d, viz. a-+b—¢-+d, is the Sum of all the
Roots ; that of the third, abe—ac—beadtbd—cd,
1s the Sum of the Retangles under every two ; that of the
fourth, 1its Signs being chang'd, —abc - abd——bed -
acd, is the Sum of the Contents under each Ternary ; that
of the fifth, —abed, is the only Content under them all;
And hence we firft infer, that all the rational Roots of any
Hquation that involves neither Surds nor Fradions, and the.
Redtangles of any two of the Roots, or the Contents of any
three or more of them, are fome of the Integral Divifors of
the laft Term; and therefore when it is evident, that there
is no Divifor of the laft Term, or Root of the Equation,
or Rettangle, or Content of two or more, it will alfo be
evident that there is no Root, or Re&angle, or- Content of
Roots, except what is Surd,

Let us fuppofe now, that the known Quantities of the
Terms of [any] Aquation under their Signs chang’d, are
Ps @y 7y 85 8y v, &€, wiz. thatof the fecond p, that of the
third ¢, of the fourth », of the fifth s, and fo.on, And the
Signs of the Terms being vightly obferv'd, make p=—a, pa
+29=0b, pbtqad3r=c, pctgb-tratas=d,
pd-tqgetrbtsatsi=—e petgd+d e 4 b4tz

6v=f, and {o on ad infinitum, obferving the Series of
the Progreflion, And 4 will be the Sum of the Roots, b tha
Sum of the Squares of each of the Roots, ¢ the Sum*of the
Cubes; d the Sum of the Biquadrates, e the Sum of the Qua-
drato-Cubes, f the Sum of the Cubo-Cubes [or fixth Powr-
er] and fo on,  As in'the Hquation ¥ ——x' — 1922
9 —~ 30 =0, where the known Quantity of the fecond
erm is — 1, of the third — 19, of the fourth + 40, of
the fifth — 30 ; gou muft make 1 =p, 19=4, — 49 =7,
3o=4y And there will thence aériil':e a= (;'7*_—_:) i, b=
a42g=1+38=)39, ¢= (pb+ga-t3r =30
gpg—-—«wr‘y'::) —89, d= (petgb+ratqs=—89 -1
& 741 =49 -+ 120=) 723.  Whercfore che Sum of the

Roos
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Roots will be 1, the Sum of the Squares of the Roots
the Sum of the Cubes «—— 89, and the Sum of the Biqua:
drates 723, iz, the Roots of that Hquation are 1, 2,3
and —- ¢, and the Sum of thefe 1 -4 24 35 is1; thé
Sum of the%quares, 1 -4 - 9 + 25, 15 39 ; the Sum of the
Cubes, - 5+ 27 — 125,15 — 89 ; and the Sum of the Bj.
quadrates, i -+ 16 + 81 - 625, 8723
And berce are colledted the Limits between which the
Roots of the Aquation fhall confit, if none of them is im-
pofiible,  For when the Squares of all the
¢f the Limits  Roots are Affirmative, the Sum of the Squares
of Ayguations, will be Affirmative, and therefore greater thay
' the Square of the greateft Root, And by the
fame Argument, the Sum of the Biquadrates of all the
Roots wil] be greater than the Biquadrate of the greateft
Root, and the Sum of the Cubo-Cubes greater than the Cy-
bo-ube of the greateft Root. Wherefore, if you defire the
Limir which no Roots can pafs, feck the Sum of the Squares
of the Roots, and extra& its Square Root.  For this Root
will be greater than the greateft Root ot the Equation, But
youll come nearer the greateft Root if you feck the Sum of
the Biquadrates, and extraé its Biquadratick Root ; and yet
nearer, if you feek the Sum of the Cubo-Cubes, and extra@
its Cubo-Cubical Root, and fo on ad infinitum. ‘
Thus, in the precedent Aquation, the Square Root of the
Sum of the Squares of the Roots, orv/39, is 6% nearly,
and 6 % is farther diftant from o than any of the Roots 1,
2,3,—5. But the Biquadratick Root of the Sum of the

A :
Biquadrates of the Roots, wix. 723, which is g £ nearly,

" comes nearer to the Root that is mofl xemote from nothing,
UL = Ne '

If, bezween the Sum of the Squares and the Sum of the
Biquadrates ot the Roots you find a mean Proportional, that
will be a litle greater than the Sum of the Cubes of the
Roots connedted under Affirmative Signs,  And hence, the
half Sum of this mean Proportional, and of the Sum of the
Cubes collefted under their proper Signs, found as before,
will be greater than the Sum of the Cubes of the Affirma-
tive Roots, and the half Difference greaterthan the Sum of
the Cubes of the Negative Roots. And confequently, the
greateft of the Affirmative Roots will be lefs than the Cube
Root of that Semi-Difference.  Thus, in the precedent £-
fuagion, 2 mean Proportional between the Sum of the Squnre%
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of the Roots 39, and the Sum of the Biquadrates 723, is
. nearly 168, The Siin of the Cabes under their proper Signs
was, as above, =——8g, the half Sum of this and 168 is
30%, the Semi-Difference 1284,  The Cube Root of the
former which is about 34, is preater than the greatef of
the Affirmarive Roots 3. The Cute Root of the latter,
which is g .4 nearly, is greater thau the Negative Root—35.
By which Example it may be feen how near you may comg
this Way to the Root, where there is only one Negative Root
ovone Affirmative one, And yet you might come nearer yet,
if you found a mean Proportional between the Sum of the
Biquadrates of the Roots and the Sum of the Cubo.Cubes,
and if from the Semi-Sum and Semi-Difference of this, and
of the Sum of the Quadrato-Cube of the Roots, youn ex-
tracted the Quadrato-Cubical Roorts. For the Quadrato-Cu-
bical Roor of the Semi-Sum would be greater -than the

. greateft Affirmarive Root, and the Quadrato-Cubick Raot
of the Semi-Differenice would be greater than the greateft
Negative: Koot, bur by a leis Excefs thuy before, Since there-
forz any Root, by sugmenting and diminifhing all the Roots,
may ke made the leadt, and then che leaft converred into the
greateft, and afterwards all befices the greateft be made Ne-
gatixfe, it is manifeft how {any] Root defired may be found
nearly,

If "all the Roots cxcept two are Negative, thofe two may
be botii together found this Way, The Sum of the Cubes.
of thofe two Roots being found according' to the precedent
Method, as alfo the Sum of rlic Quadrato-Cubes, and the
Sum of the Quadrato-Quadraro-iabes of all the Roots :
between the two latter Sums feck 4 mean Proportional, and
that will be the Difference between the Sum of the Cubo-
Cubes of the Affirmative Roots, and the Sum of the Cubo--
Cubes of the Negative Roots nearly ; and confequently, the
half Sum of this mean Proporticnal, and of the Sum of the
Cubo-Cubes of all the Roots, will be the Semi-Sum of the
Cubo-Cubes of the Affirmative Roots, and the Semi-Diffe-
rence will be the Sum of the Cubo-Cubes of tlte Negative
Roots, Having therefore both the Sum of the Cubes, and
alfo the Sum of the Cubo-Cubes of the two Affirmative
Roots, from the double of the latter Sum {ubtra& the Square
of the former Sum, and the Squarc Root of the Remainder
will be the Difference of the Cubes of the two Roots, . And
having both the Sum and Difference of the Cubes, you'll -
have the Cubes themfelves, - Extrafk ehelr Cube Roots, and

yeu
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yoirll nearly have the two Affirmative Roots of the Aquas
tion. And if in higher Powers you thould do the like,
youw'll have the Roots yet more nearly. But thefe Limiga-
tions, by reafon of the Difficulty of the Calculus, are of Jefs
Ufe, and extend only to chofe'fl‘.qu;ztmns that have no ima-
ginary Roots, wherefore I will now fhew how o find the
Limits another Way, which is more cafly, and extends to al}
Equations. .

Multiply every Term of the Equation by the Number of
its Dimenfions, and divide the Produ& by the ch_ot of the
fEquation ; then again multiply every oneof the Terms that
come out by a Number lefs by Unity than before, and di-
vide the Produd by the Root of the Equation, and fo go
on, by always multiplying by Numbers lefs by ‘Unity than
before, and dividing the Product by the Root, till at length
all the Terms are deftroy’d, whofe Signs are different from
the Sign of the firft or higheft Term, except the laft 5 and that
WNumber will be greater than any Afirmtive Root 3 which
being writ in the Terms that come out for [orin room of Jthe
Root, makes the Aggregate of thofe which were each Time
produc’d by Multiplication to have always the fame Sign
with the firft or higheft Term of the Aquation, Asif there
was propos'd the Aquation % 2x* — 102’ 4 3042 4
63 x —120==0. L firft multiply this thus;
5 4 3 2 I o
&% a2 8% e JOX? - 3008 - 63 40 e 120°
multiply the Terms rthat come out diviled by wx, thus;

2 1 0 C . :
$i4——8§c"— 5014 + Gow - 63° And dividing the
Terms that come our again by x, there comes out 20 47 v
248 % — (0 & -F 6o 3 which, to leflen them, 1 divide by
the greateft common Divifor 4, and you have g4} —Gax
~—— 15 2 - 15, Thefe being again multiply’d by the Pro-
greflion 3, 2, 1,0, and divided by x, becomes §2 % — 42
5. And thefe muleiply’d by the Progreflion 2, 1, 0, and
divided by 2x become ga -0, Now, fince the”higheft
Term of the Aquation x ¥ is Afirmative, | try what Num-
ber writ in thefe Produéls for & will caufe them all to be
Aftirmative. And by trying 1, youhavegx — 2—3 Af-
firmativé ; but Sxw— g8 —s5, you have — 4 Negative,
Wherctor: the Limit will be greater ¢chan 1. 1 therefore try
fome greater Number, as 2 ; and {ubflituting 2 in each for -
&, they become \

Then Tagain

g4
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§% =2 =38
§EX~—gr —3 =7
S0 frre- 152 15 =t
§%%—8xte=30xx+ 607 +63 =79
XY e 221047 + 30%% F 631 — 120 =46

Wherefore, fince the Nurghers that come out 8. 7e1.79.
46 . are all Affirmative, the Number 2 will be greater than
the greateft of the Affirmative Roots. 1n like manner, if
I would find the Limit of the Negative Roots, 1 try Nega-
tive Numbers, Or that which is all one, I change the Signs
of every other Term, and try Affirmative ones. Dut having
chang’d the Signs of every other Term, the Quantities in
which the Numbers are to be fubftituted, will becoime

54 ~2

SEx - yp =g

Sx3 4 baw—188 15

5x9 4+ 8x! —30xx—6cx 163

¢ foxt 108} —=—30xx 4635 120

Out of thefe 1 chufe fome Quantity wherein the Negative
Terms feem moft prevalent; fuppole 5% + 81 —3-xx
— 602 -+ 63, and here fubftituring for # the Numbers 1
and 2, there come out the Nepative Numbers — 14 and
~~23. Whence the Limit will be greater than — 2. But
fubflituting the Number 3, there comes out the Affirmative
Number 234. And in like manner in the other Quantities,
by fubftiruting the Number 3 there comes out always an Af-
firmative Number, which may be feen by bare lufpection,
Wherefore the Number — 3 is greater than all the Nega-
tive Roots. And fo you have the Limits 2 and — 3, be-
tween which arc all the Roots, _

But the Invention of Limits isof Ufe both in the Re-
du&tion of /Bquations by Rational Roots, and in the Ex-
tra&tion of Surd Roots out of them ; leaft we might fome-
times go about to look for the Root beyond thefe Limits.
Thus, in the laft Fquation, if T would find ‘the Rarional
Roots, if perhaps it has any; from what we have faid, it
is certain they can be no other than the Divifors of the laft
Term of the Equation, which here is 120. Then trying all
its Divifors, if nope of them writ in the Equation for x
would make all the Terms vanifh, it is certain that the &-

e quation
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guation will admit of no Root but what is Surd.  But there
arc many Divifors of the laft Term 120, wviz, 1.—1.
2uvm 20 3o 3s 4o 4. §.-—75. 6 — 6. 8.—8. 10.— 10
IZo=—I2. 15.— 18 20.=20. 24. 24« 30.— 30, 40
.,....40, 60, ...-360, 1';20. and s 120.41'0 tr;rall thele Diviflérs
would be tedicus. But it being known that the Roots are
between 2 and — 3, we are free’d from that Labour, For
now there will be no need to try the Divifors, unlefs thofe
only that are within thefe Limits, iz, the Divifors 1, and
e— 1, and — 2. For if none of thefe are the Root, itis cer.
tain that the Fquation has no Root but whatis Surd,

Hitherto ¥ have treated of the Reduétion of Aquations
which admit of Rational Divifors ; but before we can con.

clude, that an Aquation of four, fix, or more
The Reduétion  Dimenfions is irreducible, we muft firf} ery
of Aquarions Whether or not it my be reduc’d by any Surd
by Surd Divi- Divifor ; or, which is_the fame Thing, you
Jors. muft try whether the Aquation can be fo di-

vided into two equal Parts, that you can ex-
tract the Root out of both. . But that may be done by the
following Method. :

Difpofe the Aquation according to the Dimenfion of fome
certain Letter, {o that all its Terms jointly under their pro-
per Signs, may be equal to nothing, and let the higheft Term
be adfected with an Affirmative Sign, Then, if the Aqua-
tion be a Quadratick, (for we may add this Cafe for the
Analogy of the Matter) take from both Sides the loweft
Term, and add one fourth Part of the Squire of the known
Quantity of the middle Term, As it the Alquation be
% xe—aX—b—=o, fubtra& from both Sides ~—b, and add
% aa, and there will come out v —ax + Saa=b+ taa,
and extradting on both Silles the Root, you'll have a—La
=tV Taa orv=tatvh 4+ Laa

Now, if the Equation be of four Dimenfions, fuppofe
b pad 4 gxx 4 ra s =o, where m g, 7, and s de-
uote the known Quantitics of the Terms of the Aquation
adfected by their proper Signs, make

gumippr=a. F=—taz=p.
. $—Fan=", ‘
N Then put for » fome common Integral Divifor of the
Terms p and - ¢, that is not a Squire, and which ought to
be odd, and divided by 4 to leave Unity, if cither of the
Ferms p and 7 be odd.” Put alfo for # fome Divifor of -the

Quantity
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Quantity —S if p be even ; or half of the odd Divifor, if p

be odd ; or nothing, if the Dividual p be nothing, Take -
the Quotient from £p4, and call the half of the Remain-

der . Then for a put st nkh
2

, and try if » divides

O Q~—y, and the Root of the Quoatient be rational and
equal to /;  whichif it happen, add to each Part of the
Aquation nkkxx ¢ 2nklx+nll, and extra&t the Root
on both Sides, rhere coming out xx - & px+ Q=vnin
to kx|, '

For Example, let there be proposd the Equation x4 -
12X~ 17==0, and becaufe p and g are both here wanting,
and 7 is 12, and | is — 17, having fubflituted thefe Num-~
bers, you'll have #==0, Pz=12, and {=—~17, and the
only common Divifor of pand 2¢, wz. 2, will be #u,

&, . Ty : .

Moreover, = is 6, and its Divifors 1, 2,3, and 6, are fuc-
. n . .

ceflively to be try’d for £, and —3, — 2, —1, —%, for!

o

refpelively. But

1{, that is, k% is equal to O/,
Moreover, V Q——-Q:, that is, [/ “-01—‘0::_—17 isequal to .
n .

Where the even Numbers 2 and 6 are writ for £, Qisq
and 36, and Q Q-— s will be an odd Number, and confe-
quently cannot be divided by » or 2. Wherefore thofe
Numbers 2 and 6 are to berejedted. But when 1 and 3
are writ fork, Q is1and 9, and Q Qs is 18and 98,
which Numbers may be divided by », and the Roots of the
Quotients extraded. For theyare -3 and 7 ; whereof
only — 3 agrees with . I put therefore k=1, J:=—3,
and Q 1, and I add the Quantity nk kxx L anklx 4=
1], thatis, 24%— 122 18 roeach Pare of the Aqua-
tion, and there comes out & ~+ 2¥x - I =28 x— 124
18, and extradting on both Sides the Root xx 4 1=1v2
— 31/ 2. Butif you had rather avoid the Extra&ion of the
Root, make #x -+ £px -+ Q=Vnx ke 4/, and you'll
find, as before, x4+ 1="FV2ax x—3. Andif agin
you extrad the Root of this AEquation, there will come out

xa= Y2 :y[/:l; 4 3¢/2, that is, according to tlie
Eez Vari-
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Variation of the Signs ¥ = £ v2 -} 1/311/2-- L, and x4
1V 2—v3V2—5 Alfo x=—1¥ 2+ v/ —3V2—F,
and x:-——g-ﬁfz—-—«/-——g v'2 — L, Which are four Roots

of the £quation at firft propos'd, x* 4 124—17=0,
But the two laft of them are impoffible.

Let us now propofe the Aquation % == %% w58y
—114%—11==0, and by writing =6, —g8, — 114,
and — 11, for p, g, r, and s refpettively, there will arife
7 oy —315=p, and -—--1133;}:(; the only com-
mon Divifor of the Numbers p and 2¢, or of — 31 and

— 4233 is 3, and confequently will be here », and the Di.
2

vifors Ofsor'—‘lo’i, are 3,5, 7, 15, 21, 35, and 105,

which are thexefore to be try'd for k. Whercfore, T try firft
3, and the Quotient — 34 which (comes out by dividing
S by %, or ~—105 by 3) I fubtra& from %pk, or —3x3,

and there remains 26, the half whereof, 13, onght to be /.

Butoc-%‘nl'k, or'—"67 't_‘?_z’ that 1s, — 20, will be 9,

2 2 .
and @ O — s will be 411, which may be divided by #, or3,
but the Root of the Quotient,137,cannot be extradled. Where-
fore I reject 3, and try 5 for 4. The Quotient that now

comes out by dividing b by £ or = 12g by s, is =21 ; and
n
fubtra®ting this from £pk, or — 3 % 5, there remains 6, the

half whereof, 3, is . Alfo Q, or & 2nl-é

"—.ﬁ;—%, is the Number 4, And O Qs oribay,

may be divided by n; and the Root of the Quotient,
which is 9, being extradted, i, e. 3 agrees with /,  Where-
fore I conclude, thatlis =3, k=15, Q=4q, and n=3;
and it nbkhaew -t anklxnll, thatis, y5xx4 gor+
27, be added to each Part of the Aquation, the Root may
be extraéted on borh Sides, and theve will come out 2 w -

fpet Qe ka1, or xx—38+4 4m=tv3x

, that is,
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5% -3 3 and the Root being again extradted, # == 3 +5v3

2

* VI?i"zI X Vj‘—
2

Thus, if there was propos'd the Fquation x4 e g3 ==
158X = 29% -k 9 ==0, by WIiting mwg, -+ 15, =27, and
-+ o for p, g, r, and ; refpeively, there will come out
— 8% =u, ~—505=p, and 25 =¢ The common Di-
vifors of g and 2 {,or— *3% and %% are 3, 5, 9, I3, 27, 455
and 135 5 but 9 is a Square Number, and 3, 15, 27, 135, -
divided by the Number 4, do not leave Unity, as, by reafon
of the odd Term p they ought to do. Thefe therefore be-
ing rejeed, there remain only g and 45 to be try’d for z.
Let us put therefore, firt # =5, and the odd Divifors of

B . ) ,
— or— % being halv'd, wviz. L, %, Z,%7, &, are to be

Ty Ty T ¥s

n
try'd for k. If k be made £, the Quotient — %}, which .

EXp

comes out by dividings- by #, fubtradted from ‘ipk, or
atnkk

— 2, leaves 18 for /, and T T is @, and
Q Q—;, or—sg, may be divided by », or g ; but the
Root of the Negative Quotient — 1 is impoflible, which yet
ought to be 18.  Wherefore I conclude £ not to be £, and

then I try ifit be 1. The Quotient which arifes by divid~ -
ing 2 by %, or — %t by 3, viz. the Quotient — 17 T fub~
n .

tra& from Zpk, or.—3=?, and there remains o0; whence

a—+nkk
2

now / will be nothing.  But , or3, isequal to

, and — ¢ is nothing ; whence again I, which is
{%3 Root o% :g: Q—-1, dividegd by », is found to be nothing.
Wherefore thele Things thus agreeing, 1 conclude 7 to be
=%, k=%, l=o0, and Q=13 ; and therefore by adding to
each Part of the Aquation propos'd, the Terms nkkax 4~
2nlkx 4 nll, thatis, 4 xx, and by extrafting on both
Sides the Square Root, there comes out xx 4 £pa 4 O =
Vax kx4l thatis, aw—gta-t3=vyxix

By the fame Methed, Literal Aquations are aifo reduc’d.
, 244 '

As if there was 4% =24a° _ "

Xaxw—24'x 4% 0,
by
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by fubflituting —— 24, 24a—cc, ~—24%, aNd 424 for 5
g, 7y and s refpe@ively, you obtain 44— CC=d, —g(¢om
4 =0 and 2a¢ 4 faacc—3%c+={ The common Di-
vifor of the Quantitics @ and 2¢ is 42 +¢¢, which then

will be s ; and P or ——a, has the Divifors 1and 4, But
n

becaufe » is of two Dimenfions, and kvn ought to be of
no more than one, therefore  will be of none, and confe-

quently cannot be 4. Let therefore % be 1, and 5 being di.
vided by %, take the Quotient —4 from $pk, and there

o
svill remain nothing for /. Moreover,

y OF da, 1§
Q, and Q. Q~—s, ora*-—a*, 150 ; and thence again
there comes out nothing for /. Which fhews the Quantities
ny k, [, and O, to be rightly found ; and adding to cach Paxt
of the Equation propos’d, the Terms nkkxx -4 28klx +
nll, that is, aaxx+coxw, the Root may be extracted on
both Sides; and by that Extradion there will come out

xx+ zépx—i-_Q:Vn x Fx -1, that is, B dx 4 an
=t xvautes. And the Root being again extradted
you'll have x = }a+t } Viaa + e

Yoo taatiavaa+cce

Hitherto 1 have apply’d the Rule to the Extra&tion of
Surd Roots ; the fame may alfo be.apply'd to the Extradion
of Rational Roots, if for the Quantity » you make Ufe
of Unity : and after that Manner we may examine, whe-
ther an Aquation thar wants Frad&ed or Surd Terms can ad-
mit of any Livifory cither Rational or Surd, of two Dimen-
flons,  As if the Hquation x' — &' «—gax -+ 1246
= 0 was propos'd, by fubflituting w1, — 5 412, and
w6 for p, g, r, and ¢ refpetively, youwll find wm 5% = g
03 ==p, and w1057 =2, The common Divifor of the

Terms f and 2¢, or of 75 and ~ <27 is only Unity,

Wherefore I put #==1. The Divifors of the Guantity -i—:,

or 7%, are 1, 3,5, 15, 28, 75 ; the Halves whereof iif‘ p be
odd) are to be try'd for k" And if for & we try 5, youll
&

have £pk~— s =T and its half ~ L o= [, Alfo

atnkk
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’i‘_iﬁ'ﬂ =30, and -Q_—%:_f = 6%, the Root wheres
2 ' _ A :

of agrees with J, T therefore conclude, ~that the Quantities

y b, 1, © are righty found ; and having "added to-each

Part of the Equition the Terms nkkxx 4 2nklx +all,

¢hat is, 6 3 xx~—123x -} 6%, the Root may be extradted

on both Sides ; and by that Extradtion there will come out - :

vt ipxet Oty a1, thatis, xyv—fx
R 23x—2%, 0r xx—32 43 =0, and xx 4
px— 2:=0, andfo by thefe two Quadratick Aquations
the Biguadratick one propos’d may be divided, FRut Ra-
tional Divifors of this Sort may more expeditioufly be found

by the other Method deliver'd above, ‘
If at any Time there are many Divifors of the Quantity

‘_5_,, fo that it may be too difficult to try all of them for E;

n

their Number may be foon diminifh'd, by feeking all the i .
vifors of the Quantity, «as— %ry. For the Quantity O
ought to be equal to fome one of thefe, or to the half of
fome odd one.  Thus, in the laft Example, as—mirr ig
- 2,fome one of whofe Divifors, 1, 3, 9, orof them halv’d
L i 2, ought tobe O Wherefore, by trying fingly the
baly’d Divifors of the Quantitjr—s , vin 3 5 W, Wyand

15 for £, I reje@ all that do not make ta-l-ink%, or
il L kE s thatis, O isone of the Numbers 1,3, 9,
£, 4,2, But by writing £, %, 5, ', &c, for £, there come
out refpedively g, =1, 4 2, 4, &o. for O 5 out of
which only — 2 and £ are found among the aforefaid Nuom.
bers 1, 3, 9, %, 3, 2, and confequently the reft being reject-
ed, either £ willbe =2 and Q=-3%, ork—=43 and
=%, Which two Cafes are examin’d, And fo muoch o
Aquations of four Dimenfions. ; '

-If an Kquation of fix Dimenfionsis to be reduc’d, letit
be x¢ tpaxt 4 ont4ra o sxxdtxtov=o, and
make ‘ .

g—3pp=n r—ipr=p =iphmr
ymdaa ol tembafomr. v—ipBp=0
oS == ' -
Then take for .» fome common Integer Divifor, that is not
a Square, out of the Terms 2, #, 28, and that likewife is
' fot
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mot divifible by a Square Number, and which alfo divided
by the Namber 4, fhall leave Unity ; if but any one of the
Terms p, r,¢ be odd. For % take fome Integer Divifor of

the Qﬁantity ;3; if p be even ; or the half of an odd Di.

vifor if p beodd; or o if a be o. For O [rake] the
Quantity 3o + 3nkk. For | fome Divifor of the Quan-
Or—QLp—t

tity if O be an Integer; or the half of
n

an odd Divifor, if @ be a Fra&ion that has for it Deng-

minator the Number 2 ; or o, if the Dividual [or the

oon Pr— Q Op—t . ,
= be nothing, And for R tt
Quantity] - e nothing 1e

Quantity 27— £ Qp -t 2nkl. Thentry if R R —w can be
divided by », and the Root of the Quotient extra&ted ; and
“ befides, 1f that Root be equal as well to the Quantity
:{;\f:;j_t as to the Quantity Ld+p ?%;-ﬂ / SOIf
n 3
all thefe happen, call that Root 7 ; and in room of the &- |
quation propos'd, write this, 2’ «f dpx o+ v x~+r=t
Vax kxx -+ 1xv m Forthis Bquation, by {quaring its
Parts, and taking from both Sides the Terms on the Right-
Hand, will produce the Equation propos’d. Now if all
thefe Things do not happen in the Cafe popos’d, the Re-.
dudtion will be impoffible, if it appears beforehand that
the Aquation cannot be veduc'd by a rational Divifor,
For Example, let there e propos'd the Bquation a6 .
~ —2aabb
paxt -t 2bbx® d2abba’ 4 240
‘ — g ab’
and by writing — 24, + 25, %}— 2a4bb, —2aabb <+ 24%b
~—gab’, 0, and 3aab* — 4+ b for p, q, 7, 5, t, and » re-
fpectively, there will come ont 2bb——aa==o. 44bb—
ai=pe 24°b - 24abb — gabi—at = y. —b* |
2a'b + 3aabb—qab’—5%4% ={ La’—abb=u,and
2adb* ematbh—%a* =0 And the common Divifor of
the Terms 2§, v, and 29, is aa—2bb, ov 2bb—4a, ac-
cording as a2 or 2bb is the greater, But let 44 be greater
than 266, and sa~2bb willbe . For » muft always be

. . {. ‘ "o,
Affirmative. Moreover, S s —San Yt 2ab - Ldb, s

..t 3aabe
e —a bb =0,

L4
4%
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: . S
243, and =8 — 4% —2aabb, and confequently £ x
2n
] 0 AL .
o or - ds La¢ ——%4<b+%d4b{)——~2’;a’!}_? s
Laab*, the Divifors whereof are 1, 4,44 ; but becaufe
¥ n x k cannot be of more than one Dimenfion, and the
w'n isof one, therefore £ will be of none ; and confequently
can only be a Number,  Wherefore, reje@ing « and g,
there remains only 1 for k. Befides, a4 2nkk giveso
o O Of et . ,
for O, and g——-—;Q;"—p—w— is alfo nothing 3 and confe~
quently /, which ought to be its Divifor, will be nothings
Laftly, $r—3p Q- snklgivesabb for R. And RR—wv
is = 2aa4b*-ta*bb, which may be divided by n, or a4
—2bb, and the Root of . the Quotient a4bb be extradted,
and that Root taken Negatively, wiz. — 4b, is not unequal

. — .
to. the indefinite Quantity lgi ] 2 [’ or g, but equal to
the definite Quantity Q9+ zknz nll— ‘. Wherefore

that Root — 46 will te m, and in theroom of the Equa~
tion propos'd, there may be writ x3 —3prx -+ QxR
=Vn X bxx+lx +m, thatis, 2’ —axx 4 abb=
W aa—obb % xx—ab, The Truth of which AEquation
yon may prove by fquaring the Paxts of the Aquation
found, and taking away the Terms on the Right Hand from
both Sides. From that Operation will be produc'd the A~
quation x ¢ —~242° 4 2bbx* - 24bbx’ —24abbxx +
2a’bxx—gabixx t3aab? —a*bb=o0, which wasto
be reduc'd, ’

If the Aquation is of eight Dimenfions, let it be &% 4=
px7dgad dras fsxt o doxrtbwno=0,
and make g2 ppz=a, r—ipoz==p S Lpp—ioo=
Yo b ipre—iape=S. v—}ey—ipp=s W—FB>
e=¢, and z=—3%yy—=u And feck a common Divifor of
the Terms 24, 2¢, 2(, 8u, that fhall be an Integer, and
neither a Square Number, nor divifible by a Square Number; -
and which alfo divided by 4 fhall leave Unity, if any of
the alternate Terms p, r, ¢, w be odd, If there be no fuch
common Divifor, it is certain, that the £quation cannot

be reducd by the Extrattion of a Quadratick Surd Root,
Ft ‘ and
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and if it catnot be fo reduc’d, there will fearce be found a
cammop Divifor of all thofe four Quantities. The Opera.
tion therefore hitherto is a Sort of an Examination, whether
the Aquation be reducible or not; and confequently, fince
that Sort of Redulions are feldom poffible, "it will mof}

iy end the Work. .
co?gt?do l 1l?y alike Reafon, if the Aquation be of ten, twelve,
or more Dimenfions, the Impofiibility of its Reduion may |
be known. As if itbe v'° 4 pa’ 4 qut A4 rax? 4 sus
bt A vnt b an - bat - cx 4 d =0, you muft
make g ——tpprmy, r—gpoz=p, S—Fpp-—ioc =7,
;..-‘%py-—--é-obﬁ::“_ &, ry....-,[:pé‘—-—-%my """Zlfﬁﬁ":zﬁa
Ao taf e ipye= G b kS Ty ==, ¢ by E =,
,;,.;._-i-,;‘;:x. And feek fuch a common Divifor to the
five Terms, 2¢, 20, 84, 49, 8%, as is an Integer, and not
a Squarz, but which fhall leave 1 when divided by 4y if
any onc of the Terms p, 7, ¢, 4, ¢ be odd,

So if there be an Aquation of twelve Dimenfions, as
R N AL N A A i o L T TS
+bat text b da Fentf =0, makeg—gpp =g,
Femlpam Py s PPttty b LY e L By
Vo i pd o tay— 5 Pp=tt, dmelptommtad—tPy—
G bomtoem St yy oty (ol Poem ) =0, d
Lyt 58y g LS e, fomdee—p and you muft
feck a common Integer Divifor of the fix Terms 2¢, 8 », 4.9,
8x, 42, 84, that1s not a Square, but being divided by 4
fhall leave Unity, if any one of the Terms p, r, ¢, 4, e

be odd, ,
And thus you may go on ad infinitum, and the propos'd
Hquation will be always irreduceable when it has no com-
mon Divifor, But if at any Time fuch 4 Divifor # being
found, there are Hopes of a future Redu@ion, and it may
be found by working or following the Steps of the Opcra-
tion we {hew’d in the Hquation of eight Dimenfions.

Seek a Square Number, to which after it is multiply’d-
by #,.the laft Term 2 -of the Aquation being added under
its proper Sign. fhall make a Square Number, ~ But that may
be expeditioufly perforn’d if you add to z, where # jis an
even Number, orto 4z when it is odd, ‘thefe Quantities
fucceflively s, 34, 52, 71, on, 11, and {o on till the -
Sum becomes equal to {fome Number in the Table of Square

h Num; .
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Numbers, which I fuppofe to be ready at Hind. Andif 510
fuch Square Number occurs before the Square Root of chat
Sum, angmented by the Square Root of the Excefs of that
Sum above the laft Term of the Hquation, is four times
greater than the greateft of the Terms of the propos'd /&~
quation p, ¢, 7, 5, t, ¥, @, there will ke no Occafion to €TY
any farcher, - For then the Equation canrot be reduc’d:
But if fuch a Square Number does accordingly accur, ler its.
Root be § if niseven, or 2§ if # beodd; and call the

28 — : . - ¥
’/“ Sﬂ s =h. Butsand b ought to be Integers if p i

even, but if » is odd, they may be Fraltions that have =
- for their Denominator. And if one is a Fra&ion, the other
ought to be {o too, Which alfo is to be obferv’d of the
Numbers R and M, @ andl, Pand / hereafier to be fouiad.
And all the Nambers $.and 5, that can be found within® che
preferib’d Limit, muoft be colledted ina [Table or] Cata=
bogue, . . e T T
gAfte_rwards, for (#) all the Numbers are to be fucceflively
try’d, whichi do not make nkd-Lp four times greater than -
the greateft Term of the Aquution, and you muft in =2l

Cafes put nkk ¢ k;r' s
for | all the Numbers that do not make » l‘*_‘r_ Q four »tiige's'

greater than the greateft Term of the Hquation; and in

every Tryal put ',—”P A—éi?f + nhl=R. Lafly, for

= Q. Then you are to try fu‘cceﬁ'i%elf

you muft try fucceffively all the Numbers which do not make
nm-+ R four times gréater than the greateft of the Terms of
the Equation, and you muft fee whether in any Cafe if .you
make s— Q O —PR-4nll=2H; and Htnkm== S,
lét § be foirie of the Numbers which wete before brotght
into the Catalogue for 83 and befides, if the other Number
anfwering o that S, which being fet down for hin the faine

Catalogiié; will be equal to thefe . three, ——= =7 Zii ‘;Z”’,,
| 208+R R—-— vy-—-:-n'"ﬂm‘m,. and PS4 2QR~—t—=2n lm; Cexp

s . 2”1 oo " Zﬂk PR S
all thefe Thirigs fhall happen in any Cafe,-inflead of the /-
quation'propos'd, you-muft write this x4 -+ Lpat -4 Q) X'
+ R SV Xk Flxx +ma+h Lo

Ffz Yor
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_ For Example, let there be propos’d the Equation a® -«
427 = 25 e 10"+ JAT o= g AT [OXX — 10 X g
=0, and youll have g—jipp—=—1 g =5 =u.
P tpo e 10+ 10m=0=h. $—Lph—tad=gem
Homemdemy, t— Py —ithp=—5+ & =i =4
Urer LY e B e e 10— 1 o

5

eteow '-*—}ﬂt?:-—-

TO0={, z=—%rymm-——g—i =— 1" = Therefore
28, 2¢, 2, 8y relpeltively are ——q; — '35 ~—20, and
w32 and their common Divifor 5, which divided by 4,
leaves 1, as it ought, becaufe, the Term s is odd. Since
theyefore the common Divifor », or 5, is found, which gives
hope to a futire Reduétion, and becaufe it is odd to 4z, or
w20, I {ucceflively add »,3n, 54,75, 9n, & or s, 15,
25, 35, 45, &c. and there arifes — 15, 0, 25, 60, 105, 160,
225, 300, 383, 480, 585, 700, 825, 960, 1los, 1160,
1423, 1600. Of which only o, 25,225, and 1600 are
Squares. 'And the Halvesof thele Roots o, £, £, 20, col-
leét in a Table for the Values of S, and fo the Values of-

- 5T a1, 4, 3 9, for b But becaufo § + b,
- ‘

if 20 be taken for Sand ¢ for b, becomes 65, a Number
greater than four times the greateft Term of the * Aquation,
therefore 1 rejedt 20 and ¢, and write only the reft in the
;Table as follows : o LT :
‘ . b l 1. —2—'. -Z-.

\ Slo.f. . o :

Then try tor £ all the Numbers ‘which do not make £+
nk, ot 24 5k greater than 4o, (fourtimes the greateft
Term of the Equation) that is, the Numbers—8, —, —6,
— 5 4, 3y =2 Ty 0, 1524 35 45 Sv, 61'7:‘ put-

nhl+ea - 8hk—— . IR
: +J y or - 5, that is, the Numbers 317, 120,

ting.
"11“" 607 v?i\‘rb 207 ”;‘3 0, ";'":‘9‘0"""5,55 .20:‘ ’{551,607 "’}‘7 1‘20;,
refpeCtively for Q. But even when € -+»l, and much
more (), ought not:to be greater than 40, I perceive'l am
to rejéct 115, 120, '25, and Go, and their Correfpondents
b 8, 7, 2 65 =45, 8, 6, 7, and confequently that only
g 3y 2y w1, Oy 12,3, 4, muft refpe@ively be
try’d for &, and L5204 05 =iy 0, M5, 20, 5y tefpes
&ively for. % Let us therefore try,»— 1 for 4, .and o for .0,
and in this Cafe for / there will be fucceffively tobe try'd
all the Numbers ‘which™ do not make Q- n} greater than

40,
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40, that is, all the Numbers between ro and — 103 and
2p—npkk
Akl ot — g5, that is, —55,50,~45,—40,~33
30y == 2§, — 20, ~—15, —~= 10, ~— &, O; §, 10, 1§, 20,
25, 39,40, 45, the three former of which and ‘the la#f, be-:
caufe they are greater than 40, may be negleéted, = Let us.
try therefore w2 for J, and 5 for R, -and in this Cafe for -
 there will be befides to be try’d all the Numbers which do-
not make R--mn, or §--mn, greater than 4o, that is, all
the INumbers between 7 and «'g, and. fee whether or. not
by putting s~ Q O — pR -+ pll, thatis § — 20 + 20, or
Se==2H, let He nkm, or L gm=3S, that is, if any of
thefe Num‘uérs‘még', kPt & M b ekt Rt §

fqr R you are refpg&'ively to try the Numbers

2 2’ 2’ ~2"8‘z’ 2
T ZJ _3’ ’"251 225, ﬂ;";: 52'51 “';1 ZE, *3: 18 ,egnal

to any of the Numbers o, +&;, 4%, which were firfk
brought into the Catalogue for §, And we meet with four
of thefe —— s, 5 571, to whichanfwer +2, + 3 +
4, &2, being writ for b in the fame Table, asallo 2, 1, o,
1 {ubfliruted for m, But let us try —5for §, 1 form,
and + 1 forp, and yod'll have %’R—u= — 2510
: o S . z2nm N CRRE
:____%, and 2Q‘9 +_R;R =Vamm 23 + 10 v;* =
28l 20t T
oty pS 2 QR—t——2nlns =10t gk
=gy AN e e ettt
R EEE R X ) JE — o we=t0 G
L. ‘Wherefore, - fince there comes out'in‘all Cafes =3, “or
by Y-ronclude all the Numbers' to berightly found; and con=
“fequently that in zoom of the Aquation propos'd,-yon muft
write x* S ipx e Oxx Re+ S§=—=1vnx o
ka' ¢ lax -t mp-Fh thatis z* 428 4 528272
V& K %! =28 b %1 % For by fquaring the Parts
ofsthis_, there will bj p,;-odu_c’d2 that Aquation of eight Dis
menfions, which was at firft propos'd. - S
*Now, if by trying all the Cafes of the Numbers, all the-
aforefaid Values of 4 do not in any Cafe confent; .1t would
e an Argument that the Aquation could not be folv'd by
the Extraction' of the Surd Quadratick Root, -+ -« =

R S L 'f ‘night

——
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{'might n® join the Redu@ions of Aquatiens by the
Extradtion. of the Surd Cubick Root, but thefe, as being
feldom of Ufe, I pafs by, Yet there are fome Redu@iong
of Cubick AEquations commonly known, which, if I fhould
wholly pafs over, the Reader might perhaps think us defici~
ent. Let there be propos’d the Cubick Aquation a3 -
g% 4 r==0; the fecond Term whereof is wantitg: For
that every Cubick Aquation may be reduc’d to- this Form, iy
evident from what we hdve faid above. Let & be fupposa-
wea-kb Thenwill & o= 3aab -1 3400 -+ b3 (thatis sy
wfega -t po=0, Let 3aab-t 34bb (that is, 3aba) 4
gx =0y -and then will @%b’ - rz= 0. By the former

Hquton D is = — L, and cubically B = me L
5?‘1“9’0‘3 ILISS == and cubically b= o
. . 3

Therefore by the lattter, 4’ --—-,;q-*; 70, of a® ral

:%‘} , -and by the Extraction of the adfééted (llladratick

Root, 4% e eyt V Lrr-t 27.i Extra@ the Cubick

de’t aild“ljo{r]l have a4 And _aBov'e," you had :_;_% -:;b,
and ¢+ bz Therefore 4— %;u. the Root of the f-
ci'il"at‘ion propos'd. o T » I o

For:Example; let there be propos’d the Equation y? .-
69y 6y +12=o0. To take away. the fecond Terri of
this Equation, make -} 2 =2y, -and there will arife x° %
e 687k Bizmor Where g is sty 7228, §r7 =16,

3 N - . . 5,
L LrE e i i e o e g
-i‘— w8y 4t ey VG, e and & 42 =Y,
7 PG T . - T S ' ' ) :
thﬂ.:.‘l's,' 2 + 'V"'"" 4':_": ’\/l 8 ':}]" = N s
AR TTAR ISR FEL N (R RN

e o ‘.';‘ P "1':‘ H V“T'L":-‘-:"/‘g» me \'v u;
Andrafter thls"WaY“Fixc Roots of" all Cubical AEqtatiofis
may, {bc extrafted wherein'g. is-Affiimative ; or alfo wheteinl
i RO E PR A W ! . - I . i
plisNegative; : and L sioe’ greater thaiv §r7,  that iy
Wil o T PRRM e T CoLL cei
wherein two of thc‘Rg@tsn of - the' Bquation. are: impoffible;
3
But whexe g is Negative, and 27 at the fame time greater
o ‘ than
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than 277, %vrr—-—%— becomes an impoffible Quantityy

and fo the Root of the Equation x or y will, in this Cafe,

be impofiible, wiz. in this Cafe there are three poffible

Roots,  which all of them are alike with refped to the Terms
of the Aquations g and r, and are indifferently denoted by
the Letters x and y, and confequently all of them may be
extraled by the fame Method, and exprefs’d the fame Way
as any one is extrafled or exprefs’d ; but itis impoffible to
expref§ all three by the Law aferefaid. The Quantity as

_q.,, whereby « is denoted, cannot be manyfold, and for

-4
?hat Reafon the Suppofition that x, in this Cafe wherein i

is triple, may be equal to the Binomial &~ %, or 4 - b,

the Cubes of whofe Terms a* -+ b3 are togcthéf ' =7, and

-the triple Reftangle 3 4b is == g, is plainly impoffible ; and.

it is no Wonder that from an impofiible Hypothefis, an im=
poflible Conclufion fhould follow, ST v

There is, morcover, another Way of expreﬁihg thefe
Roots, wiz. from 4* 4 b* 4 r, that is, from nothing take

3
47, or drt [/;‘,— rr -t 9—7, and there will remain §? =
' 2

3
-k [/%rr+92__;, Therefore 4 is =

3 K e ‘ :
V—‘—%r—*—Vﬁrr-‘-%—;, and b =
g e Ve e

. ) 3 :
_,_’_‘_%r._.’/érr-\—,%‘—;’;v or 4 =

3 = =
y 3
’/",%"""/%”"\'%}r and b =

3 —== o
l/ —_2%r4 I/ iry +Z'—',' and confequently the Sum of
: 7 - b

thefe ’/r«n%tw}‘.’/ﬁrr*}*i’; A4

VtreV it 2 willie
Vormare :‘;rr"rz—? will be a1
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Moreover, the Roots of Biquadratick Aquations may be
extraéted and exprefs’d by means of Cubick ones. But firf
you muft take away the fecond Term of the Aquation, et
the Aquation that [then] refults be #* + grx + ra-t;
=—o0. Suppofe this tobe generated Dy the Multiplication
of thefe two xx -+ ew -+ f=o, and xx—ex +g =0,
that is, to be the fame with this »* % g wx T+ :Ig «

‘ pu—yy

+fg =0, and comparing the Terms youll have f 4 ¢ —.
ec ::gq,' c’g ——ef=r, and fg=s, Wherefore g + e
. s ‘ : ", r

N gt eet - gtee—~
f+,g"; =z, —————2——'*" =g =,
gataeceqtei—"

ee

; (=fg) =3, and by Redution ¢¢
-},—gqe“ iZ? ¢e—rr==0., For ce writc 3, and you'll

have y* 4 245y j—-Z;I y—rr=0, a Cubick Aquation,
whofe fecond Term may be taken away, and then the Raot
extradled either by the precedent Rule or otherwife,  Then
that Root being had, you muft go back again, by putting

r r
g-tee—— g-tect -

e ¢ ‘
Vy=e, ” .= f, . =g, and the two
[Equations xx - ex 4+ f==0, and xx ——c % 4 g =0, their
Roots being extracted, will give the four Roots of the Bi-
quadratick AEquation x4 - guw + 7¥ + =0, vite ¥’
—tet v Zer—f, and w—tet4 Lec—g,  Where
note, that if the four Roots of the Biquadratick £quation
are poffible, the.three Roots of the Cubick Kquation y?--

249yy :‘:Z;] y—rr=0 will be poflible alfo, and confe-

quently cannot be extracted by the precedeént Rule. And
thus, if the affected Roots of an Aquation of five or more
Dimenfions are converted into Roots that are not affected,
the middle Terms of the Aquation being taken away, that
Expreffion of the Roots will be always impoffible, where

‘ more
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more than one Root 'in an Aquation of odd Dimenfions
are poffible, or more than two in an £quation of even
Dimenfions, which cannot be reduc’d by the Extraion
of the Surd Quadratick Root, by the Mcthod laid down
above. )

‘ Monfieur Des Carter taught how to reduce a Biquadratick
Equat‘mn by the Rules 1aft deliverd, E.g. Let there be
propos’d the Aquition reduc’d above, x-wmx’ —gx 2+
12.1;7630. Take away the fecond Term, by writing
v -4 % forw, and there will arife v*— 43 pp -+ 27 v
tvt==o0, To tkeaway the Fra@ions, write 2z for , and
there will arife 2*—862z -+ ooz — §g1 =05. Here
—86=g, fﬁo:”’ and ~—8q1 =y, and confequently

[4
¥ -+ 29y ,___Z,]y—-rr =0, and fubflituting what is e=
quivalent, you'll have y' — 1735y + 12820y 4~ 360000
— 0. Where trying all the Divifors of the laft Term 1,
— I, 2,23y ~=354,—4,5,~—3, and fo onwards to
¥co, youll find at length y’::’loo.s’ Which yet may be
f'ou,nd far more expeditioufly by our Method above deli-
ver'd, Then having got y, its Root 1c will be ¢, and

g—‘}-ee;—-t

, that is, =86 100—6o

2

, or =23, will be

q-teet -:: .
f» and > 137 will be g, and confequently the

ALquations xxt+ext+f =0, and xx —ex -+ g =0,
and writing z for &, and {ntfituting equivalent Quantities,
will become 2z + 102~ 23220, and 22— 10% + 37 =0.
Reftore v in the room of 2z, and there will arife v -f=
240 ——21i=0, andvv—24v -+ =0. Reflore, more-
over, x — % for #, and there will come out #x + 24— 2
—o0, andwx— 3x -3 =o0, two Kquations; the four
Roots whereof x=—171 3, and r=131+v—3, are
the fame with the four Roots of the Biquadratick Aquation
propos’d at the Beginning, #*——x?—sxx + 127x —6
—— 0. But thefe might have been more eafily found by the
Method of finding Divifors, explain'd before.

Gg Hithertq
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Hitherto it will fuffice, I fuppofe, .to have given the Re=

ductions of Kquations after 2 more eafy and more general

S Way than what has been done by others.

Fhe Extralion of Dut fince among thefe Operations we often

Roots vut of Bino~ meet with complex radical Quantities,

mial Quantities,  which may be reduc’d to more fimple ones,

it is convenient to explain the Reduttion

of thofe alfo. They are pexform’d by the Extractions of Roots

out of Binomial Quantities, or out of Quantities more
compounded, which may be confider'd as Binomial ones.

[But fince 'this is already done in the Chapter of the
Reduttion of Radicals to more fimple Radicals, by means of the
Extrattion of Roots, we fhall fay no more of it here,]

THE



T HE

Linear Conftrucion

EQUATIONS.

ITHERTO I have fhewn the Properties,
il Tranfinutations, Limits, and Reduétions of -all
2h Soxts of HEquations. I have not always joyn’d
the Demonfirations, becaufe they feem'd too eafy
- to need it, and fometimes cannot be laid down
- without too much Tedioufnefs. It remains now only to fhew,
how, after Equations are reduc’d to their moft commodi~
ous Form, their Roots may be extradted in Numbers, And
here the chief Difficulty liesin obtaining the two or three
firft Figures ; which may be moft commeodionfly done by
either the Geometrical or Mechanical Conftru&ion of an
Aquation, Wherefore I fhall fubjoin fomé of thefe Con-
ftruQions, , o ‘

The Antients, as we learn from Pappss, in vain endea-
vour'd at the TrifeGion of an Angle, and the finding out
of two mean Proportionals by a right Line and a Circle,
Afterwards they began to confidex the Propertics of feveral
other Lines, as the Conchoid, the Ciffoid, and the Conick
Se&tions, and by fome of thefe ta folve thofe Problems,
At length, having: more throughly "examin’d the Matter,
and the Conick SeStions being receiv’d into Geometry, they
diftinguifh’d Problems into three Kinds, viz. (1.) Into Plane .
ones, which deriving their Original from Lines on a Plane,
may be folv’d by a right Line and a Circle ; (2.) Into So-
lid ones, which were folved by Lines deriving theix Oxigi-

: - Ggoe : nal
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nal from the Confideration of a Solid, thatis, of a Cone;
(3.) And Linear ones, to the Solution of which were re-
quird Lines more compounded,  And according to this Di-
flinGion we are not to {olve folid Problems by other Lines
than the Conick Setions ; efpecially if no other Lines but
right ones, a Circle, and the Conick Sc€lions, muft be re-
ce1v’d into Geometry.  But the Moderns advancing yet much
farther, have recciv’d into Geometry all Lines that can be
exprefs’d by Equarions, and have diftinguifl’d, according to
the Dimenfions of the Hquations, thofe Lines into Kinds,
and have made it a Law, that youarc not to confiruét a
Problem by a Line of a fuperior Kind, that may be con.
firucted by one of an inferior one,  In the Contemplation
of Lines, and finding out their Propexties, I like their Di-
fiin&ion of them into Kinds, according to the Dimenfions
of .the Equations by which they are defin’d. But it is. not
the Aquation, but the Delription thar makes the Carve
1o be 2 Geometrical one. The Circle is a Geometrical Line,
not becanfe it may be exprefs'd by an Aquation, but be-
catfe its Defcriptionis a Poftulate, It is not the Simplicity
of the Aquation, but the Eafinefs of the Defeription, which
“is to determine the Choice of our Lines for the Confiru&ion
“of Problems, For the Aquation that exprefles a Parabola
is more fimple than That that exprefles a Circle, and yer the
Circle, by reafon of its more fimple Conftru&ion, is ad-
mitted beforc it The Circle and the Covick Se&tions, if
you regard the Dimepfion of the Bquitions, are of the
fime Order, and yet the Circle is not number’d with them
in the Conflrudtion of Prablems, but by reafon of its fim-
ple Defeription, is deprefs'd to a lower Order, wiz. that of
a right Line ; fo thar it is ot improper to exprefs that
by a Circle that may be exprefs'd by a righe Line, But it
is & Fault to confirn@ that by the Conick Seétions which
" inay be confiru@ed by a Circle,  Either therefore you muft
take your Law and Rule from the Dimenfions of Aqua-
tions as obferv’d in a Circle, and fo take away the Diftine
&hon between Planc and Solid Problems ; or clfe you muft
rant, that thae Law is not fo frictly to be obferv’d in
%ines of fuperior Kinds, but chat fome, by reafon of their
more fimple Defeription, may be preferr'd to others of the
{ame Order, and may be nomber'd wich Lines' of inferior
Orders'in the Conftru¢tion of Problems.  In Confiruétions
that are equally Geometrical, the moft fimple are always ta
be prefeir'd, This Law is fo univerfal, as tobe without Hx-
' s cepriony
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ception.  But Algebraick Expreffions add nothing to the
Simplicity of the Conftru&ion ; the bare Deferiptions of the
Lines onldy are here to be confider’d s and thefe alone were
coqﬁder’d by thofe Geometricians who joyn'd a Circle with
aright Line, And as thefe arc eafy or hard, the Con-
firuztinn becomes eafly -or hard + And therefore it is foreign
to the Narure of the Thing, from any Thing elle to efla~
bl}ﬂ'l Laws abour Conftructions. Either therefore let us,
with the Antients, exclude all Lincs befides the Circle, and.
perhaps the Conick tections, out of Geometry, or admit all,
according to the Simplicity of the Defeription. If the Tro-
choid were admitted into Geometry, we might, by its Means,
divide an Angle in any given Ratis, Waoanld you therefore
blame thofe who fhould” make Ufe of this Line to divide
an Angle in the Ratio of one Namber to another, and con-
rend that this Line was not defin'd by an Equation, but
that you muft make Ufe of fuch Lines as are defin'd by &.
- quations ? If therefore, when an Angle was to be divided,
for Inftance, into 1ooor Parts, we fhould be oblig'd to
bring a Curve defin’d by an £quation of above an hundred
Dimenfions to do the Bufinefs ; which no Mortal could de-
fcribe, much lefs underfland ; and fhould prefor this to the
Trochoid, which isa Line well known, and defcrib'd eafily
by the Motion of a Wheel or a Cixcle, who would not fee
the Abfurdity ? Either therefore the Trochoid is not to be
admitted at all into Geometry, or elfe, in the Conftrution
of Problems, it is to be preferr'd to all Lines of a more dif-
ficult Deefeription.  And there is the fame Reafon for other
Curves. For which Reafon we approve of the Trife&tions
of an Angle by a Conchoid, which Archimedes in his Lem-
ma’s, and Pappss in his Colleftions, have preferr'd to the In-
ventions of all others in this Cafe; becaufe we ought either
to exclude all Lines, befides the Circle and right Line, out of
Geometry, or admit them according to the Simplicity of
their Defcriptions, in which Cafe the Conchoid yields to
none, except the Circle, Aquations are Expreflions of A~
. sithmetical Compuration, and properly have no Place in Ge-
ometry, except as far as Quantities truly Geometrical (that
is, Lines, Surfaces, Solids, and Proportions) may be faid to
be fome equal to others, - Multiplications, Divifions, and
{uch fort of Compurations, are newly receiv’d into Geome-
try, and that unwarily, and contrary to the firft Defizgn of
this Science. For whofoever confiders the Conftru&tion of
Problems by a.right Line and a Circle, found ouc by the firit
e - Geome-
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Geometricians, will eafily perceive that Geometry was in:
vented that we might expeditioufly avoid, by drawing Lines,
the Tedioufnefs of Computation. Therefore thefe two Sci-
ences ought not to be confounded, The Antients did fo in-
duftrioufly diftinguifh them from one another, that they ne-
_wer introduc’d Arithmetical Terms into Geometry,  And
the Moderns, by confounding both, have loft the Simplicity
in which all the Elegancy of Grometry confifis. Where.
fore that is Arithmetically more fimple which is determin’d
by the more fimple Aquations, but ‘thar is Geometrical}
more fimple which is determin’d by the more fimple draw-
ing of Lines; and in Geometry, that ought to be reckon'd
beft which is Geometrically moft fimple. Wherefore, 1
ought not to be blamed, if, with that Prince of Mathema.
ticians, Arohimedes, and other Antients, T make Ufe of the
Conchoid for the Conflru@ion of folid Problems,  Bat if
any one thinks otherwife, fer him know, that I am here fo-
licitous not ‘for a Geometrical Conftruction but any one
whatever, by which 1 may the neareft Way find the Root
of the Kquation in Numtbers, For the fuke whereof | herg
premife this Lemimatical Problem. :

To ‘blzzce the vight Line BC of a given Length,
" fo between two other given Lines A B, AC,
thar being produc’d, i fhall pafs through the

piven Point P.

F the Linc BC turn about the Pole P, and at the fame

time moves on its End ¢ upon the right Line AC, its
other Fnd B thall deforibe the Conchoil” of the Antients,
Let this cue the Line 4B in the Point 5. Join P B, and
its Pare BC will be the right Line which was to be
drawn, And, by the fume Law, the Line B ( may be drawn
where, inflead of .4(, fome Curve Line is made Ufe of.
[Fide Figare 90 ] ' ‘

If any do not like this Confiru&ion by a Conchoid, ane-
ther, done by a Conick Seétion, may be fubflituted in its
soort,  From the Poing P to the right Line 4D, 4 E, draw
P D, PE, making the Parallclogram £ 4 D P, and from the
Points Cand D tothe right Lines /B let fall the Perpen-
diculass CF, DG, as alfo from the Point E to the ‘uIig.ht

o ‘ it
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Line AC, produc’d tewards o, let fall the Perpendicalar
EH, and noking dD=a, PD=b, BCizr, #G L d,
AB = x, ad AC=y, youllhave d D : 4G 15 AT AF,
}
and confequently F:_-ri‘;. Moreover, yeu'll have 4 5 ;

AC::PD:CD,orxtyiibra—y Thorefireby—au
— \‘vhxch is an Aqurtion expreilive of an Hyperbala,
And again, by the 15thof the ud Elem, B(g will be =
ACqg+ ABg—2 FAB, thatis, co=yy-t+ xx mgg‘:y

-

Both Sides of the former Aquation being multply'd by

24 . }
~ take them from both Sides of this, and there will 1e-

) 2bdy
N ¢¢m= — =3y +xx—2dx, an Kquation cx-

preffing a Circle, where x and y are at right Angles, Where-
fore, it you make thefe two Lines an Hyperbola and a Cir-
cle, by the Help of thefe Aquations, by their Interft®ion
you'll have » and y, or 4B and A4C, which determine the
Pofition of the right Line BC. But thofe right Lines will
be compounded after this Way.

Draw any two right Lines, KL equal to 4D, and K¢
equal to P D, containing the right Angle 4/ KL, Com-
pleat the Parallelogram K L M N, and with the Afymptotes
L N, M N, defcribe through the Point K the Hyperbola
1K X,

On KM produc’d towards K, take KP eqml to 4G,
- and K QO equal to BC. And on KL produc'd towards K,
take KR equal to A H, and RS equal to R Q. Compleat
the Parallelogram P KR 7, and from the Center 7, at the
Interval T S, defcribe a Circle. Let that cut the Hyperbola
in the Point X, Let fall to K P the Perpendiculsr X7, and
Xr will be equal to AC, and K7 equal to 4B, Which
two Lines, ACand 4B, orone of them, with the Point
P, determine the Pofition fought of the right Live BC. To
demonftrate which Confiruéion, and its Cafes, according
to the [different] Cafes of the Problem, I fhall not here in-
fit, [Wide Figare 91.]

1 fay, by this Confiru@ion, if you think fir, you may
folve the Problem, But this Solution is too compounded to
ferve for any [particular] Ufes, Tt is only a Speculation,
and Geometrical Speculations have juft as much Elegancy as
B AR T o Simplicity,
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Simplicity, and deferve juft fo much Praife as they can Pro-
mife Ufe. For which Reafon, T prefer the Conchoid, ag
much the fimpler, and not lefs Geometrical ; and which is of
efpecial Ufe in the Refoluton of Aquations as by us pro-
pos’d. Premifing therefore the preceding Lemma, we Geo-
metrically conftru& Cubick and Biquadratick Problems [4
which may be reduc’d to Gbick ones] as follows.  [Vide Figure
92 and 93.] . .

Let there be propos’d the Cubick Aquation a3 ¥ -} g
<+ r =0, whofe fecond Term is wanting, but the third is
denoted under its Sign -}~ ¢, and the fourth by 4+ ». Draw
any right Line, K4, which call #, On K4, produc’d on both

Sides, take KB =7 to the fame Side as K4, if g be pofi-
7 .

tive, otherwife to the contrary Part. Bife@ BAin (, and
on K, as a Center with the Radius K C, deftribe the Circle
CY, and in it accommodate the right Line CX equal to

.L1 producing it each Way, Join 4 X, which produce alfy
nn

both Ways ; then between the Lines CX and .4 X inferibe
ET of the {fame Length as C4, and which bring producd, .
may pafs through the Point K ; then fhall X7 be the Root
of the Kquation, [Fide Figure 94.] And of thefe Roots,
thofe will be Affirmative which fall trom X towards (, and
thofe Negative which fall on the contrary Side, if it be -,
but contrarily if it be —r.

Demonflration.

To demonftrate which, I premife thefe Lemmas,

Lomma I ¥X: AK::CX: KE. Draw KF parallel
to C X ; then becaufe of the fimilar Triangles AC X, AKF,
and EYY, EKF, theaxcis AC: AK:: CX: KF, and 7Y
:Y'E,or AC: : KF : KE; and therefore by Equality 7 X :
AK::CX: KE, Q.E D. ‘

Lovva Mo 7X: AK ::CY : AKX+ KE. For by
Compofition of Proportion ¥'X: 4K : YX4CX (e
Cry: AKX+ KE. Q.E.D. ‘

LeMma
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. Lemma . KE—~BR:YX::YX:AK For (by
12, Eleme 2.) T Kg—CKg=CTg—(CY X CX=CY % ¥'X-
That is, if the Theorem be refolv'd into Proportionals, C¥'
tYK—CK::TK4-CK:¥YX. Bt K—(CK—=TK—
YE4+CA—CK=KE—BK. And YK+ CK=YK
eV E4CA+CK=KE+ AK  Whercfore (T : RE
e BE:: KE4AK:T X, But by Lewma 2. Cr: KE
4 AK::YX: AR  Wherefore by Equality 7y ¥: KE —

"BK:: AK:TX; oo KE—BR:TX::rX:AK

Q.E.D.
Thefe Things being premifed, the Theorem will be thus

'd‘emonﬁrated.

In the firft Lewma, TX: AK::CX: KE, or KE %
YX=AKx (CX; and in the third Lemwma it was prov'd,

“ that KE—RBK:VX::7X: AKX  Wherefore, if the

"Terms of the firft Ratio of the laft Proportion be multiply’d
byrX, it will be KEXYTX—BEXT X : XY5::7X:
AKX thatis, AXXCYX—BEXYX:TXg::VX: AKX,
and by mulciplying the Extremes and Means into themfelves,
it will be AKgx XC— AKX XBAK Y X = T Xcube.
Therefore for T X, A&, BA, and CX, re-fubflituting x,

» . - . . . .
s, 1 , and —, this Aquation will arife, iz, » —gqr=
) nn

x', Q E.D. 1T neednot flay to fhew you the Variati-
ons of the Signs, for they will be determin'd according to
the different Cafes of the Problem. ~

Let then an Aquation be proposd wanting the third
Term, as &% 4 pax 7 =0 ; inorder toconftru&t which,
take n for any Number of equal Parts; take alfo, in any

right 'Line, two Lengths K. A= 7—::’;, and KB=p, and let

them be taken the fame Way if » and p have like Signs 3
but otherwife, take them towards contrary Sides,  Bife&®
BA inC, and on X, as a Center, with the Radius XC, de-
fetibe a Circle, into which accommodate C X — », producing
it both Ways. ~ Join 4., produce it both Ways. - Then,
between the Lines C¥ and AX draw EY —C 4, fothat if
produc’d it may pafs through the Point X; and XE will
be . the Root of the Fquation. And the Roots will be
Affirmative, when the PointY' falls on that Side of X which
lies towards ('; and Negative, when it falls on the contrary

H b " Side



L2347

Side of X, provided it be 7 ; but if it be w7, it will be
the Revesfe of this, o

" To demonftrate this Propofition, look back to the Figures
and Lemma’s of the former; and then you will find it
thus .

By Lomma 1. VX1 AK::CX: KE, or TXXKE =
AKxCX, and by Lemma 3, KE— XB:TX::TX:
AR, or, (taking X B towards contrary Parts) &£ E- KB
1T X::TX: AX, and therefore KE 4 KB multiply'd by
KE will be to TXX KE : (or AXXCX):: VX AXK,
orasCY: X E Wherefore multiplying the Extreams and
Means into themfelves, KE cube ~+ XBX KEq = AKX
C Xq and thenfor XE, KB, A K, and (K, reforing their
Subftittes, you will find the laft Aquation to be the fame
with what was proposd, %) - pawx=r, or x*+pax
% r=o. <
" Let an HEquation, having three Dimenfions, and wanting
no Term, be propos’d in this Form, &3 4 pra 4 qu4r.
— 0, fome of whofe Roots {hall be Aflirmative, and fome
Negative

And firft fuppofe ¢ a Negative Quantity, then in any

tight Line, as XB, let two Lengths Dc taken, as Kd= z

9
and XB=p, and take them the fame Way, if p and
" have contrary Signs; but if theiv Signs ave alike, then

tqakc the Lengths contrary Ways from the Point X, Bilke&
AB in ¢, and there ercét the Perpendicular (X equal to
the Squarc Root of the Term g5 then between the Lines
AX and CX, produc’d infinitely boch Ways, inferibe the
right Line EY == AC, fo that being producd, it may pafs
through &5 {6 thall XE be the Root of the Equation,
which will be Affirmative when the Point X falls between
Aand E but Negative when the Point £ falls on that
Side of the Point X which is towards 4. [Vide Figure 95.]

If ¢ had been an Affirmative Quantity, then in the Line
KB you muft have taken thofe two lengths thus, wviz,

KA = ﬂ/:;)r, and KB =

— Yg}—j’ and the fame Way from

K, if {/ ——:—;; and }?}7 have different Signs;  but contrary

Ways, if the Signs ate of the fame Nature, B.4 allo muft
be
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be bife@ed in C; and there the Perpendicular C X erected
£qual to the Term p ; and between the Lines AX and €',
infinitely drawn out both Ways, the right Line E?° muft
alfo be inferibed equal to A€, and made ro pafs through the
Pom.t XK, as before 5 then would X7 be the Root of the fE-
quation ; Negative when the Point ¥ fhould fall between
< and E, and Afirmative when the Point 7" falls on the Side
of the Point X towards G,

The Demonflration of the firft Cafe.

By the firft Lemma, KE wasto (X as AK toT'X, and
(by Compofition) fo KE-+4 4K, i,e. K¥-+ KC isto CX
=+ 7X, i.e. (7. But in the right-angled Triangle KCZ,
70q=YKq—KCq=— K7 + K(Cx E¥—KC; and by re-
folving the equal Terms into Proportionals, K7+ K C is
to C7 as CT is to KY—-KC; or KE-+ AK isto CY as
CT isto EX— KB. Wherefore fince KE was to X in
this Proportion, by Duplication KEq will be to CXg as
KE ~ 4K to KE— KB, and by multiplying the Extreams
and Means by themfelves K Ecule— KB % KEq =CXgq
X KE +(C XgxAK And by reftoring the former Var
tues &% pugt e qu 47,

The Demonfiration of the fecond Cafe.

By the fisft Lemma, KE isto CX as AK is to 7X, then
by multiplying the Extreams and Means by themfelves, &'E
XY X =CXx AK, Therefore in the preceding Cafe, put
KE xTX forCX x AK, and it will be KEcub.— KB
KEq=CXg*x KEA4CXXxKEx7TX; and by dividing
all by KE, there willbe KEq—KBx KE=CXg-+CX
¥ X'; then multiplying all by A K, andyou'll have 4 K ¥
KEg-—KBX KA KE =AKxCXq+ AK X CX %
TX. And again, put KE x 7°X inflead of itsequal C.X
AKX, then AKX KEg— AKX KB KE=EX%xTX
X VX4 KE xTXy; whence all being divided by KE
there will arife AKX KE — AKX KB =TX%XCX
Xg ; and when all are maltiply’'d by 7.X there will be
AKXXKKEXTX — AKX KBXTX=TXgrCX4 TX
cube. And inflead of K E % 7X in the firft Term, put CX
®AK, and then CXX AKqgr—e AKLBERYTX == CX 3¢

T Hha rXg
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¥ Xq -7 Xonbe, or, which is the fame Thing, ¥X cube -«
CX%xTXg+ AKX EKBRTX —CXxAKg ==0. And.
by fubfliruting for 7.X, C X, A K, and KB, their Values

.J-‘,. p, /=" g :[?;, this Aquition will come out, v
depri A qx by o o
~ Bue thefe Aquations are alfo folv’d, Ty drawing a right
Line from a given Poine, 1 fuch a Maubner that the Pare
of it; which is intercepted berween another right Line and
a Circle, both given in Pofition, may be of a given Length,
{Vide Figure 96} Co
For, let there be propos’d a Cubick Equation v3 % g u
w7 =0, whofe fecond Term is wanting, Draw the right
Line KA at Pleafure, which calln.  In K4, » produc’d
- both Ways, take X5 — 7 on the fame Side of the Point
F
X as the Point A is if ¢ be Megative, if’ not, on the con.
trary. Bife& B4 in (, and from the Center 4, with the
Diflance 4C, deferibe a Circle CX. To this inferibe the

sight Line C X= ;r;,‘ and through the Points X, (, and X

deferibe the Circle £CXG. Join A%, and produce jt till
it again cuts the Cixcle XCXG laft deferib’d in the Point
G. Laftly, between this Circle XC X G, and the right Line
XC produc’d both Ways, inferibe the right Line E7—
AC, fo that EY produc’d pafs through the Point G,  And
EG will be one of the Roots of the Aquation. Bur thofe
Roots are Affirmative which fall in the greater Segment of
the Circle X G C, and Negative which full in the leffer
KEC, if » is Negative, and the contrary will be when 7 is
Affirmative. '

© I arder to demonftrate this Conflruction, let us premife
the following Lemmata.

Lemma I, All Things being fuppos’d as in the Con-
firu&tion, CE isto XA as CE -+ CX isto A7, and as CX
to X7, ‘

" For the right Line XG teing drawn, 4Cisto AK as CX
is to £G, becavfe the Triangles ACX and 4 XG are Si-
milar, The Triangles YEC, T XG arc alfo Similar; for
the Angle at 7 is common to both Triangles, and the Angles
& and C gre in the fame Segment LC G of the Circle EG Cﬁ.&
v P ; . ' ; . : ‘ an-

v
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and therefore equal. Whence CE will beto ETas K G to
K7, thatis, CE to AC as kG to KT, becaufe ET and AC
were Tuppofed equal, And by comparing this with the Pro-
portionality above, it will follow by Equality of Proportion
that CF isto .4 asCXto L7, and alternately CE is to
CX as KA to kY, Whence, by Compofition, CE-4-CX
willbe to CX as K A4 KT to KT, thatis, AT to KT;
‘and alcernately CE-- CX isto AT asCX jsto 47, that
is, as CE to X4. Q.ED.

Leawma 1L TLet fall the Perpendicular € H upon the
right Line G7, and the Re&tangle 2 H ET will be equal to
the ReQangle CE x C X, _ ‘ , ’

For the Perpendicular G I being let fall upon the Line
AT, the Triangles KG L, EC H haveright Angles at L and
H, and the Angles at X and E are in the fame Segment
€3G K of the Circle C K EG, and are thercfore equal; con-
fequently the Triangles are Similar.  And therefore K G is
to KL as ECto EH. Moreover, A4 A teing let fall from
the Point .4 perpendicular to the Line X G, becanfe 4K is
equal to 4G, KG will be bife&ted in A4 ; and the Triangles
K.AA4 and KG L are Similar, becaufe the Angle at X is
common, and the Anglesat A4 and L are right ones; and
therefore 4K isto K A4 as KG isto KL, Butas 4K is
to KAd fois2AK to2K M, or KG; (and becaufe the
. Triangles A K G and ACX are Similar) fois 2 4C to CX;
alfo (becaufe AC=ET) fo is 2EY to CX. Therefore
2EY is to CX as KG to KL. But £G was to KL as
EC to E H, thercfore 2 EY isto CX as EC'to E H, and fo |
the ReGangle 2 HEY (by multiplying the Extreams and
Means by themfelves) isequal o ECx CX. QE. D,

Here we took the Lines 4K and 4G equal, For the
Re&tangles C.AK and X 4G are equal (by Cor. to 36 Prop.
of the 3d Book of Euc.) and therefore as (4 is to X A fois
AGto AK. But X4 and (A are equal by Flypothefts ;

therefore 4G = A4 K. ’

Lemnma 1L . All Things being as above, the three
Lines BY, CE, K.A are contnual Proportionals, '

 For (by Prop. 12, Book 2. Elem.) CY9—=EYq~+CEq
2 ET % EH. And by taking ET g from both Sides, (Y3 =
EYq —=CEq-+2EV <« EH. But 2 EY X EH=CEx CX
(by Lem.2.) and by adding CEq to both Sides, CEg E‘;
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2EYREH=CEq-+CExX(CX. Therefore Crg-——Erg
==CEq 4-CEx C&, that is, CT-+EY X CY—Er—
CEq-+CEx CX. And by rcolving the equal Re&angles
into proportional Sides, it will be as CE+4-CX isto C¥--
EY, fois CY—EY toCE. But the three Lines E 1, C4,
CB, are equal, and thence CY-+Er=Cr--C4A=4Ar,
and C¥——EYo=CY¥— (B =By Write A for Cr-
E, and BY for CY—ET, and it willbe as CE-}-CX i3
toYAlhisBYw CE, DBut (by Lem. 1.) CEis to K Aas
CE-+({X is to A7, therefore CE isto KA as BT is to
CE, that is, the three Lines B, CE, and K .4 are continual
Proportionals, Q,E.D. - ‘

Now, by the Help of thefe three Lemmmas, we may de-
monftrate the Conflrution of the preceding Problem, thus :
By Lemyx. CE isto KA asCXisto K7, o KAxCX

= CE % K ¥, and by dividing both Sides by C'E, M—)EE:Y

: , CE
— K1~ To thefe equal Sides add BK, and BX -+
A% CX o ‘ KAXCX
<E = BY. Whence (by Lem. 3.) B K-} o

isto CE as CE isto X A, and thence, by multiplying the
Extreams and Means by themfelves, CEq == BR % KA+~

I%gﬁf, and both Sides being multiply'd by CE, CE

cub. — KBx KAXCE-KAqxCX. CE was called #,
the Root of the &quation K4 =n, KB == TZ’ and CX =

;Z_n Thefe being fubflituted inflcad of CE, K A, KB, and
C X, there will arife this Aquation, a3z qar - #, 08 7
gu—r==0; whengand » arc Negatives, L4 and KB
having been taken on the fame Side of the Point &, and
the Affirmative Root being in the wreater Segment CG A
This is one Cafe of the Conftruétion to be demonfirated.
Draw ZB on the contrary Side, that is, let its Sign be

changed, or the Sign of Q’ or, which is the fame Thing,
n

\ . .

‘the Sign of the Term g, and theve will be had the Con-

fruétion of the Kquation «? 4 qaw—p ==0. Which is the

other Cafe. In thefe Cafes CX, and the Affirmative Root

CE, fall towards the fame Parts of the'Line AKX, Let C'Jg
ana
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and the Negative Root fall towards the fame Parts when
the Sign of Cx, or ’—;71, or (which is the fame Thing) » is

changed ; and this will be the third Cafe 2° 4 g4 4 » — o,
where all the Roots are Negative, And again, when the

Sign of x B, or Z, or only g, is changed, it will be the

fourth Cafex’ —gx 4 r=o0. The Confiradtions of all
thefe Cafes may be eafily run through, and particularly de-~
mpnﬂrated after the fame Manner as the firft was ; and
}v.}th the fame Words, by changing only the Situation of ¢the
Lines.

Now Jet the Cubick Aquation =% 4+prr¥-t+r—o,
whofe third Term is wanting, be to be conftruted,

In the fame Figure » being taken of any Length, take in

any infinite right Line A7, X4, and KB= 7-;;, and p, and

take them on the fame Side of the Point K, if the Signs of
the Terms p and r are the fame, otherwife on contrary
Sides. Bife& B4 in(, and from the Center K with the
Diftance KC defcribe the Circle CXG. And to it infcribe
the right Line CX equal to 2 the affimed Length. Join
AX and produce it to G, fo that 4G may be equal to 4 K,
and through the Points K, G, X, G defcribe a Circle,  And,
laftly, between this Circle and the right Line KXC, produc’d
both Ways, draw the right Line EY=AC, fo that being
produced it may pafs through the Point G ; then the right
Line K7 being produc’d, will be onc of the Roots of the
Hquation, And thofe Roots are Affirmative which full onx
that Side of the Point K on which the Point A ison, if »
is Afficmative ; but if » is Negative, then the Affirmative
Roots Fall on the contrary Side, Andif the Affirmative
fall on one Side, the Negative fall on the other.

This Conftru&ion is demonflrated by the Help of the
three 1af} Lemma's after this Manner: .

By the third Lewma, BY, CE, KA are continual Pro~
portionals ; and by Lemwma 1. as CE isto KA fo is( X to
KT, ‘Therefore BT isto CE as CX to KY. Br=X7T
e KB, Thercfore KI'—-XKB is to CEas CX 15t0 X7

Bot ss X7— KB is to CE fois KT—KBXXY to CE
X K7, by Prop. 1. Book 6. Euc. and becaule of the Propor-
tionals CE to KA asCX to XY s CEX KT = KA'I)’(hCX:

: ' cre-
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Therefore X1 KB KY isto KAXCX (as Kr—RK'R
to CE, that is, as CX to A7 And by multiplying the
Extreatds and Means by themfelves KV —KB X KTy —

KA%CXqg; thatis, KV cub. — KB X KT =K Ax CXq.
But in the Confiru@tion K7 was » the Root of the Fqua-

tion, K B was put ==p, KA= ;{;, and CX =n. Write

therefore %, p, ;;;, and » for KV, KB, K A, and CX re-

fpe@ively, x* —pxx will be cqual tor, orx’ —pra
et 1 O 1N .
This Conflru&ion may be refoly’d into four Cafes of /&-
quations, &} ~—pa&e—r=—0, & —prr-tr=—0, &’ 4
p gy =0, and x3 4 paa -+ r=0, The firth Cafe I
have already dzmonflrated ; the reft are demonfirated with
the fame Words, only changing the Situation: of the Lines,
To wit, as i taking K .4 and KB on the fame Side of the
Point K, and the Affirmative Root K ¥ on the contrary Side,
has already produc’d K7 cub, — KB X KV g=KAx CXy,
and thence x% = parx—rz=0; fo by taking KB on the
‘other Side the Foint K, it will produce, by the like Rea- .
foning, KVenb. -+ K¥gx KB= K Ax (Xgq, and thence
&3+ pxrw~—r=0, Andin thefc two Cafes, if the Situ-
ation of the Affirmative Root K7 be changed, by taking it
on the other Side of the Point K, by a like Series of Argu-
ments, it will fall into the other two Cafes, KX cwh. 4+ KB .
XKVg=—KAxCXq, or &+pxx -+ r=o, and
KTeub—KBX KYg=—=KAxCXq, o 2} —prx -
r=0. Which were all the Cafes to be demonflrated.
Now let this Cubick Alquation & +pax 4+ g2 +r=—o0
be propos’d, wanting no Texm (unlefs perhaps the third),
‘Which is confiruéted after this Manner 1 [Vide Figures o7
ﬂﬂd 98{] ’ '

Take » at Fleafure, Draw any right Line G C= —-g,

and at the Point G creét a Perpendicular G D = [/ —7:, and

if the Terms p and » have contrary Signs, from the
Center (, with the Interval CD deferibe a Circle P BE, 1If
they have the fame Signs. from the Center D, with the Space
G C, deferibe an ocenlt Circle, cutting the right Line 6 A in

2
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H; then from the Center €, with the Diftance G H, de2
fcribe the Circle PBE, Then make 6 4 = — 1 — 2 on

n_ o np
the fame Side the Point G that C is on, if now the Quan«

tity »—---Z — ;{; (the Signs of the Terms p, g, » in the &~

quation to be conftruéed being well obferv’d) fhould come
out Affirmative ; otherwife, draw G 4 on the other Side of
the Point G, and at the Point .4 ere® the Perpendicular
AT, between which and the Circle 2B E already defcrib'd,
draw the right Line E ¥ equal to p, fo that being producd,
it may pafs through the Point G ; which being done, the
Line EG will be ope of the Roots of the Aquation to be
conftrutted, Thofe Roots are Affirmative where the Point
E falls between the Points G and 7, and Negative, where
the Point E falls without, if p is Affirmative; and the
contrary, if Negative, !

In order to demonfirate this Conftru&ion, let us premife
the following Lemmas,

Lemma ¥, Let E F be let fall perpendicularto 4G, and
the right Line' £C be drawn; EGg-+GCg=ECq -+
2CGF. For (by Prop. 12. Bewk 2. Elem,) EGq=ECq-{
GCq -4 2GCF. Let GCq be added on both Sides,
and EGq -+ GCq = ECq+ 2GCq 4 2GCF. But

2GCq-+ 2GCF=2GCxGC+ CF =2CGF. There-
fore £Gg+GCq=ECq9+2CGF. QED,

Lemma I In the fieft Cafe of the Confirution, where
the Circle P BE pafies through the Point D, G £9—GDg
=2 CG F. For by the firft Lemma £Gg - G (g = ECq -
2CG F, and by taking CG g from both Sides, £G g==E(Cq
~—GCq-+2CGF. But ECg— GCq=CDgq—GC(Cq
=GDg. Therefore EGg = GDg- 2(GF, and by
taking G Dgq from both Sides, £Gg—GDg=2CGF,
Q. E.D. ' :

Limma TIL In the fecond Cafe of the Confiru&ion,
where the Circle P CD does not pafs through the Point D,
EGg4GDg=2CGF. For, by thefirft Lemma, £Gg
~+ GCq= ECq~4 2 CGF. Take £(Cqfrom bothSides, and
£G4 601 ECy= aCOF. Buk GC=DH, wnd G

ahrdir
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2= CP==G H. Therefore GCq—ECq=DHq—GHjyg
=GDgq, andfo EGq-+GDq=2CGF. QED.

Lemma IV, Grx2(GF=2CGx 4G E. For, by
reafon of the fimilar Triangles GEF and GY 4, as GF is
toG E fo is AG toG ¥, thatis, (by Prop.1. Book 6. Elem.)
as 206G % AG is to 20G X GY. "Let the Extreams and
Means be multiply'd by themfelves, and 2(G xGIXGF
=20Gx AGXxGE QE.D.

Now, by the Help of thefe Lemmas, the Conftruction of
the Problem may be thus demonfirated.

In the fitft Cafe, EGq—GDq=2CGF (by Lemma 2.)
and by multiplying all by G1, EGgxGY¥—GDq X Gr
=2CGF%x GYr= (byLemma 4.) 2CG x AGE. Infiead
of GY write EG-HEY, and EGeuh. + ET X EGq—
GDqX EG—GDqXxEY=20G AXEG, or EG cab.
EYXEGq—GDgem :CGAXEG—=GDIXEX =0

In the fecond Cafe, EGq-+GDq=2CGF (by Lem-
ma 3.) and by maltiplying all by GY, EG¢x G¥ 4G Dg
" XGr=2(GF xGr=2C0G x AGE, by lemma 4,
Inflead of GY wiitc EG + £2, and EGeab. - EY X EGq
+GDg+EGCHGDgXEY = 20GAX EG, or E G cub.

+EYXEGg+GDg—20GAX EGHGDgx EX=o,
But the Root of the Aquation EGz=x, GD::’/ —;.,

EYe=p, 2(G=n, and GA= — 10— - that is, in
. /]

n
the firft Cafe, where the Signs of the Terms pand r are
different ; but in the fecond Cafe, where the Sign of one of

the two, p or r, is changed, there is wm Z-—}— —7;—’) = GA. Let
n o n

therefore £G be put =%, G D __—._l/f, EY—p 20G=mn,
p ‘
and G4 = Z T nr_p’ and in the firl Cafe it will be

: . oo i
b pat g b o e s X ¥emr—o; that s, &3 Jepat

2 r .
T, = % w b mo, thatls, at + pat g b v

=0
.
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==0. Therefore in both Cafes £G is the true Value of the
Rootx, Q.E.D.

But either Cafe may be diftinguifh’d into its feveral Par
ticulars ; as the former into thefe, x’ - pa* - qa—r
=0, ¥} +pr’=tqi—r==0, 2 —pittgr-fr=0
A pa? e g =0, A0 epat —tr=o0, and s
— px* + rz= o ; the latter into thefe, a7 - pa? g%
Fr=o, ¥t +tprt—qxtr=o0, 47 —pa - gr—r
=0 AP pA e Womer 220, 23 4 pxt - r=0, and
¥} e p? ey =0, The Démonflration of all which Cafes
may be carry’d on in the fime Words with the two already
%ﬁfmonﬁratcd, by only changing the Situation of the

111es,

Thefe are the chief Confiructions of Problems, by inferibe
ing a right Line given in Length fo between a Circle and
a right Line given in Pofition, that the infcrib’d right Line
produc’d may-pafs throuigh a given Point, ~And fuch a right
Line may be inférib‘d by defcribing a Conchoid; of which
let that Point, through which the right ‘Line given ought
to pals, be the Pole, the other right Line given in Fofirion ;
the Ruler or’Afymptote, and the Interval, the Length of the
inferib’d Line,  For this Conchoid will catthe Circle 1 the
Point Z, through which the right Liné o "beé inferibd maft
be drawn, But it will be fuflicient in Pra&ice to diaw
the right Line between a Circle and a right Line givin-in
Pofition by any Mechanick Methcd,

But in' thefe Conftructions obferve, that the Quantity » is
undetermin’d and left to be taken at Pleafure, that the Con
firudtion may be more conveniently ficted to :particular Pro-
blems. We fhall give Examples of this in finiding two mean
Proportionals, and in trifeing an Angle, .+ * , ;

Let x and y be.two mean Proportionals ' to. be found be-
tween « and b, Becaufe 4, x, y, b are continual Proportio-
nals, #*will be to-x* 4s ¥ te b, therefore x> —baa, or
x) ~—aabzsp. Here the Terms pand q of the Aquation
afe wanting, and —wsz4b-is in the yoom of the Term r;
therefore in the firft Form of the Conftru&tions, where the
tight Lif€ E I tending to the given Point K, is drawn be-
tween other two right Lines, £X aind rC, givenin Pofition,

—dah

and fupﬁéfémihé i"ight Line X = r — - let » be

np?

" nn
taken equal to 4, and then CX will be =— 5. From
whence the like Confiruftion comes out. [#ide Figure 99}

Iia I draw
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{ draw any Line, X 4—4, and bife& it in C; and from
the Center , with the Diftance 1 C, defcribe the Circle
CX, to which ) inferibe the right Line CX = b, and be-
tween 4 X and CX. infinitely produc’d, I fo inferibe £ 77
—=Cd, that ET being preduc’d, may pafs through the Point
K. So KA, X1, KE, CX will e continual Propertionals,
that is, X7 and KE two mean- Proportionals between g
and b. This Conltruéhion is known, {Vide Figure 102.]

Bar in the other Form of the Conflrations, where the
right Line E 7 converging to the given Point G is infcrib’d
between the Circle GECX and the right Lite 4 K, and

4 T —aab
CX— —, thatis, (in this Problem) = ———, 1 put, as
nan nn .

before, # = 4, and then CX will be —b, aud-the reft are
done as follows. = [Fide Figure 101.] - :

[ draw any right Line K4 = 4,and bifec itin (and from
the Center A, with the Diflance A4 K, I defcribe the Circle
KG, to which I inferibe “the right Line KG = 2b, confti-
tuting the /fofceles Triangle AKX G, Then, throogh the Points
C, K, G 1 defcribe the Circle, between the Circumference of
which and the right Line 4 X produc’d, 1 infcribe the right
Line Er=C K rtending to the Point G, Which: being done,
AK, EC, KT, * KG are continual Proportionals, . that is,
EC'and KT are two mean. Proportionals berween the. given
Quantities gand b,: - o0 RERETEE N

Let there be an Angle to be divided into:- three equal
Parts; [Fide Figure 102.] and let that Angle be ACB,
and the Parts thereof to be found be ACD, ECD, and
ECB; from the Center C; with the Diftance C 4, let the
Circle 4D E B be deftrib'd, catting the right/Lines C.4,
CD, CE, CBin 4;D;E,B let AD, DE;i:EB be
joi'd, and 4B <cutting the right Lines CD, CE at F-‘and
H, and let DG, meeting 4B in G, be drawn parallel to
CE. Becaufe the Triangles CAD, ADF, and:DFG.are
Similar, CA, AD, DF, and FG -are continnal Proportio-
nals, . Therefore if 4C—4; and 4D —=x, .DF will be

X E AR _—
cqualto——‘;—, andFG:ﬂ—ﬂ. And AB=BH -+ HG -+
. ) C 3 ket
FA=—GF _—:3,41)-.—6[’_—:3.”»«%. Let 4B =1, then

bzm3xem—, Or &' w=344x -+ aab= 0. Here p; the fe-

R TS

~"cond
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cond Term of the Equation, is wanting, and inftead of

and » we have —3 a4 and agb, Therefore in the firf Form

of the Conflrudtions, where p was = 0,/ KA =n, KP==

7 , and CX = L, that is, in this Problem, KB :-—-ia—“,

n nn Tom
aab

and C X = ——, that thefe Quantities may come out as fim-
nn

ple as poffible, Iput n=4a, and fo KB=—34, andCX
w— b. . Whence .this Conftru&tion of the Problem comes
out.

Draw any Line, X4 =4, and on the contrary Side make
KB=3a. [Vide Fignre 103.] Bife& BA in , and from
the Center K, with the Diftanée X C, defcribea Circle, to
which inftribe the right Line CX=10, and the right Line
A X being drawn between that infinitely produc’d and the
right Line CX, infcribe the right Line E7'=A4C, and fo
that it being produc’d, will pafs through the Point XK. .So
X7 will be =, But (fee the laft Figure) becaufe the Cir-
 cle AD EB — Cixcle CX 4, and the Subtenfe 4B — Sub-
tenfe CX, and the Parts of the Subtenfes B H and X7 are
equal ; the Angles ACB, and C KX will be eqial, as alfo
BCH, XKYr; andfo the Angle XX 7 will be one thixd
Part'of the Angle. CK X. Therefore the third Part X KT
of any given Angle’ C KX is found by inferibing the right
Line E7—=AC, the Diamcter of the Circle between the
Chords € X and A X ivfinitely produc’d, and converging at
K thie Center of the Circle, 7~ =~ 7

. Hence, if from K, the Center of the Circle, you let fall
the Perpendicular K H upon the Chord CX, the Angle
HKY will be one third Part of ‘the Angle HKXX; fo that
if any Angle HKX were given, the third Part thereof
HXY may be found by letting fall from any Point X of
any Side K X, the Line H X perpeéndicular to the other Side
H K, and by drawing X'E  parallel to H K, and by infcrib-
ing the right Line ZE = 2 X K between XH and XE, fo
that it being producd may pafs through the Point X = Or
thus, [Fide Figwre 104.]° -~ - ... .

- Let any Angle A X K be giveh, . Toone of  its Sides 4.X
raife a Pexpendicular "X H, and from. any Point Kof the
other Side X K let there be drawn the Line KE, the Part;
of which E7 (lying between 'the Side' 4X produc’d, and
the Perpendicular X H) is'double theSide X' X, and the An-
gle XEA will be one third of the given Angle AX K,

. v Again,
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Again, the Perpendicular’ E Z being rais’d, and K'F being
drawn, whofe Part Z F, between EF and E &, let be dou-
ble to X E, and the Angle KF A will be one third of the
Angle KE 4 ; and fo you may go on by a continual Tri-
fe&ion of an Angle ad infinitwm,  This Method is in che 32d
Prep. of the 4th Book of Pappus. L .

- If you would trife& an Angle by the other Form of Con-
firuftions, where the right Line isto be inftrib'd between

another right Line and a Circle, here alfo will £ B = -Z,

and CX = —, that is, in the Problem we are now about,

KB— »——3“’ and CX¥=— ?’q—;; and fo by patting n==4,
. /3 . ;o
KB will be =— 34, and CX=p. Whehce this Conftru-
&ion comes out. . . , L
- From any Point K let there be drawn £iwd'right Lines
towards the fame Way, KA =4, and KBiz3a  [Vide
Figure jog.] Bife® A B in (, and from the Center 4 with
the Diftanice AC defcribe a Circle, To which inforibe the
right Line CX =b. Join A%, and produce it till it cuts
the Circle again in G. Then berween this Circle and the
zight Line AC, infinitely produc’d,” infcribe the Luie EY —
¢, and paffing throngh.the Point G ; and the right Line
E ¢ being drawi, will be equal to » .the Quantity foughe,
by wihiich the third Part of the givén "Anglé will . be fub-
gended, e
- This Conflruction arifes from the Form above ; which,
however, comes out better thius : Becanfe the Circles 4 DE B
and K XG dre equal,. and allo the Subtenfes CX and 4 B,
the Arigles CAX, or K4 G, and ACB are equal, therefore
CE is'the Subtenfe of ode third Part of the Angle K 4G,
Whence in any giverd Angle ‘K 4G, “that it third Part
CAE mmy be found, " infiribe the “tight Lite E T equal to
the Semi-Diameter 4G 'of the Circle XCG,  bétween 'the
Circle and the Side X4, of the Angle, "infisitely. prodicd,
and rending to the Point G, Thus' Arépimedes, i Lémma 8.
fanght to trife& an Angle, . The famie’ ConfiruGions may be
aore eafily explain’d than 1 have dene Here ; - but in’ thefle
1 would fhow how, from the general Conftridtions of Pro-
blems 1 have already explain'd, we.inay derive the moft
fimple Confiruions of particuldx Problétis, . '

Befides
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Befides the Confiruttions here fet down, we might add
many more, [Vide Figyre 106] As if there were two
mean Proportionals to be found between 2 and b, Draw
any right Line 4 K=p, and perpendicular to it 4B =4,
Bife& A K inJ, and in AKX put 4H equal to the Sub-
tenfe B/ ; and alfo in the Line 4B produc'd, 4C= Sub-
teife B H, Then in the Line 4 K on the other Side of the
Point A4 take 4 D of any Length and DE equal to it, and
from the Centers D and E, with the Diftances D Band EC,
defcribe two Circles, BFand (G, and between them draw
the right Line FG equal to the right Line .47, and con-
verging at the Point 4, and AF will be the firft of the
two mcan Proportionals that were to be found,

The Ancients taught how to find two mean Proportionals
by the Ciffoid ; but no Body that 1 know of hath givena
good manuaj Delcription of this Curve, [Fide Fignre 107.]
Let 4G be the Diameter, and F the Center of a Circle to
which the Cifloid belongs, At the Point F let the Perpen~
dicular FD be ere€ted, and produc’d in infinitums. And let
F G teproducd to P, that FP may be equal to the Dia-
meter of the Circle, let the Ruler P ED be moved, fo
that the Leg EP may always pafs through the Point 2, and
the other Leg E D muft be equal to the Diameter 4G, or
F P, with irs End D, always moving in the Line F.D; and
the middle Point C of this Leg will deferibe the Ciffoid
G ( K which was defired, as has been already fhewn.
Whercfore, if betweenany two Quantities, 4 and b, there
be two mean Proportionals to be found: Take 414 =a4,
raife the Perpendicular M N=», Join AN, and move
the Ruler PE D, as was juft now fhewn, until its Point C
fall upon the right Line AN, Then let fali CB perpendi~
cular to AP, taketto BH, and wto BG, as M N isto
B, and becaufe 4 B, BH, BG, B( are continual Propor-
tionals, 4, t, v, b will alfo be continnal Proportionals.

By the Application of fuch a Ruler other folid Problems
imay be conftruled, - :

Let there be propofed the Cubick Aquation 2* pi ae—
g%~ r==0; Wwhere g is always Negative, r Affirmative,

and p of any Sign. Make 4G = ?’; , and bife@ it in F, and

take FR == —Z ’ and that towards 4 if pis Affirmative, if

not towards P.  Moreover, make 4B= v g, and eredt the
R - ’ ' Perpen- 7
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Perpendiculars FD and B¢ And in the Leg E D of the
Ruler, take ED = 4G and E C—= AR, then let the Leg of
the Ruler be apply’d to the Scheme; fo that the Point D
amay touch the Line F D, and the Point C the right Line B(,
and BC will be the Root of the Aquation fought, = .

Thus far, T think, I have expounded the Conftruction of
folid Problems by Operations whofe nianual Pradlice is moft
fimple and expeditious. So the Antients, after they had ob-
tain’d a Method of folving thefe Problems by a Compofi-
tion of folid. Places, thinking the Conftruftions by the
Conick Se&tions ufelefs, by reafon of the Difliculty of de-
feribing them, fought eafier Confiru&tions by the Con-
choid, Cifloid, the Extenfion of Threads, and by any Me-
chanick A pplication of Figures, Since ufeful Things, though
Mechanical, are juftly preferable to uftlefs Speculations in
Geometry, as we learn from Parpus. So the great Arehi-
medes himfelf negle@ed the Trife@ion of an Angle by the
Conick Se&ions, which had been handled by other Geome-
tricians before him, and tanght how to trifeé& an Angle in
his Lemma’s as we have already explain’d. If the Anti-
ents had rather conftruét Problems by Figures not receiv’d
in Geometry in that Time, how much more ought thefe Fi-
gures now to be preferr’d which are receiv’d by many into
Geometry as well as the Conick Sections.

However, T don’t agree to this new Sort of Geometrici-
ans, who receive all Figures into Geometry, Their Rule
of “admitting all Lines to the Conftruction of Problems
in that Order in which the Aquations, whereby the Lines
are defin’d, afcend to the Number of Dimenfions, is arbi-
trary and has no Foundation in Geometry. Nay, itis fulfe;
for according, to this Rule, the Circle fhould be joined with
the Conick Sections, but all Geometers join it with the
right Line ; and this being an inconftant Rule, takes away
the Foundation of admitting into Geometry all Analytick
Lines in a certain Order., In my Judgment, no Lines ought
to be admitted into plain (Geometry befides the right Line
and the Circle. Unlefs fome Diftin&ion of Lines might be
firk invented, by which a circular Line might be joired
with a right Line, .and feparated from all the reft. But
truly plain Geometry is not to be augmented by the Num-
ber of Lines, For all Figures are plain that are admitted
into plain Geomtetry, that is, thofe which the Geometers
poftulate to be defcribed in pl’cma. And every plain Problem
is that which may be confiruded by plain Elgures,t X So

T T ere-
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therefore admitting the Conick Seflions anl other Figures
more compounded ineo phin Geometry, all the folid and
more than folid Problems that can be conflrudted iy thefe
Figures will become plane,  Bue all plane Protlems are of
the fame Order, A right Line Analytically is more fimple
than a Circle ; neverthelefs, Problems which are conftruéted
by right Lines alone, and thofe that are confiruted by Cir-
cles, are of the fame Order.  Thefe Things being poftulac~
ed, a Circle is reduc’d to the fame Order with a right Line,
And mnch more the Elliple, which differs much lefs from a
Circle than a Circle frem a righe Line, by poftulating the
right Defeription thereof in plans, will be redu’d to the
fame Orler with the Circle.  If any, in confidering the
Ellipfe, fhoald fall upon fome folid Problem, and {hould
conftruft it by the Help of the fame Ellipfe, and a Circle :
This would be counted a plane Problem, Lecaufe the Ellipfe
was fuppos'd to be defctib'd in plare, and every Confirufti-
on befides will be folv’d by the Defeription of the Circle
only.” Whercfore, for the fame Reafon, every plane Pro-
blem whatever may be conftrutted by a given Ellipfe.

For Example, [Fide Figwre 1c8.] 1f the Center O of the
given Elliple 4D FG be requird, 1 would draw the Parzl-
lels 4 B, CD meetivg the Ellipfe in A4, B8,(, D ; and alfa
two other Parallels E F, G H mwcting the Ellipfein E, F, G,
H, and I would bifc& themin /, K, L, A4, and produce I K,
L A, till they meet in O. This is a real Confiruétioncf a
planc Problem by an Ellipfe. Thereis no Reafon thatanEl-
lipfe muft he Analytically defin'd by an Aiquation of rwo Di-
menfions. Nor that it Thould be generated Geometrically by
the Se@ion of a folid Figure. The Hypothefis, only conti-
dering it as already deferib'd in plano, reduces all folid Pro-
Dblems conftru@d by it to the Order of pline ones, and con-
cludes, that all plane ones may be rightly conflrufted by it
And this is the State of the PoFulate. Pur perhaps, by
the Power of Poftulates it is lawful to mix'thac which is
now done, and thar which is given. Therefore let this be
a Poftulate to defiribe an Elliple in plana, and then all chole
Problems that can be confirafted by an Ellinfe, may be re-
duc’d to the Orier of plane ones, and all plane Froblems
may be confiruéted by the Ellipfe,

It is neceflary thescfore that cither plane and folid Pro-
blems be confifed among one another, or that all Lines be
flung out of plane Geometry, befides the right Line and the

Kk Cirele,
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Circle, unlefs it happens that {ometime fome other is given

in theState of confiru&ting fome Problem. But certainly none

will prrmit the Orders of Problems to be confufed.  There-
fore the Conick Se@iors and all other Figures muft ke caft
out of plane Geometry, except the right Line and the Cir-
cle, and thofc which happen to be given in the State of the
Problcms. Therefore all thefe Defcriptions of the Conicks
in plano, which the Moderns are fo foud of, are forcign to

Geometry, Neverthelefs, the Conick Se€tions ought not to
be flang out of Geometry. They indeed are not deferibed

Geometrically in plano, tut are gencrated in the plane Su-
perficics of a geometrical Solid. A Cone is conftituted geo-
metrically, and cut by a Geometrical Plane. Such a Seg-
ment of a Cone is a Geometrical Figure, and has the fame
Place in folid Geometry, as the Segment of a Circle hasin

Plare, and for this Reafon irs Bafe, which they call a Co-
nick Se@ion, is a Geometrical Figure. Therefore a Conick
Section hatha Place in Geometry fo far as the Superficics is
of a Geometrical Solid ; but is Geometrical for no other
Reafon than that it is generated by the Setion of a Solid,
and thercfore was not in former Times admitted only into

folid Geometry, Dut fuch a Generation is difficult, and ge-
nerally ufelefs in I'ra&ice, to which Geometry ought to he

tmoft ferviceable. Therefore the Antients betook themfelves
to various Mechanical Deferiptions of Figures in plano, And
we, after their Example, have handled in the preceding
Conflru@tions, * Let thefe ConftruGtions be Mechanical ; and
fo the Conftruétions by Conick Sc&ions deferib'd in plang
be Mechanical.  Let the Conflru&tions by Conick Se&ions
given be Geometrical ; and fo the Conftru@ions by any o-
ther given Figures are Geometrical, and of the fame Order
with the Conflru&tions of plane Problems, There is no Rea-
fon that the Conick Se@ions fhould be preferr'd in Geome-
try before any other Figurcs, unlefs fo far as they are de-
riv'd from the Se&ion of a Cone; they being generally un-
ferviceable in Praéice in the Solution of Problems, But
feaft 1 fhould alrogether negle@ Conftrutions by the Conick

Seflions, it will be proper to fay fomething concerning
them, in which alfo we will confider fome commodious ma-
nual Defeription,

The Ellipfe is the moft fimple of the Conick Se&ions,
moft known, and nearcft of Kin to a Circle, and eafieft
deferib'd By the Hand in plano, Though many prefe]x; the

ara-
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Parabola before it, for the Simplicity of the Equation by
which it is exprefs'd. But by this Reafon the Parabola
ought to be preferr’d before the Circle it felf, which it never
is.  Therefore the reafoning from the Simplicity of the &=
quation will not hold. The modern Geometersare too fond
of the Speculation of Aquations, The Simplicity of thefe
is of an Analytick Confideration, We treat of Compofi-
tion, and Laws are not given to Compofition from Ana-
Iyfis 3 Analyfis does lead to Compofition : But it is not true
Compnfition before its freed from Analyfis. If there be
never fo little Analyfis in Compofition, that Compafition
is not yet true, Compofition in it fzIf is perfed, and far
from a Mixture of Analytick Speculations. The Simplicity’
of Figures depend upon the Simplicity of their Genefis
and Ideas, and an Aquation is nothing elfe than a Deferip-
tion (either Geometrical or Mechanical) by which a Figure
is gererated and rendered more eafy to- the Conception,
Therefore we give the Elipfe the firfi Place, and thall now
thow how'to conftrud Aquations by &, ‘ ’
Let there be any Cubick Aqoation propos’d, &% —=pa>
- gv -, where p, g, and » fignify given Co efficients
of the Terms of the Aquations, with their Signs - and
—, and either of the Terms p and'g, or both of them, may
be wanting, - For {6" we thall exhibit the Conftruétions of
all Cubick’ Equations in one Operation, whichfollows
From the Point B in any given right Line, take any two
right Lifes; BC and BE, on the fame Side the Point B,
and alfo B D, fothat it may be a mean Proportional be-
tween them.  [Vide Figure 109] And call BC, n, in the

fame right Line alfo take B.4 — 4 and that towirds the
7

Point (, if — g, if not, the contrary Way. At the Point
A ere& a Perpendicular, and in it take AF =p, FG =

AF, FI:"{;, and FHtwo FlasBC isto BE. But FH

and F1 are to be taken on the fame Side of the Point F to-
wards G, if the Terms p and » have the fame Signs; and
if they have not the {ame Signs, towards the Point 4, let
the Parallelograms 7 ACK and HAE L be compleated,
and from the Center X, \*Jiﬂi@j@l)iﬁamc KG, leta Cir-
cle be defcrib'd,: Then in theLine H [, Iét there be taken
HR on either Side the Point H, which letbe to H L as
T Kka2 BD
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BD to BE ; let GR be drawn, cutting EL in S, and let
the Line GRS be moved with its Point R fﬂhng on the
Line HL, and the Point § upon the Line E L, until the
Foint G in defcribing the Ellipfe, mcet the lec as s ta
be fven in the Pofition of »¢s. For half the P erpendlcular
> X let fall, from » the Point of meeting, to AE will be
the Root of the fﬁqudtu n. Bur G or 7 1s the End of the
RuleG g S, or ypor, meeting the Circle i as many Points
as there are poffi ihle Roofa And thofe Roots are Affirmative
which £l towards the fame Pares of the Line E 4, as the
Tine F1 drawn from the Point F does, and thofL are Ne-
gative whizh full towards the contrary "Parts of the Line
AE if v is Affirmative ; and contrarily if r is Negative.

But this Confima&ion is demonftrated by the Hclp of the
following Lemma’s,

Lemya I All being fuppos'd as in the Conﬁru&mn
"‘C‘A;}—-A_,Xq-———,}(q-—azdlx sy X4 246G % FL"'

For from the Nature of the Circle, Kyq —C Xgq=
yX—Al]* Bur Kyq=G1lq-+ ACq, and (‘Xq»—
AX—HAC] ?, thatis, = AXq— 204X+ ACq, and
fo their Difference Gl g+ 2CAX—AXg=3 X — Al |}
-7Xq-—-2f11x,X+Aln. Subtralt G4 from both
and there will remain 2CAYX — AXg =+ Xq— 2.4l X
> X+ A41g—G1lq. But (by Prop. 4. “Buak 2. Elem.) Alg
-——AGq-—i—onl—i—qu, and fo 41g—Glq=AGg
424G, thatis, =2 AGX 2 AG+GI, or =2 AG %
FI “and thence "(‘AX-w-AXy-»,quzszX,X—k—

24G%xFL QED.

- Lexea 31 AN Things being conftrudied ag above zEA

¥l > Fi
wﬂX(}___Fl}“/]‘ F}IHHXX/+2AGXFI

For it is known, that the Point 5, by the Mation of the
Ruler »po aflign d above, deferibes an Ellipfe, the Center
‘Wnt]‘eof is L, and the two Axis coincide with the two
ngn: Lines L'E and LH, of which that which'is in LE
=226 OT ==2G R, and zhe other which is in L He= 20,
or —26G 5., And the Rge Qt tlcfe to one another is the
!’amc as that of tnc Line | to the Line H L, orof the

".me BD 1o the Lz 8, E Thexefcre the L;mu Tranfver-
. “ N fﬂm

)
J :’A
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H1 2F1
2CE AX-—-PH yq— FHAHX it dlx X,

Lot both Sides be multiply’d by FH, and 2FH x CE %
AX=HIxXrg—2FIx AH% Xy + 24I%xFH %
Xy, ButA[———H[—-{—AH anl fo 2 FIv AH—2FH
xAl—=23Flx AH—2FHA—2FH/ Bur 2FIx
HA—oFHA—=2AHI and 2 AH] —2FHI—2FH]
v AF. Therctore 2FI R AH— oFH ¥ Al — 2H Il %
AF, and D 2 FAX CEX A =HIRX Xyg—2HI X
AF v X5, Aud thence as H/ is to FH, fo is 2CE x
AX o qu--—-zAP v X7, But by Confiru&ion 1/ isto
FH asCE isto BC, andfo as 20Ex AXisto 2BC %
AX, and thence 2BCK AX = X,q—- 2AF % Xy, (by
Prop 9 Book g Eles)  Dut becaufe the Rectangles are e-
qual the Sides arapr sportions], A4 Xto X5 =2 AF, (that
, XYr—AdG) as ¥y ste28C QED.

Lenwma IV, The fame Things being Rill fuppos'd,
aFlisto AX w2 AB a5 X7 isto 2 B

For if from the Fuuls in the third Lemma, to wit, 2 B
XAX=Xyg—2dF % X, the Equals in the firft Icmnn
be fubtracted, there will sau nain — 2AB¥% AX—}— A XI

—2FIX X>—2AG X Fl, thatis, AXx AX— 248

—2F1%x X3 —AG. But becaufe the Re¢tangles are Equal,
the Sides are Proportional, 2F/isto AX—24B as AX
is to Xy~ AG, that is, (by the third Lemma) as X is
to 2BC. Q.E. D.

At length, by the Help of thefe Lemma’s, the Conﬂru&mn
of the Problem is thus demonfirated;
By the fourth Lemma, X5 isto 2BCasaFl isto A X
2.4 B, that is, (by Prop 1. Book 6. Elem.) as 2 BC %
nEI isto 2BCX AX—24B, or to 2BCx AX—2BC
% 248 But by the third Lvmma AXisto Xy —2AF
as X isto 2 BC, or 2BCX AXN=Xr9—2AF X X>,
and fo X'» isto2 BC as 2BCX 2 F 1 is to Xrg—24F%
X7—2BCx 248, And by multiplying the Means and
Extreams into themfelves, Xycub. —2AF X X»q—4BC
XAB Xy =8BCqgxFI Andbyadding24Fx X>¢q
~+4BCx AB¥% X/ to both Sides X »¢ab. = 24F % X39q
_-+ BC % AB% X7 4 8BCq x FI, Bur £ Xr in the

Conw
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Conflredtion to be demonfirazed was equal the Root of the

Zquation =, and AF=p, BC=n, 4= %, anl FI

= and o BCx AR = g. And BCqx FI=r. Wiich

being fubfliruted, will make &% = pat -+ gx 41,
Q.E.D,

Curol. Hence if AF and AB Le fuppos’'d equal to no-
thing by the third and fourth Lemma, 2 F7 will be to 4 X
as AX 1st0 X5, and XY o 2 BC  From whence arifes the
Invention 9f ewo mean Proportionals between any two gi-
ven Quantities, FI and B,

Scholizon, Hitherto T have only expounded the Conflrudi-
on of a Cubick Aquation by tie Ellipfe ; but the Rule is of
a more univerfal Natare, extending it flf indifferently to
all the Conick Se@iens, For, if inflead of the Ellipfe you
would ufe the Hyperbola, take the Lines BC and BE on the
contrary Side of the Point B, then et the Points 4, F, G,
I H, K, L, and R be determin'd as before, except only that
F H ought to be taken on the Side of £ nwt tawards I, and
that H & ought to be takenin the Line 47 notin HL, en
each Side the Point M, and inflead of the right Line G &5,
two other right Lines ure to be drawn from the Point L to
the two Points R and R for Afymptotes to the Hyperiola,
With thefe Afymptotes LR, LK deferibe an Hyperbola
throngh the Point G, and a Circle from the Center K with
the Diftance G K : And the halves of the Perpendicniars
let fali from their Interfections to the right Line .4 E will be
the Roots of the Aquation propos’d.  All which, the Signs
-- and — being rightly chang'd, are demonflrated as
ahove,

But if you would ufe the Parabola, the Point E will be
remov’d to an infinite Diflance, and {o not to be taken any
where, and the Point H will coincide with the Peint F,
and the Parabola will be to be defcrib’d about the Axis HL
with the principal Laus Reflum BC thiough the Points G
and 4, the Vertex being plac’d on the fame Side of the
Point E, eon which the Point B is. in xefpedt of the Poine

"Thus the Confiructions by the Parabals, if you regard A-
nialytick Simplicity, are the moft fimple of all.  Thofe by
the Bypetbola next, and thofz which are folv’d by th? %'_l-

ipfe,
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lipfé have the thiid Place. But if in defcribing of Figures,
the Simplicity of the manval Operation be rcfpeted, the
Otder muft be chang'd.

But it is to be obferv’d in thefe Confirudtions, that by the
Proportion of the principal Laiss Reélum to the Latas Tranf-
verfum, the Species of the Ellipfe and Hypertola may be deter-
min’d, and that Proporcion is the fame as that of the Lines
B( and BE, and therefore may be affum’d: But there is
but one Species of the Parabola, which is obtain'd by put-
ting B E infinitcly long. So therefore we may confirud any
Cubick Equation by a Conick Se@ion of any given Specics;
To change Figures given in Specie into Fipures given in
Magnitude, isdone by encreafing or diminifhing all the
Lines in a given Ratio, by which the Figures wete given
in Specie, and fo we may conftrué all Cubick Equations
by any given Conick Sc&ion whatever. Wiich 1s more
fully explain’d thus,

Let thierc be propes’d any Cubick £quation x* —paxr,
. gx.7, toconflruct it by the Help of any given Conick
Se&ion., [Vide Figures 110 and 111.]

From any Point B in any infinite right Line BCE, take
any two Lengths BC, and B E towards the fame Way, if
the Conick Se&ion is an Ellipfe, but towards contrary Ways
if it be an Hyperbola, But let BC be to BE as the princi-
pal Laius-Reltum of the given Section, is to the Latas [ranf~

werfum, and call BC, n, take BA = -Z—, and that towards

C, if ¢ be Negative, and conuarly if Affirmative, At the
Point 4 ere& a Perpendicular 41, and in it take A F - p,

and FG=AF; and FIr=-1-. But let E be taken to-

nn
wards G if the Terms p and r have the fame Signs, if not,
rowards »4. Then make as FH isto Flfois BCto BE,
and take this FH from che Point F towards I, if the Se-
¢tion is an Ellipfe, but towards the contrary Way if it is an
Hyperbola. But fet the Parallelograms JACK and HAEL
be compleated, and all thefe Lines already deferib’d trans-
ferr’d to the given Conick Scétion ; or, which is the fame
Thing, let the Curve be deferib'd gbout them, fo that its
Axis or principal tranfverfe Diameter might agree with the
right Line L4, and the Center with the Point L, Thefe
Things being done, let the Lines KL and G L be drawn,
cutring
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cutting the Conick Se&ion in g. InLK take LZ, twhicH
lec be to LK as Ly to LG, and From the Center &, with
the Diflance % g, defcribe a Circle.  Froin the Points where
at cuts the given Curve, let fall Perpendiculars to the Ling
L H, whereof let T, be one. Laftly, towards » take T 75
which let be to 75 as LG to Lg, and tifis 77 prodic’d
will cut 4B in X, and X7 will be one of the Roots
of the Fquation. But thofe Roots are Affirmative
which lie towards fuch Parts of 4B as F/ lies from F, and
thofe are Negative which lie on the contrary Side, if ris -5
and the contrary if » is = _

_After this Manner are Cubick Equations conftru@led by
given Ellipfes and Hyperbola’s : But if a Parabola fhould
be given, the Line BC is to be taken cqual to the Latug
Retum it felf, Then the Foints 4, F; G, I, and K. being
fOUDC} as above, a Circle muft be deferib'd from the Gentex
K wish the Diftance KG, and the Parabola muft be fo aps
ply'd to the Scheme already defcrib’d, (or the Scheme to the
Parabola) that it may pafs through the Points £ and G; and
its Axis through the Point F parallel to 4(, the Vertex
falling on the fame Side of the Point F as the Point B falls
off the Point C; thefe being done, if Perpendiculars were
let fall from the Points where the Paratola interfe&s the
Circle to the Line BC, their Halves will be equal to the
Roots of the Aquation to be confiracted. _ N

And take Notice, that where the fecond Term of the =
quation is wanting, and fo the Latus Reum of the Parabola
is the Number 2, the Confiru@ion comes ot the fame ad
that which Des Cartes prov’d in his Geomerry, with this
Difference only, that thefe Lines dre-the double of them,

This is a general Rule of Conftrultions,  But whefe pafs
ticular Problems are propos'd, we ought to confult the moft
fimple Forms of Confiruftions. For the Quantity # rémaing
free, by the taking of which the Aquation may, for the
moft part, be render'd riore fimples One Example of whichs
T will give, ' .

Let thete be given an Elfipfe, dnd let thete be tiro fiteard
Proportionals to be found betvween the given Lines 4 and b.

et the firft of them be x, and 4.2 i;.b will be contliiial

; % . »
Pioporticnals, and fo ab :_x&— , OF 3% == 4 4 [,’ is the Bqtias
tiont which yon maft confiru®.  Here the Tetms p and ¢ 412
- LY T geanting,
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wanting, and the Term r — 44 b, and therefore B4 and AF
are = o, and FI = ﬂ;’ff. That the laft Term may be more

fimple, let » be affum’d =4, andlet F/=b, And then
the Conftruction will be thus :

From any Point 4 in any infinite right Line AE, take
AC = a,and on the famme Side of the Point Atake 4E to AC|
as the principal Latus Re€tum of the Ellipfe is to the Latus
Tranfvesfum, Then in the Perpendicular A4/ take 41 =1,
and AH to Al as AC to AE, [Fide Fignre 112.] Let the
Parallelograms I 4CK, HAEL be compleated. Join L 4
and L, K. Upon this Scheme lay the given Ellipfe, and it
will cut the right Line AL in the Point g. Make L% to
LXK asLgto .4 From the Center %, with the Diftance
kg, deferibe a Circle cuteing the Fllipfe in .  Upon 4 E
let fall the Perpendicular » X, cutting HL in 7, and 1ét that
be produc’d to 7, that 77 may be to Ty as 7.4 to Tg.
And fo X7 = «» will be equal to the firfi of the two mean
Proportionals, Q.E.L







A New, Exall, and Eafy Method, of find=
ing the Roots of any Lquations Generally,
and_that without any previous Reduftion.
By Edm. Halley, Savilian Profeffor of Geo-
wnetrye [[Publil’d in the Philofophical Tranf-

~adtions, Numb.210. A. D. 1694.]

A HE. principal Ufe of the Analytick Art, is to
| bring Mathematical Problems to Aquations,
gl and to exhibit thofe Aquations in the moft
4l fimple Terms that canbe. But this Art would
N juftly feem in fome Degree defedtive, -and not
) o T{ufficiently Analytical, if there were not fome
Methods, by the Help of which, the Roots (be they Lines
oxr Numbers) might be gotten from the Hquations that are
found, and fo the Problems in that refpe& be folved, The
Antients fearce knew any Thing in thefe Matters beyond
Quadratick Aquations. And what they writ of the Geome-
trick Conftruétion of folid Problems, by the Help of the
Parabola, Ciffoid, or any other Curve, were only particnlar
Things defign'd for fome particular Cafes.. But as to Nu-
merical Extra&ion, there is every wherea profeund Silence ;
{0 that whatever we perform now in this Kind, is entirely
owing to the Inventions of the Moderns, : :
And firft of all, that great Difcoverer and Reftorer of the
Modern Algebra, Frascis Fieta, about. Too Years fince,
fhew’d a general Method for extrading:the Roots of any A-
quation, which he publifi'd under the Title of, 4 Nymeri-
cal Refolntion of Powers, &c,  Harriot, Oughtred, and athers,
as well of our own Country, as Foreigners, onght to acknow=
ledge whatfoever they. have wrirten upon this Subje, as
taken from Pieta. But what the Sagacity of Mr. Newron's-
Gepius has perform’d in this Bufinefs we may rather. conje-
&ure (than be fully affor'd of ) from .that fhort Specimen
o Llz given
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piven by Dr. Wallic in the ‘gqth Chapter of his Algebra,
And we muft be forc’d to expelt i, till his great Modefly
thall yield to the Intreatics of his Friends, and fuffer thofe
curious Difcoveries to fee the Light.

Dot long fince, (viz. A.D. 1690,) that excellent Perfon,
Mr. Fofeph Ralphfon, F.R.S. publifh’d his Univerfal Analyfis
of e Equations, and luftrated Jps Mcthqd b.y Plenty of Ex-
amples ; by all which he has given Indicatians of a Mathe.
matical Genius, from which the greateft Things may be
expeéted.

"By his Example, M. de Lagney, an ingenions Profeflor of
Mathematicks at Paris, was cncourag'd to attempt the ame
Argument ; but he being almoft altogether tken up in ex-
tracting the Roots of pure Powers (efpecially the Cubick)
adds bat little abont affeéted Equations, and that pretty
much perplex'd too, and not fuficiently demonfivated : Yet
he gives two very compendious Rules for the Approximati-
&1 of a Cubical Root ; one a Rational, and the other an Ir.
yationalone. Ex. gr. That tlie Side of the Cube zqa -

ab

“ . V_!‘. b N
is between 4 -} PP and ¥ L ga -+ P + 44 And

the ‘Root of the sth Power, a%-;-J, he makes = }a -+

V A : . T
| ‘?/%ﬂ‘*‘\‘:;f;"‘f%“ﬂ (wheye nete, that 'tis {ea, not

£ 44, as’tis erroneoufly printed in the French Book)) Thefe
Rules were communicated to me by a Friend, ¥ having not
feen the Book ; but having by Trial found the Goadnefs of
them and admiring the Compendium, 1 was willing to find
out the Demonflration.  Which having done, Y prefently
found that the fame Method might be accommodated to the
Refolution of all Sorts of Equations, And [ was the rather
inclin’d to improve thefe Rules; becaufe I faw that the whole
Thing might be explain®d ina Sysapfis ; and that by thi
means, at every repeated Step of the Caleulus, the Figures
already found in the Root, would be at leaft trebled, which
a1l other Ways are encreafed but in an equal Number with
the given ones, Now, the foremention’d Rules are eafily
demonfirated from the Genefis of the Cube, and the sth
¥Yower. For, fuppofing the Side of any Cube =44 ¢, the
Cube arifing from thence s 444 4 34ae~F3aee Jcee.
And confequently, if we fuppofe aad the next lefs Cube, to
agyy givent Non-Gubick Number, theny e e will Le ]c{;j than
s - ' “Unity,
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Unity, and the Remainder b, will = the other Members of
the Cube, 344¢ 34ce Y-ece, Whence rejelling ecee
upon the Account of its Smallnefs, we have b=34ae <}
3 4ee. And fince aae is much greater than 4ee, the Quan-

.o b . b
tity Py will not much exceed ¢ ; {o that putting e =§7¢
then the Quantity ; M_I;_ i (to which e is nearly equal)
will be found — b , OF b , that is,

a4t —3—‘11—7 aa-t E
3 344 3 4

Aud fo the Side of the Cube 444 -} 5 will

ab
3R/4a + A ==
be 2 3({::‘ 7 which is the Rational Formula of M. de
Lagney,” But now, if 44« were the next greater Cubick
Number to that given, the Side of the Cube 444 —b, will,

after ‘the fame Manner, be found to be 4— P And

this eafy and expeditions Approximation to the Cubick
Root, is only (a very fmall Matter) erroneous in point of
Defeff, the Quantity ¢, the Remainder of the Root thus
found, coming fomething lefs than really it is,

As for the Irrational Formula, *tis deriv'd from the fame

. . . : b
Principle, viz. b==3d4c 4 34ce, OF g—‘zzﬁc—i«ee, and

b b )
fo ]/%44—1———“:%4—&-4', and %M—{--—;-&-%a:a%—e,

the Root fought. Alfo the Side of the Cube 444—b, af.
ter the fame Manner, will be found. to be 34+

V%;ﬂd—-k-. And this- Formufa comes fomething nearex
ﬂ B

to the Scope, being erroneous in point of Excefs, asthe other

~was in Defeft, and is more accommodated to the Ends of

Pradtice, fince the Reftitution of the Calculus is riothing
elfe but the continual Addition or Subtra&ion of the Quan-

gity %e—f, a,céording as the Quantity ¢ can be known, So
, P ne
' that
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that we fhonld rather write !/;‘f,d -+ b e -+ %4, inthe
B , P :

- 3

former Cafe, and in the latter, 244 ’/5 aa4 c”:b
But by either of the two Formula’s the Figures already
known in the Root to be extradted are at leaft tripled ;
which T conclude will be very grateful to all the Srudents in
Arithmetick, and I congratulate the Inventor upon the Ac~
count of his: Difcovery. ’ B

But that the Ufe of thefe Rules may be the better per-
ceivid, I think it proper to fubjoyn an Example or two,
Let it be propos’d to find the Side of the double Cube, or

aaa-tb=—2 Heres—~1, and —;:%,and fo }+vi, or

1 ,’2:37," bé found to be the true Side nearly. Now, the Cube

of 1,26, 15 2,000376, and 0 0,63 4~ ¥ ;3069 — f_;f;,gﬁﬁ
- » L3 - - * . * ?
ar; 6,63 +4/,3968005291004291 ==.1,259921049895 — 3
which in 13 Figures gives the Side of the double Cube
with-véry little Trouble, wiz, by one only Divifion, and the
Extration of the Square Root s when as by the common
‘Way of working, how mach Pains it would have coft, the
Skillful very well-know, - This Calculis a Man may continuve
as far as he pleafes, by encreafingithe Square by the Addition

. eee . . . . :
of the Quantity — ; which Corre&ion, in this Cafe, will
‘1 N .o

give but the Encreafe of Unity in the 14th Figure of the
Root, o

Example 11, Let it be propos’d ta find the Sides of a Cube
equal to that Englifh Meafure commonly call'd a Gallon,
which contains 231 folid Ounces. . The next lefs Cube is
216, whofe Side § =4, and the Remainder 154 ; and fo
‘for the firft Approximation, we hive’ 3 4 +/g | = == the
Root, And fince +/9,8335... 15 3,1388..., ’ris plain,
that 6,358 = g~} e, Now, let 6,7348 = «4; and .we {hall
then have for its Cabe 231,0c0853804712, and according
to the Rule, 3,0679 +7, 941201041 = @%S;%%?E i
moft accurately equal to the Side of the given Cixbe, which,
within the Space of an Hour, I determin’d by Calculation 1rJo
s e
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e 0:13579243066193897, which is exa&t in the 18th Fi-
gure, defe&ive in the 1oth, And this Formula is defervedly
preferable to the Rationale, upon the Account of the great
Divifor, which is not to be manag’d without a great. deal of
Labour ; whereas the Extra&tion of the Square Root proceeds
much more eafily, as manifold Experience has taught me.

But the Rule for the Root of a pure Surfolid, or the gth
Power, is of fomething a higher Enquiry, and does much
more perfedtly yet do the Bufinefs ; for it doesat leaft Quin-
tuple the given Figures of the Root, neither is the Calculus
very large or operofe. Tho’ the Author no where fhews his
Method of Invention, or any Demonfiration, altho’ it feems
to be very much wanting ; efpecially fince all Things are
not right in the printed Book, which may eafily deceive the
Unfkilful, Now the sth Power of the, Side 2+ ¢ is com-
pos'd of thefe Members, . 4* -} 544¢ 4 104%* + 104%3
ogaet b et =a° 4+ b; fromwhence be=5 4% ¢ b roa%ez
=+ 104% 4 54e*, rejefting e becaufe of its Smallnefs,

Whencé'-:;:a;e—{— 24°¢* +24¢’ -+ e, and adding on
oth Sides 4 4¢, we fhall have ¥ £4% + == jattate
bratet +2aetet =iaa-baetee. Then fubtra&ing

% aa from both Sides, 24~} ¢ will = VT}/% ﬂ“—l——b—-——-{;mz;
a
to which, if ;4 be added, then will ste=%a+

’/s/%n‘* ~1- —liw---;‘;mz — the Root of the Power 4"+ 1.
a ‘
But if it had 4’ =~} (the Quantity 4 being too great) the

Rule would have been thus, %4 -} ’/1/% LI _i_’_ —%iaa.
And this Rule approaches wonderfully, fo that there is hardly
any need of Reftitution. ~ S ‘
But while I confiderd thefe Things with my felf, - T light
upon a gerieral Method for the Formala’s of all Powers what-
- foever, and (which being handfome and concife enough) 1
/ thought I would not conceal from the Publick. -

Thefs
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Thefe Formula’s, (as well the Rarional as the Irrational
ones) are thus. ‘

1/44.1-»:«/;7;'17, or4+27—;-—--i%b2

Viar +b=%4+//%4ﬂ+3—b“, ou+3~,,-;,’1}_—i_-—;,-
Ve +b=;.4+’/;u+6—;’j—ﬁ, om+;—;%’;-g,.
Ve +b,—=3~n+’/7‘7m+mia, ora+5ﬂf_l;_ )
v¢<a‘+b=_—%a+’/~;,—m+l;4, °r«+<;%':i“;7,-

) o C V, b ab
'}/ a +b__74+ '5'—6—4#'{'-2?;;, 0Iﬂ+747+3b0

And fo alfo of the other higher Powers. But if 4 were
affam’d bigger than the Root fought, (which is done with
fome Advantage, as often as the Power to be refolvid is
much nearer, the Power of the neat greater whole Number,
than of the mext lefs) in this Cafe, Murarss Mutandis, we
fhall have the fame Expreflions of the Roots, viz.

ab

4a bz Va2 b, OF 4 eme e
4 ? 248 =314

b a
V’a’—-b::%’i‘l/%“'”—, Orﬂ-—————b——‘l
3
‘ 34 3 4% sy
A Ao
' b ab
V“a“Mb=%4+V’}ﬂﬂ”‘-—", OF A e oo
6aa G A s L[t
: / B ab
'}/‘ﬂ‘—-bz-3ﬂ+V’ AR iy OF ff oo e
4 ™ IO“;’ 5“-—-2‘5
Vﬁﬂs“—‘l’:%d’*‘ TIT‘AAN - o) or ﬂ"'!—sié—;—';
154 ba --—,;b
ab

b < P | b
!'y‘"’ﬂ Tb=7ﬂ+VT?4“?m’ordWmé
i Find



[ 265 7]

And within thefe two Terms the true Root is ever founds
being fomething nearer to the lrravional than the Rariona
Expreffion. But the Quantity e found by the /rrarional For-
mnla, is always too great, as the Quotient refulting from
the Rational Formnla, is always too lirtle, And confequent-
ly, if we have + b, the Jrrational Formula gives the Root
fomething greater than it fhould be, and the Rarignal fome=
thing lefs. ~But contrarywife if it be — b, PR

And thus much may fuffice to be faid concerning the Exa
tradtion of the Roots of pure Powers ; which notwithfland~
ing, for common Ufes,. may be had much more eafily by
the Help of the Logarithms. But when a Root is to be de~
termin’d very accurately, and the Logarithmick Tables will
not reach fo far, then we mufl neceffarily have Recomrfe to
thefe, or fuch like Methods, Parther, the Invention and
Contemplation of thefe Formuala's leading me to a certain
univerfal Rule for adfedted AEquations, (which I hope will
be of Ufe to all the Students in Algelra and Geomerry) 1 was
willing here to give {fome Account of this Difcovery, which
I will do with all the Perfpicuity’ I can. I had given at.
N° 188, of the Tranfatlions, a very eafy and general Con-
fira&tion of all adfedted Aquations,” not exceeding the Bi~
quadratick Power ; from which Time I had a very great De-
fire of doing the fame in Numbers, But quickly after, Mr,
Ralphfon feem’d in great Meafure to have fatisfy’d this Defire,
till Mr. Lagney, by what he had perform'd in his Book, in-
timated, that the Thing might be done more compendioufly
yet. Nowy, my Method is thus:

Let z, the Root of any Aquation, be imagin'd to be
compos’d of the Parts 2 -}, or —e, of which, let # be af-
fum’d as near z as is poflible ; which is notwithftanding not
neceffary, but ouly commodionss - Then from the Quantity
a-te, of a—e, letthere be form'd all the Powers of z,
found in the Aquation, and the Numerical Co-efficients be
refpe&ively affix’d to them : - Then let the Power to be re-
Jolv'd be fubtradted from the Sum of the given Parts (in the
firft Column where e is not found) which they call the Hy-
mogeneum Comparationss, and let the Difference be +-5. In
the next Place, take thz Sum of all the Co-efficients of ¢ in
the fecond Column, to which put ==+ Laftly, in the third
Column let there be put down the Sum of all the Co-effici=
ents of ee, which Sum call i Then will the Root & ftand
thus inthe Rational Formmla, viz. z==a+t ;ff«—:rb;' and

Mm T thus



thus inthe Irrational Formmula, vize zea

which perhaps it may be worth while to iljufirate by fome
Examples. And inftead of an Inffrument let this Table fexve,
which fhews the Genefis of the feveral Powers of ate,
and if need be, may eafily be continued faxther ; which, for
its Ufe, 1 may rightly call a General dnalytical Specnlum.
The foremention’d Powers arifing from a continual Mult,l-
plication by 4 4 ¢ (==z) come out thus with their adjoyn’d

Co-efficients.

F v= 22

42 vzt
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But now, if it be ge—e =z, the Table iz compos’d of
the fame Members, only the odd Powets of ¢, as ¢, e3, e,
e” are Negative, and the even Powers, as e?, ¢%,¢%, Affir-
mative, Alfo, let the Sum of the Co-efficients of the Side
ey be = ; the Sum of the Co-efficients of the Square ee
=t, the Sum of the Co-efficient of e* ==#, of e* = m, of
e"=x, of eS=y, &. Butnow, fince eis fupposd only 2
Ginall Part of the Root that is to be enquir'd, all the Powers
of e will be much lefs than the correfpondent Powers of 4,
and fo far the firk Hypothefis ; all the fuperior ones may e
rejefted; and forming a new /quation, by fubflituting
ate=z, wehall have (as was faid) + b=t settees
The following Examples will make this more clear.

Exampie I, Let the Kquation z4—~—32z* -+ 752
== 10000 be propos’d. For the firft Hypothefis, let 4 = 10,
and fo we have this £quation;

2= 4t gale-t-6a‘ce qacde-tet
r—d e —~da® dae— d ee

+cz =4 ce

=+ 10000 4000¢ <} 6ooee 40e’ 4 e*
— 300 6oe— 3ee

+ 750 75¢
e 10000

+  450—4015¢ 4 597¢ce—40¢’ 4= 0
’ s t u
The Signs -} and —, with refpect to the Quantities ¢ and
¢?, ave left as doubtful, till it be known whether ¢ be Ne-
gative or Affirmative ; which Thing creates fome Difficulty,
fince that in Equations that have feveral Roots, the Homg-
genea Compararionis (as they term them) are oftentimes en-
creafed by the minute Quantity 4, and on ‘the contrary, L‘;M.t
being encreafed, they are diminiflid. But the Sign of ¢ is
determin’d from the Sign of the Quantity b. For taking a-
way the Refolyend from the Homogeneal form’d of a; the
Sign of se (and confequently of the prevailing Parts in the
Compofition of it) will always be contrary t6 the Sign of
the Difference b. - Whence “twill be plain, whether it muft
be ¢, or ==e; and confequently, whether 4 be taken
greater or lefs than the. (ree Root. Now the Quantity e is

=1 ,:V %;:;—-br’ when b and ¢ have the fame Sign, but
Mm 2 whodf
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. 1

when the Signs are diffcrent, ¢ is = ’/‘L{i{w — 24 But
after it is found that it will be —¢, let the Powers ¢, o3,
e, @c. in the affirmative Members of the /Equatlon be
made Negative, and in the N-gative be made Affirmative ;
that is, let them be wricten with the contrary Sign. On
the other hand, if it be e (let thofe foremention'd Powers)
be made Affirmative in the Affirmutive, and Negative
in the Negative Members of the A:quanun.

Now we have in this Example of ours, 10450 1nﬁead of
the Refolvend 10000, or b=+ 480, whence it's plain,
that 4 is taken greater than the Truth, and confequently,
that 'tis —e. Hence the quuauon comes to be, 10450 -—
4ots e~ 597¢ee—ge’ -+ e*=1c000. That is, 450-—
40[3 + 5)7”__0 ; and £ . 430——40{3@-—-5;7” or
tog— Loy — bt s

s T — s

Y

l’—ﬂev-tee, whofe Root e ==%s—

b - p
g ~; that Is, in the prefent Cafe,
4ttt -

20074 — V3761406 % e

€ o=

from whence we have the Root

597
fougllt 2,886, whuh is near the Truth. But then fubfti-
tuting this for a fecond Suppofition, there comes # +e==z,
moft accurately » 9,8862603936495 .. .. fcarce exLeedmg the

Iruth by 2 in the laft Figure, viz, when V ‘“+bt

) And this (if need be) may be yet much far-
a:her veufy d, by fubtraéting (if itbe +¢) the Quantity
gue +3e E

5/1 7R i from the Root before found ; or (if it be —¢)

‘“83-—-—434

by addmg w r*-l; to that Root. Wlmh C.ompendmm

is fo much th e more valuable, in that fometlmes from the
firft Suppofition -alone, but always from the Tecond, a Man
“may continge the Calculus (keeping the fame Co-efficients)
as far as he pleafes, - {t may be noted, that the fore-menti-
on’d /Equation has alfo a Negative Root, viz. 2. 2=10,26 . o - -

which any one that has a Mind, may determlne more ac-
curatcly

i - Exampie

S
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Examrie IL Suppofe z! = 172z -k g4z =350, and
let s =10, Then according to the Prefcript of the Rule,

+ 2= &Pt zaef éﬂ‘ee—}-e‘
—=dz? == A v 2d ae——de?
+ez =ca ce
' ‘b $ t
Thatis, -f 1000 + 300¢ - 30e* - ¢
= 1700 == 340€ == 17 €*
+ 540t s54¢
— 350
Or, — 5104 14e-413¢e-t ¢’ =0
Now, fince we have ~— 510, it is plain, that 4 is affumed
lefs than the Truth, and confequently that ¢ is Affirmative,
And from (the Aquation) 510 =14e-413¢*, comes ¢=

7o L g & e
4/(::+4$5 2;3V6679 7, Whence z=15,7.:7]

: t 13

which is too much, becaufe of 4 taken wide. Therefore,
Secondly, let 4 — 15, and by the like Way of Reafoning we

FANIY 4 W Lo ol
fhall find ¢ = Z° ‘/‘;“ rb_ logs 2;’”"“”‘, and
confequently, = == 14,044068. If the Operation were to be
repeated the third Time, the Root will be found conforma«
ble to the Truth as far as the 25th Figure ; but he that i
contented with fewer, by writing t b 4-z¢? inflead of ¢}, or
p A

Lol
fubtracting or adding ’—;,—lf—;i:—b to the Root before found,

will prefently obtain his End.  Note, the Aquation propos'd
isnot explicable by any other Root, becaufe the Refolvend

3§o is grégter‘ than the Cube of -157 , OF :- .

Exampre TIT, Let us take the Kquation z*~—80z*

4 1998 %t 14937 % + 0G0 =0, which Dr. Wallés ufes

Chap, 62. of his Algebra, in the Refolution of a very difficult

Arithmetical Problem, where, by Fieta’s Method, he has

obtain’d the Root moft ‘accurately ; and Mr. Ralphfon brings

it alfo as an Example of his Method, Page 25, 26, Now

this Aquation is of the Form which may have feveral Af

firmative Roots, and (which increafes the Difficulty) the

Co-efficients are very great in refpedt of the Refolvend giverié
v S o ut

LILE T
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- But.that it may be the eafier manag'd, let it be divided,
and according to the known Rules of Pointing, let — x4 4
8z — 202 - 182 = 0,5 (where the Quantity z is % of
= in the /Aquation prdpos‘g)‘ and for the firft Suppofition,
let g==1." Then > e—mgem2e® -} 4> —e* —0,5=0;
L bt
thatis, 1} =g -} 2¢¢; hence ¢= ‘/““'tbt 2% is
V375 |

= , and fo z = 1,27; whence ’tis manifeft, that

12,7 isnear the true Root of the Aquation propos’d. Now,
Secondly, let us fuppofe z == 12,7, and then according to the
Direétions of the Table of Powers, there arifes

v 2601454641 — B193,5328 == 967,74¢% — 50,83 i g4
v 153870,650 4 38700,60 e} 3048 ' - So e?
——322257,42  — 5074Gy2 € —1998 . *

-} 189699,9 14937, e
— 5000.

» _ 198,6559 —  §206,132¢ -1 ‘ 82,26 =t 29,203 —edmzo0,

And fo —208,6530=—5206,132¢ -} 82,26¢¢, whofe

- %‘S"’"}/%Jf—'ﬁbt
t

Rooat e (according to the Rule) =
‘o 2648,066 — ¥ 6987686,106022

comes

b

== 03644080331 + 2«6

82,26
== ¢ lefs than the Truth, But that it may be corrected, ’tis
' . L t o b pd . N
to be confider'd, that 2227 g 10026201 - .-+ 2
‘ VEssambt’  2643,423 00reer-
,00000599, and confequently e corrected, is = 0564470448,
And if you defire yet more Figures of the Root, from thee
corrected, let theie be made tue’—te4=20,43105602423 .01,

and Loty bt—1ne’ Fre®

, or which is all one,

- t

2648,066 =+ 6087685,67406597577 o+

‘ C 82,06 -
,05644179448074402 = ; whence 4 -+ ¢ == the Root is
moft accurately 12,75644170448074402 . . 5 as Dr. Wallss
found in the foremention’d Place; where it may be obferv’d,
that the Repetition of the Cleajus does ever triple the true
Figures in the affum’d 4, which the firfl Cor:ceéﬁcm,1 or
‘ o S ‘ FHe

N
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THel mealps S .
It —Dt does quintuple ; which is alfo commodiowly
L5 .

done by the Logarithms. But the other Corre€tion after the
firfl, docs alfo donble the Number of Figures, fo that it
l‘en(_iers the affumed alrogether Seven-fold ; yet the firft Cor-
redtion 1s abundantly fufficient for Arithmetical Ufes, forthe
moft Part, '

_But a5 to what js faid concerning the Number of Places
rightly taken in the Root, I would have underflood fo, that
when 4 is bug 1 Part diftant from the true Root, then
the firft Figure is rightly affumed ; if it be within &= Part,
then the two firp Figures are rightly affumed ; if within
==, and then the three firft are {o ; which confequently,
manag’d according to our Rule, do prefently become nine
Figures.

It remains now that I add fomething concerning our
Ratjonal Formula, viz. e

sh . .
=T which feems expeditious
enough, and isnot much inferior to the former, fince it
- will triple the given Number of Places. Now, having
form’d an &quation from &+ e==, as before, it will pre-
fently appear, whether 4 be taken greater or leffer than the
Truth ; fince se ought always to havea Sign contrary to the
Sign of the Difference of the Refolvend, and its Homogeneal
produc’d from 4, . Then fuppofing - b -{-se + 4 —tee=0,
the Diviforis sse— b, as often as:and b bave the fame
Signs ; but it is s¢-{-br, when they have different ones,
But it feems moft commodious for Pradice, to write the

Theorem thus, e :ii -+ E-If, fince this Way the Thing is done

by one Multiplication and two Divifions, which otherwife
would require three Multiplications, and one Divifion,

Let us take now one Example of this Method, from the
Root (of the foremention’d Aquation) 12,7 e« .., Where

298,6559 —5206,132¢ -1 82,26e¢ + 26,2¢% == e* == 05
-+ b + ¢

L= +u
b b ) - :
and fo = =" —¢; that is, let itbeas stos, fob to
3 -8

f;li-""‘- 5206,132) 28,6559 into 82,26 (4,63875 ... where= ‘

fore the Divifor is 5= %2 = §291,4932% . ers) 268,6559
) (0,05644%
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(0,036441 . 3.05 == ¢, thatis, to five true Figures, added
to the Root thas was tdken,  But this Formsla cannot be-
corre&ed, as the foregoing IJrrarionsl one was ; and fo if
imore Figures of the Root are defired, ’tis the beft to make
a new Suppofition, and repeat the Calenlns again: And then
a new Quotient, tripling the known Figures of the Reot,
will abundantly fatisty even tHe moft Scrupulous.
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