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PREFACE

his book is for anybody who is intensely curious about motion. Why and how do

hings, people, trees, stars, images or empty space move? The answer leads

o many adventures, and this book presents one of the best of them: the search
for a precise, unified and complete description of all motion.

The aim to describe all motion - everyday, quantum and relativistic — implies a large
project. This project can be structured using the diagram shown in Figure 1, the so-called
Bronshtein cube. The previous volumes have covered all points in the cube - all domains
of motion - except the highest one. This remaining point contains the complete and uni-
fied description of all motion. The present volume briefly summarizes the history of this
old quest and then presents an intriguing, though speculative solution to the riddle.

The search for the complete, unified description of motion is a story of many surprises.
First, twentieth-century research has shown that there is a smallest measurable distance
in nature, the Planck length. Then it appeared that matter cannot be distinguished from
empty space at those small distances. A last surprise dates from this century: particles and
space appear to be made of strands, instead of little spheres or points. The present text
explains how to reach these surprising conclusions. In particular, quantum field theory;,
the standard model of particle physics, general relativity and cosmology are shown to
follow from strands. The three gauge interactions, the three particle generations and the
three dimensions of space turn out to be due to strands. In fact, all the open questions
of twentieth-century physics about the foundations of motion, including the origin of
colours and of the constants of the standard model, appear to be answerable.

The strand conjecture presented in this text is an unexpected result from a threefold
aim that the author has pursued in the five previous volumes of this series: to present the
basics of motion in a way that is up to date, captivating and simple. While the previous
volumes introduced the established parts of physics, this volume presents, in the same
captivating and playful way, a speculation about unification. Nothing in this volume is
established knowledge - yet. The text is the original presentation of the topic. The aim
for maximum simplicity has been central in deducing this speculation.

The search for a complete theory of motion is one of the adventures of life: it leads to
the limits of thought. The journey overthrows several of our thinking habits about nature.
This can produce fear, but by overcoming it we gain strength and serenity. Changing
thinking habits requires courage, but it produces intense and beautiful emotions. Enjoy
them.

Christoph Schiller


http://www.motionmountain.net
http://www.motionmountain.net/research.html

PHYSICS:

Complete, unified description of motion
Adventures: describing precisely all motion, understanding
the origin of colours, space -time and particles, enjoying
extreme thinking, calculating masses and couplings,

catching a further, tiny glimpse of bliss (vol. VI).

Describing motion with precision,
i.e., using the least action principle.

General relativity
Adventures: the
night sky, measu-
ring curved and
wobbling space,
exploring black
holes and the
universe, space
and time (vol. 1).

Classical gravity @

Adventures:
climbing, skiing,

Quantum theory
with classical gravity

PREFACE

An arrow indicates an
increase in precision by
adding a motion limit.

Quantum field theory

' Adventures: bouncing . (the ‘standard model’)

neutrons, under-
standing tree

growth (vol. V).

@ Special relativity

Adventures: light,
magnetism, length

Adventures: building
accelerators, under-
standing quarks, stars,
bombs and the basis of
life, matter & radiation
(vol. V).

@ Quantum theory

Adventures: biology,
birth, love, death,

space travel, C contraction, time chemistry, evolution,
the wonders of limits  dilation and enjoying colours, art,
astronomy and G fast  Ey=mc? h, e k paradoxes, medicine
geology (vol. ). limits motion 2 (vol. Il). limit and high-tech business
uniform tiny (vol. IV and vol. V).
motion motion

Galilean physics, heat and electricity

The world of everyday motion: human scale, slow and weak.
Adventures: sport, music, sailing, cooking, describing
beauty and understanding its origin (vol. I);

using electricity, light and computers,

understanding the brain and people (vol. IlI).

FIGURE 1 A complete map of physics, the science of motion, as first proposed by Matvei Bronshtein
(b. 1907 Vinnytsia, d. 1938 Leningrad). The map is of central importance in the present volume. The
Bronshtein cube starts at the bottom with everyday motion, and shows the connections to the fields of
modern physics. Each connection increases the precision of the description and is due to a limit to
motion that is taken into account. The limits are given for uniform motion by the gravitational constant
G, for fast motion by the speed of light ¢, and for tiny motion by the Planck constant k, the elementary
charge e and the Boltzmann constant k.
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PREFACE 9

USING THIS BOOK

To get a fast overview, read the pictorial summary in Chapter 13: one page of text and
less than twenty pictures.

For a short overview, read the presentation of the quest in Chapter 1 and then continue
with the summary sections at the end of each chapter.

The full text expounds the train of thoughts that led to the strand model. It is written
for physics enthusiasts who like daring thoughts. Throughout the text,

> Important steps are marked with a triangle.

Also some dead ends are mentioned. Care has been taken not to include statements that
disagree with experiment.

Marginal notes refer to bibliographic references, to other pages or to challenge solu-
tions. In the colour edition, such notes and also the pointers to footnotes and to other
websites are typeset in green. In the free pdf edition of this book, available at www.
motionmountain.net, all green pointers and links are clickable. The pdf edition also con-
tains all films; they can be watched directly in Adobe Reader. Over time, links on the in-
ternet tend to disappear. Most links can be recovered via www.archive.org, which keeps
a copy of old internet pages.

Challenges are included regularly. Solutions and hints are given in the appendix. Chal-
lenges are classified as easy (e), standard student level (s), difficult (d) and research level
(r). Challenges for which hints or solutions have not yet been included are marked (ny).

A paper edition of this book is available, either in colour or in black and white, from
www.amazon.com. So is a Kindle edition.

FEEDBACK

Receiving an email from you at fb@motionmountain.net, either on how to improve the
text or on a solution for one of the prize challenges mentioned on www.motionmountain.
net/prizes.html, would be delightful. All feedback will be used to improve the next edi-
tion. For a particularly useful contribution you will be mentioned - if you want - in the
acknowledgements, receive a reward, or both.

SUPPORT

Your donation to the minuscule, charitable, tax-exempt non-profit organisation that pro-
duces, translates and publishes this book series is welcome. For details, see the web page
www.motionmountain.net/donation.html. The German tax office checks the proper use
of your donation. If you want, your name will be included in the sponsor list. Thank you
in advance for your help, on behalf of all readers across the world. And now, enjoy the
reading.
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THE STRAND MODEL -
A SPECULATION ON

UNIFICATION

Where, through the combination of

quantum theory and general relativity,

the top of Motion Mountain is reached,

and it is discovered

that vacuum is indistinguishable from matter,

that there is little difference between the large and the small,
that nature can be described by strands,

that particles can be modelled as tangles,

that gauge interactions appear naturally,

that colours are due to strand twisting,

that fundamental constants are uniquely fixed,

and that a complete description of motion is possible.
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CHAPTER 1

FROM MILLENNIUM PHYSICS TO
UNIFICATION

ily that opens: all move. Every shadow, even an immobile one, is due to moving

ight. Every mountain is kept in place by moving electrons. Every colour around us
is due to the motion of electrons and photons. Every star owes its formation and its shine
to motion of matter and radiation. Also the darkness of the night sky** is due to motion:
it results from the expansion of space. Finally, human creativity and human actions are
due to the motion of molecules, ions and electrons in the brain and in the body. Is there
a common language for these and all other observations of nature?

Is there a unified and precise way to describe all motion? How? Is everything that
moves, from people to planets, from light to empty space, made of the same constituents?
What is the origin of motion? Answering these questions is the topic of the present text.

Answering questions about motion with precision defines the subject of physics. Over
the centuries, researchers collected a huge number of precise observations about motion.
We now know how electric signals move in the brain, how insects fly, why colours vary,
how the stars formed, how life evolved, how the moon and the planets move, and much
more. We use our knowledge about motion to look into the human body and heal ill-
nesses; we use our knowledge about motion to build electronics, communicate over large
distances, and work for peace; we use our knowledge about motion to secure life against
many of nature’s dangers, including droughts and storms. Physics, the science of motion,
has shown time after time that knowledge about motion is both useful and fascinating.

At the end of the last millennium, humans were able to describe all motion in nature
with high precision. This description can be summarized in the following six statements.

l ook at what happens around us. A child that smiles, a nightingale that sings, a

1. In nature, motion takes place in three dimensions of space and is described by
the least action principle. Action is a physical quantity that describes how much
change occurs in a process. The least action principle states: motion minimizes change.
Among others, the least change principle implies that motion is predictable, that en-
ergy is conserved and that growth and evolution are natural processes, as is observed.

2. In nature, there is an invariant maximum energy speed, the speed of light c. This
invariant maximum implies special relativity. Among others, it implies that mass and
energy are equivalent, as is observed.

** The photograph on page 16 shows an extremely distant, thus extremely young, part of the universe, with
its large number of galaxies in front of the black night sky (courtesy NASA).
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18 1 FROM MILLENNIUM PHYSICS TO UNIFICATION

3. Innature, there is an invariant highest momentum flow, the Planck force ct /4G. This
invariant maximum implies general relativity, as we will recall below. Among others,
general relativity implies that things fall and that empty space curves and moves, as
is observed.

4. The evolution of the universe appears to be described by the cosmological constant A.
Together with the largest distance and the largest age that can presently be observed,
the cosmological constant determines the acceleration of the most distant stars.

5. In nature, there is a non-zero, invariant smallest change value, the quantum of action
h. This invariant value implies quantum theory. Among others, it explains what life
and death are, why they exist and how we enjoy the world.

6. In nature, matter and radiation consist of quantum particles. Matter consists of fer-
mions: six quarks, three charged leptons, three neutrinos and their antiparticles. Ra-
diation consists of bosons: the photon, three intermediate weak vector bosons and
eight gluons. In addition, the year 2012 finally brought the discovery of the Higgs
boson, which was already predicted in 1964. Fermions and bosons move and can
transform into each other. The transformations are described by the electromagnetic
interaction, the weak nuclear interaction and the strong nuclear interaction. Together
with the masses, quantum numbers, mixing angles and couplings of the element-
ary particles, these transformation rules form the so-called standard model of particle
physics. Among others, the standard model explains how lightning forms, why col-
ours vary, and how the atoms in our bodies came to be.

These six statements, the millennium description of physics, describe everything known
about motion in the year 2000. (Actually, 2012 is a more precise, though less striking
date.) These statements describe the motion of people, animals, plants, objects, light,
radiation, stars, empty space and the universe. The six statements describe motion so
precisely that even today there is no difference between calculation and observation,
between theory and practice. This is an almost incredible result, the summary of the
efforts of tens of thousands of researchers during the past centuries.

However, a small set of observations does not yet follow from the six statements. A
famous example is the origin of colours. In nature, colours are consequences of the so-
called fine structure constant, a mysterious constant of nature, abbreviated «, whose value
is measured to be & = 1/137.035999 139(31). If « had another value, all colours would
differ. And why are there three gauge interactions, twelve elementary fermions, thirteen
elementary bosons and three dimensions? What is the origin of particle masses? Why is
the standard model, the sixth statement above, so complicated? How is it related to the
five preceding statements?

A further unexplained observation is the nature of dark matter found around galax-
ies. We do not know yet what it is. Another unexplained process is the way thinking
forms in our brain. We do not know yet in detail how thinking follows from the above
six statements, though we do know that thinking is not in contrast with them. For this
reason, we will not explore the issue in the following. In the case of dark matter this is
not so clear: dark matter could even be in contrast with the millennium description of
motion.

Finally, why is there motion anyway? In short, even though the millennium descrip-
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tion of physics is precise and successful, it is not complete. The list of all those funda-
mental issues about motion that are unexplained since the year 2000 make up only a
short table. We call them the millennium issues.

TABLE 1 The millennium list: everything the standard model and general relativity cannot explain; thus,
also the list of the only experimental data available to test the complete description of motion.

OBSERVABLE PROPERTY UNEXPLAINED SINCE THE YEAR 2000

Local quantities unexplained by the standard model: particle properties

a« =1/137.036(1) the low energy value of the electromagnetic coupling or fine structure con-

stant

a, or 0, the low energy value of the weak coupling constant or the value of the weak
mixing angle

o the value of the strong coupling constant at one specific energy value

q the values of the 6 quark masses

m the values of 6 lepton masses

My the value of the mass of the W vector boson

My the value of the mass of the scalar Higgs boson

0,,,0,5,0,; the value of the three quark mixing angles

é the value of the CP violating phase for quarks

01,015,655 the value of the three neutrino mixing angles

&8, 0,0 the value of the three CP violating phases for neutrinos

3-4 the number of fermion generations and of particles in each generation

], B, C, etc. the origin of all quantum numbers of each fermion and each boson

Concepts unexplained by the standard model

¢ hk the origin of the invariant Planck units of quantum field theory

3+1 the number of dimensions of physical space and time

SO@(3.1) the origin of Poincaré symmetry, i.e., of spin, position, energy, momentum

b4 the origin and nature of wave functions

S(n) the origin of particle identity, i.e., of permutation symmetry

Gauge symmetry the origin of the gauge groups, in particular:

U@ the origin of the electromagnetic gauge group, i.e., of the quantization of elec-
tric charge, of the vanishing of magnetic charge, and of minimal coupling

SU(2) the origin of weak interaction gauge group, its breaking and P violation

SU(@3) the origin of strong interaction gauge group and its CP conservation

Renorm. group  the origin of renormalization properties
W =0 the origin of the least action principle in quantum theory
W= JLSM dt the origin of the Lagrangian of the standard model of particle physics

Global quantities unexplained by general relativity and cosmology

0 the observed flatness, i.e., vanishing curvature, of the universe
1.2(1) - 10% m the distance of the horizon, i.e., the ‘size’ of the universe (if it makes sense)

pie = Ac*/(8mG) the value and nature of the observed vacuum energy density, dark energy or
~ 0.5nJ/m’ cosmological constant
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TABLE 1 (Continued) The millennium list: everything the standard model and general relativity cannot
explain; also the only experimental data available to test the complete description of motion.

OBSERVABLE PROPERTY UNEXPLAINED SINCE THE YEAR 2000

(5+4)-107 the number of baryons in the universe (if it makes sense), i.e., the average
visible matter density in the universe

Pim the density and nature of dark matter

fo(1,..,c.10°)  the initial conditions for c. 10° particle fields in the universe (if or as long as
they make sense), including the homogeneity and isotropy of matter distri-
bution, and the density fluctuations at the origin of galaxies

Concepts unexplained by general relativity and cosmology

¢, G the origin of the invariant Planck units of general relativity
R xS the observed topology of the universe

G" the origin and nature of curvature, the metric and horizons
W =0 the origin of the least action principle in general relativity
W= JLGRdt the origin of the Lagrangian of general relativity

The millennium list contains everything that particle physics and general relativity
cannot explain. In other words, the list contains every issue that was unexplained in the
domain of fundamental motion in the year 2000. The list is short, but it is not empty.
Every line in the millennium list asks for an explanation. The quest for unification - and
the topic of this text — is the quest for these explanations. We can thus say that a complete
theory of motion is a theory that eliminates the millennium list of open issues.

How TO NAME THE RESULT OF THE QUEST

An number of expressions have been used for the result of the present quest. The term
theory of everything is found in many media. However, the expression is pompous and
wrong; the quest does not have this aim. Many problems of physics, science and life
remain unsolved even if the quest presented here comes to an end. The tern is now used
mainly by esoteric healers for their unsuccessful healing practices.

The term final theory has also been popular. In the meantime, it is mainly used in titles
of mediocre books and films.

The term world formula has been invented by German journalists. It never became
popular among physicists. It is now used for calculating the optimal way to park a car
backwards.

The quest to eliminate the millennium list of open issues implies to find a complete
theory of motion, i.e., a complete description of motion. These are adequate and correct
expressions. Also the expressions unified theory of motion or unified description of motion
are acceptable. They stress that a complete description must combine general relativity
and the standard model of particle physics.

AGAINST A COMPLETE THEORY

We know that a complete theory exists: it is the theory that describes how to calculate the
fine structure constant &« = 1/137.036(1). The theory does the same for about two dozen
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other constants, but « is the most famous one. In other terms, the complete theory is the
theory that explains all colours found in nature.

Searching for a complete theory of motion is a fascinating journey. But not everybody
agrees. A number of arguments are repeated again and again against the search for a
unified theory. Reaching the complete theory and enjoying the adventure is only possible
if these arguments are known - and then put gently aside.

— It is regularly claimed that a complete theory cannot exist because nature is infinite
and mysteries will always remain. But this statement is wrong. First, nature is not in-
finite. Second, even if it were infinite, knowing and describing everything would still
be possible. Third, even if knowing and describing everything would be impossible,
and if mysteries would remain, a complete theory remains possible. A unified theory
is not useful for every issue of everyday life, such as choosing your dish on a menu or
your future profession. A complete theory is simply a full description of the found-
ations of motion: the unified theory just combines and explains particle physics and
general relativity.

— Itis sometimes argued that a complete theory cannot exist due to Godel’s incomplete-
ness theorem or due to computational irreducibility. However, in such arguments,
both theorems are applied to domains were they are not valid. The reasoning is thus
wrong.

— Some state that it is not clear whether a complete theory exists at all. But we all know
from experience that this is wrong. The reason is simple: We are able to talk about
everything. In other words, all of us already have a ‘theory of everything’, or a com-
plete theory of nature. Also a physical theory is a way to talk about nature, and for
the complete theory we only have to search for those concepts that enable us to talk
about all of motion with full precision. Because we are justlooking for a way to talk, we
know that the unified theory exists. And searching for it is fascinating and exciting,
as everybody busy with this adventure will confirm.

— Some claim that the search for a unified theory is a reductionist endeavour and cannot
lead to success, because reductionism is flawed. This claim is wrong on three counts.
First, it is not clear whether the search is a reductionist endeavour, as will become
clear later on. Second, there is no evidence that reductionism is flawed. Third, even
if it were, no reason not to pursue the quest would follow. The claim in fact invites
to search with a larger scope than was done in the past decades — an advice that will
turn out to be spot on.

— Some argue that searching for a unified theory makes no sense aslong as the measure-
ment problem of quantum theory is not solved, or consciousness is not understood,
or the origin of life is not understood. Now, the measurement problem is solved by
decoherence, and in order to combine particle physics with general relativity, under-
standing the details of consciousness or of the origin of life is not required. Neither
is understanding child education required - though this can help.

— Some people claim that searching for a complete theory is a sign of foolishness or a
sin of pride. Such defeatist or envious comments should simply be ignored. After all,
the quest is just the search for the solution to a riddle.

— Some believe that understanding the unified theory means to read the mind of god,
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or to think like god, or to be like god. This is false, as any expert on god will confirm.
In fact, solving a riddle or reading a physics textbook does not transform people into
gods. This is unfortunate, as such an effect would provide excellent advertising.

— Some fear that knowing the complete theory will yield immense power that harbours
huge dangers of misuse. In short, some claim that knowing the complete theory will
change people into devils. However, this fear is purely imaginary; it only describes the
fantasies of the person that is talking. Indeed, the millennium description of physics
is already quite near to the complete theory, and nothing to be afraid of has happened.
Sadly, another great advertising opportunity evaporates.

— Some people object that various researchers in the past have thought to have found
the unified theory, but were mistaken, and that many great minds tried to find such a
theory, but had no success. That is true. Some failed because they lacked the necessary
data for a successful search, others because they lost contact with reality, and still
others because they were led astray by prejudices that limited their progress. We just
have to avoid these mistakes.

These arguments show us that we can reach the complete theory of motion — which we
symbolically place at the top of Motion Mountain - only if we are not burdened with
ideological or emotional baggage. (We get rid of all baggage in the first six chapters of
this volume.) The goal we have set thus requires extreme thinking, i.e., thinking up to the
limits. After all, unification is the precise description of all motion, including its most
extreme cases.

Therefore, unification is, first of all, a riddle. The search for unification is a pastime.
Any pastime is best approached with the light-heartedness of playing. Life is short: we
should play whenever we can.

WHAT WENT WRONG IN THE PAST

The twentieth century was the golden age of physics. Scholars searching for the unified
theory explored candidates such as grand unified theories, supersymmetry and numer-
ous other options. These candidates will be discussed later on; all were falsified by ex-
periment. Despite a record number of physicists working on the problem, despite the
availability of extensive experimental data, and despite several decades of research, no
unified theory was found. Why?

During the twentieth century, many successful descriptions of nature were deformed
into dogmatic beliefs about unification. Here are the main examples, with some of their
best known proponents:

— ‘Unification requires generalization of existing theories.’

— ‘Unification requires finding higher symmetries.” (Werner Heisenberg)

— ‘Unification requires generalizing electroweak mixing to include the strong interac-
tion.” (Abdus Salam)

— ‘Unification requires extending the standard model of particle physics with super-
symmetry.” (Steven Weinberg)

— ‘Unification requires axiomatization.” (David Hilbert)

— ‘Unification requires searching for beauty.” (Paul Dirac)

— ‘Unification requires new quantum evolution equations.” (Werner Heisenberg)
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— ‘Unification requires new field equations of gravitation.” (Albert Einstein)

— ‘Unification requires more dimensions of space.” (Theodor Kaluza)

— ‘Unification requires topology change.” (John Wheeler)

— ‘Unification is independent of Planck’s natural units.’

— ‘Unification requires using complicated mathematics and solving huge conceptual
difficulties.” (Edward Witten)

— ‘Unification is only for a selected few.’

— ‘Unification is extremely useful, important and valuable.’

All these beliefs appeared in the same way: first, some famous scholar - in fact, many
more than those mentioned - explained the idea that guided his own discovery; then,
he and most other researchers started to believe the guiding idea more than the dis-
covery itself. The most explored beliefs were those propagated by Salam and Weinberg:
they — unknowingly - set thousands of researchers on the wrong path for many decades.
The most detrimental belief was that unification is complicated and difficult: it kept the
smartest physicists from producing progress. In fact, all the mentioned beliefs can be
seen as special cases of the first one. And like the first belief, also all the others are, as we
will discover in the following, wrong.

AN ENCOURAGING ARGUMENT

The Bronshtein cube in Figure 1 shows that physics started from the description of mo-
tion in everyday life. At the next level of precision, physics introduced the observed lim-
its to motion and added the description of powerful, i.e., as uniform as possible mo-
tion (classical gravity), as fast as possible motion (special relativity), and as tiny as pos-
sible motion (quantum theory). At the following level of precision, physics achieved all
possible combinations of two of these motion types, by taking care of two motion lim-
its at the same time: fast and uniform motion (general relativity), fast and tiny motion
(quantum field theory), and tiny and uniform motion (quantum theory with gravity).
The only domain left over is the domain where motion is fast, tiny and as uniform as
possible at the same time. When this last domain is reached, the precise description of
all motion is completed.

But Figure 1 suggests even stronger statements. First of all, no domain of motion is
left: the figure covers all motion. Secondly, the unified description appears when general
relativity, quantum field theory and quantum theory with gravity are combined. In other
words, the unified theory appears when relativity and quantum theory and interactions
are described together. But a third conclusion is especially important. Each of these three
fields of physics can be deduced from the unified theory by eliminating a limitation:
either that of tiny motion, that of straight motion, or that of fast motion. In other words:

> General relativity follows from the unified theory by eliminating the
quantum of action #, i.e., taking the limit # — 0.

> Quantum field theory, including quantum electrodynamics, follows from
the unified theory by eliminating G, i.e., taking the limit G — 0.

> Quantum theory with gravity follows from the unified theory by eliminating
the speed limit c, i.e., taking the limit 1/c — 0.
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Speaking even more bluntly, and against a common conviction of researchers in the
field, the figure suggests: The standard model follows from the complete theory by elim-
inating gravity. These connections eliminate many candidates for the unified theory that
were proposed in the research literature in the twentieth and twenty-first century. But
more importantly, the connections leave open a range of possibilities — and interestingly
enough, this range is very narrow.

Figure 1 allows stronger statements still. Progress towards the unified theory is
achieved by taking limitations to motion into account. Whatever path we take from
everyday physics to the unified theory, we must take into consideration all limits to mo-
tion. The order can differ, but all limits have to be taken into account. Now, if any in-
termediate steps — due to additional motion limitations — between quantum field theory
and the unified theory existed in the upper part of the figure, corresponding steps would
have to appear also in the lower part of the figure, between everyday physics and classical
gravity. Since no such intermediate steps exist, there are no intermediate steps between
the standard model and the unified theory. In the same way, if any intermediate limits
or steps between general relativity and the complete theory really existed, these limits
and the corresponding steps would also have to appear between everyday motion and
quantum theory.

Experiments show clearly that no intermediate steps or limits exist between everyday
motion and the next level of precision. Using the top-down symmetry of Figure 1, this
implies:

> Intermediate steps or theories do not exist before the complete theory.

This is a strong statement. In the foundations of motion, apart from the unified theory,
no further theory is missing. For example, the Bronshtein cube implies that there is no
separate theory of relativistic quantum gravity or no doubly special relativity.

Figure 1 also implies that, conceptually, we are already close to the unified theory. The
figure suggests that there is no need for overly elaborate hypotheses or concepts to reach
the complete theory:

> We just have to add G to the standard model or # and e to general relativity.

In short, the complete, unified theory of motion cannot be far.

SUMMARY: HOW TO FIND THE COMPLETE THEORY OF
MOTION

We have a riddle to solve: we want to describe precisely all motion and discover its origin.
In order to achieve this, we need to find a complete theory that solves and explains each
open issue given in the millennium list. This is our starting point.

We proceed in steps. We first simplify quantum theory and gravitation as much as
possible, we explore what happens when the two are combined, and we deduce the re-
quirement list that any unified theory must fulfil. Then we deduce the simplest possible
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model that fulfils the requirements; we check the properties of the model against every
experiment performed so far and against every open issue from the millennium list. Dis-
covering that there are no disagreements, no points left open and no possible alternatives,
we know that we have found the unified theory. We thus end our adventure with a list of
testable predictions for the proposed theory.

In short, three lists structure our quest for a complete theory: the millennium list
of open issues, the list of requirements for the complete theory, and the list of testable
predictions. To get from one list to the next, we proceed along the following legs.

1. We first simplify modern physics. Twentieth century physics deduced several invari-
ant properties of motion. These invariants, such as the speed of light or the quantum
of action, are called Planck units. The invariant Planck units allow motion to be meas-
ured. Above all, these invariants are also found to be limit values, valid for every ex-
ample of motion.

2. Combining quantum theory and general relativity, we discover that at the Planck lim-
its, the universe, space and particles are not described by points. We find that as long as
we use points to describe particles and space, and as long as we use sets and elements
to describe nature, a unified description of motion is impossible.

3. The combination of quantum theory and general relativity teaches us that space and
particles have common constituents.

4. By exploring black holes, spin, and the limits of quantum theory and gravity, we dis-
cover that the common constituents of space and particles are extended, without ends,
one-dimensional and fluctuating: the common constituents of space and particles are
fluctuating strands.

5. We discover that we cannot think or talk without continuity. We need a background
to describe nature. We conclude that to talk about motion, we have to combine con-
tinuity and non-continuity in an appropriate way. This is achieved by imagining that
fluctuating strands move in a continuous three-dimensional background.

At this point, after the first half of our adventure, we obtain a detailed requirement list for
the unified theory. This list allows us to proceed rapidly towards our goal, without being
led astray:

6. We discover a simple fundamental principle that explains how the maximum speed
¢, the minimum action #, the maximum force ¢*/4G and the cosmological constant A
follow from strands. We also discover how to deduce quantum theory, relativity and
cosmology from strands.

7. We discover that strands naturally yield the existence of three spatial dimensions,
flat and curved space, black holes, the cosmological horizon, fermions and bosons.
We find that all known physical systems are made from strands. Also the process of
measurement and all properties of the background result from strands.

8. We discover that fermions emit and absorb bosons, and that they do so with exactly
those properties that are observed for the electromagnetic, the weak and the strong
nuclear interaction. In short, the three known gauge interactions — and their parity
conservation or violation - follow from strands in a unique way. In addition, we dis-
cover that other interactions do not exist.

9. Wediscover that strands naturally yield the known elementary fermions and bosons,
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grouped in three generations, and all their observed properties. Other elementary
particles do not exist. We thus recover the standard model of elementary particles.
We discover that the fundamental principle allows us to solve all the issues in the
millennijum list, and that all properties deduced from strands agree with experiment.
In particular, the strand conjecture allows us to calculate the fine structure constant
and the other gauge coupling strengths. An extensive list of testable predictions arises.
These predictions will all be tested - by experiment or by calculation - in the coming
years.

We discover that motion is due to crossing switches of strands. Motion is an inescap-
able consequence of observation: motion is an experience that we make because we
are, like every observer, a small, approximate part of a large whole.

At the end of this journey, we will thus have unravelled the mystery of motion. It is a
truly special adventure. But be warned: almost all of the story presented here is still spec-
ulative, and thus open to question. Everything presented in the following agrees with ex-
periment. Nevertheless, with almost every sentence you will find at least one physicist or
philosopher who disagrees. That makes the adventure even more fascinating.

Es ist fast unmaoglich, die Fackel der Wahrheit
durch ein Gedringe zu tragen, ohne jemandem
den Bart zu sengen.*

Georg Christoph Lichtenberg

* ‘It is almost impossible to carry the torch of truth through a crowd without scorching somebody’s beard.’
Georg Christoph Lichtenberg (b. 1742 Ober-Ramstadt, d. 1799 Gottingen) was a famous physicist and es-
sayist.
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CHAPTER 2

PHYSICS IN LIMIT STATEMENTS

wentieth century physics deduced several invariant properties of motion.

hese invariants, such as the speed of light or the quantum of action, define

he so-called Planck units. The invariant Planck units are important for two reas-
ons: first, they allow motion to be measured; second, the invariants are limit values. In
fact, the Planck units provide bounds for all observables.

The main lesson of modern physics is thus the following: When we simplify physics
as much as possible, we discover that nature limits the possibilities of motion. Such limits
lie at the origin of special relativity, of general relativity and of quantum theory. In fact,
we will see that nature limits every aspect of motion. Exploring the limits of motion will
allow us to deduce several astonishing conclusions. And these conclusions contradict all
that we learned about nature so far.

SIMPLIFYING PHYSICS AS MUCH AS POSSIBLE

At dinner parties, physicists are regularly asked to summarize physics in a few sentences.
It is useful to have a few simple statements ready to answer such a request. Such state-
ments are not only useful to make other people think; they are also useful in our quest

for the unified theory. Here they are.

EVERYDAY, OR GALILEAN, PHYSICS IN ONE STATEMENT

Everyday motion is described by Galilean physics. It consists of only one statement:

> Motion minimizes change.
In nature, change is measured by physical action W. More precisely, change is measured

by the time-averaged difference between kinetic energy T and potential energy U. In
other words, all motion obeys the so-called least action principle. It can be written as

SW = 0 , where W:J(T—U)dt. (1)

This statement determines the effort we need to move or throw stones, and explains why
cars need petrol and people need food. In simpler terms, nature is as lazy as possible. Or:
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> Nature is maximally efficient.

Inefficient motion is not observed. The efficiency and laziness of nature implies that mo-
tion is conserved, relative and predictable. In fact, the laziness of motion and nature is
valid throughout nature. A few additional ways to distinguish observed motion from
impossible motion were discovered by modern physics.

SPECIAL RELATIVITY IN ONE STATEMENT

The step from everyday, or Galilean, physics to special relativity can be summarized in a
single limit statement on motion. It was popularized by Hendrik Antoon Lorentz:

> There is a maximum energy speed value ¢ in nature.

For all physical systems and all observers, the local energy speed v is limited by the speed
of light c:
v<c=3.0-10"m/s. (2)

All results peculiar to special relativity follow from this principle. A few well-known facts
set the framework for the discussion that follows. The speed v is less than or equal to the
speed of light ¢ for all physical systems;* in particular, this speed limit is valid both for
composite systems and for elementary particles, for matter and radiation. No exception
has ever been found. (Try it.)

The energy speed limit is an invariant: the local energy speed limit is valid for all ob-
servers. In this context it is essential to note that any observer must be a physical system,
and must be close to the moving energy.

The speed limit c is realized by massless particles and systems; in particular, it is real-
ized by electromagnetic waves. For matter systems, the speed is always below c.

Only a maximum energy speed ensures that cause and effect can be distinguished in
nature, or that sequences of observations can be defined. The opposite hypothesis, that
energy speeds greater than c are possible, which implies the existence of so-called (real)
tachyons, has been explored and tested in great detail; it leads to numerous conflicts with
observations. Tachyons do not exist.

The maximum energy speed forces us to use the concept of space-time to describe
nature, because the existence of a maximum energy speed implies that space and time
mix. It also implies observer-dependent time and space coordinates, length contraction,
time dilation, mass—energy equivalence, horizons for accelerated observers, and all the
other effects that characterize special relativity. Only a maximum speed leads to the prin-
ciple of maximum ageing that governs special relativity; and only this principle leads to
the principle of least action at low speeds. In addition, only with a finite speed limit is
it possible to define a unit of speed that is valid at all places and at all times. If there

* A physical system is a region of space-time containing mass—energy, the location of which can be fol-
lowed over time and which interacts incoherently with its environment. The speed of a physical system is
thus an energy speed. The definition of physical system excludes images, geometrical points or incomplete,
entangled situations.
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were no global speed limit, there could be no natural measurement standard for speed,
independent of all interactions; speed would not then be a measurable quantity.

Special relativity also limits the size of systems — whether composite or elementary.
Indeed, the limit speed implies that acceleration a and size I cannot be increased inde-
pendently without bounds, because the two ends of a system must not interpenetrate.
The most important case concerns massive systems, for which we have

Q%

3)

This size limit is induced by the speed of light c; it is also valid for the displacement d of
a system, if the acceleration measured by an external observer is used. Finally, the speed
limit implies a relativistic ‘indeterminacy relation’

Al Aa < & (4)

for the length and acceleration indeterminacies. You may wish to take a minute to deduce
this relation from the time-frequency indeterminacy. All this is standard knowledge.

QUANTUM THEORY IN ONE STATEMENT

The difference between Galilean physics and quantum theory can be summarized in a
single statement on motion, due to Niels Bohr:

> There is a minimum action value 7 in nature.
For all physical systems and all observers, the action W obeys
W>h=11-10""Js. (5)

The Planck constant £ is the smallest observable action value, and the smallest observ-
able change of angular momentum. The action limit is valid for all systems, thus both
for composite and elementary systems. No exception has ever been found. (Try it.) The
principle contains all of quantum theory. We can call it the principle of non-zero action,
in order to avoid confusion with the principle of least action.

The non-zero action limit # is an invariant: it is valid with the same numerical value
for all observers. Again, any such observer must be a physical system.

The action limit is realized by many physical processes, from the absorption of light
to the flip of a spin 1/2 particle. More precisely, the action limit is realized by microscopic
systems where the process involves a single particle.

The non-zero action limit is stated less frequently than the speed limit. It starts from
the usual definition of the action, W = I(T—U) dt, and states that between two observa-
tions performed at times ¢ and ¢ + At, even if the evolution of a system is not known, the
measured action is at least /. Since physical action measures the change in the state of a
physical system, there is always a minimum change of state between two different obser-
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vations of a system.” The non-zero action limit expresses the fundamental fuzziness of
nature at a microscopic scale.

It can easily be checked that no observation — whether of photons, electrons or mac-
roscopic systems — gives a smaller action than the value #. The non-zero action limit has
been verified for fermions, bosons, laser beams, matter systems, and for any combination
of these. The opposite hypothesis, implying the existence of arbitrary small change, has
been explored in detail: Einstein’s long discussion with Bohr, for example, can be seen as
a repeated attempt by Einstein to find experiments that would make it possible to meas-
ure arbitrarily small changes or action values in nature. In every case, Bohr found that
this could not be achieved. All subsequent attempts were equally unsuccessful.

The principle of non-zero action can be used to deduce the indeterminacy relation, the
tunnelling effect, entanglement, permutation symmetry, the appearance of probabilities
in quantum theory, the information-theoretic formulation of quantum theory, and the
existence of elementary particle reactions. Whenever we try to overcome the smallest
action value, the experimental outcome is probabilistic. The minimum action value also
implies that in quantum theory, the three concepts of state, measurement operation, and
measurement result need to be distinguished from each other; this is done by means
of a so-called Hilbert space. Finally, the non-zero action limit is also the foundation of
Einstein-Brillouin-Keller quantization.

The existence of a non-zero action limit has been known from the very beginning
of quantum theory. It is at the basis of — and completely equivalent to - all the usual
formulations of quantum theory, including the many-path and the information-theoretic
formulations.

We also note that only a non-zero action limit makes it possible to define a unit of
action. If there were no action limit, there could be no natural measurement standard
for action: action would not then be a measurable quantity.

The upper bounds for speed and for action for any physical system, v < ¢ and
W < pd < mcd, when combined with the quantum of action, imply a limit on the
displacement d of a system between any two observations:

h
d;a. (6)

In other words, the (reduced) Compton wavelength of quantum theory appears as the
lower limit on the displacement of a system, whenever gravity plays no role. Since this
quantum displacement limit also applies to elementary systems, it also applies to the size
of a composite system. However, for the same reason, this size limit is not valid for the
sizes of elementary particles.

The limit on action also implies Heisenberg’s well-known indeterminacy relation for
the displacement d and momentum p of physical systems:

AdAp>—. (7)

NSt

* For systems that seem constant in time, such as a spinning particle or a system showing the quantum Zeno
effect, finding this minimum change is tricky. Enjoy the challenge.
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This relation is valid for both massless and massive systems. All this is textbook know-
ledge.

THERMODYNAMICS IN ONE STATEMENT

Thermodynamics can also be summarized in a single statement about motion:
> There is a smallest entropy value k in nature.

Written symbolically,
S>k=13-107J/K. (8)

The entropy S is limited by the Boltzmann constant k. No exception has ever been found.
(Try it.) This result is almost 100 years old; it was stated most clearly by Leo Szilard. All of
thermodynamics can be deduced from this relation, in combination with the quantum
of action.

The entropy limit is an invariant: it is valid for all observers. Again, any observer must
be a physical system.

The entropy limit is realized only by physical systems made of a single particle. In
other words, the entropy limit is again realized only by microscopic systems. Therefore
the entropy limit provides the same length limit for physical systems as the action limit.

Like the other limit statements we have examined, the entropy limit can also be
phrased as a indeterminacy relation between temperature T' and energy U:

A= AU = = 9
T 5 )

This relation was first given by Bohr and then discussed by Heisenberg and many others.

GENERAL RELATIVITY IN ONE STATEMENT

This text can be enjoyed most when a compact and unconventional description of general
relativity is used; it is presented in the following. However, the conclusions do not depend
on this description; the results are also valid if the usual approach to general relativity is
used; this will be shown later on.

The most compact description summarizes the step from universal gravity to general
relativity in a single statement on motion:

> There are maximum force and power values in nature.

For all physical systems and all observers, force F and power P are limited by

4 5

F<<=30-10°N and P<-—=91-10W. (10)
4G 4G

No exception has ever been found. (Try it.) These limit statements contain both the speed
of light ¢ and the gravitational constant G; they thus qualify as statements about relativ-
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istic gravitation. Before we deduce general relativity, let us explore these limits.

The numerical values of the limits are huge. The maximum power corresponds to
radiating 50 solar masses within 1 millisecond. And applying the maximum force value
along a distance I requires as much energy as is stored in a black hole of diameter /.

Force is change of momentum; power is change of energy. Since momentum and en-
ergy are conserved, force and power are the flow of momentum and energy through a
surface. Force and power, like electric current, describe the change in time of conserved
quantity. For electric current, the conserved quantity is charge, for force, it is momentum,
for power, it is energy. In other words, like current, also force is a flow across a surface.
This is a simple consequence of the continuity equation. Therefore, every discussion of
maximum force implies a clarification of the underlying surface.

Both the force and the power limits state that the flow of momentum or of energy
through any physical surface — a surface to which an observed can be attached at every
one of its points — of any size, for any observer, in any coordinate system, never exceeds
the limit value. In particular:

> The force limit is only realized at horizons. The power limit is only realized
with the help of horizons.

In all other situations, the observed values are strictly smaller than the maximum values.

The force and power limit values are invariants: they are valid for all observers and
for all interactions. Again, any observer must be a physical system and it must be located
on or near the surface used to define the flow of momentum or energy.

The value of the force limit is the energy of a Schwarzschild black hole divided by its
diameter; here the ‘diameter’ is defined as the circumference divided by m. The power
limit is realized when such a black hole is radiated away in the time that light takes to
travel along a length corresponding to the diameter.

An object of mass m that has the size of its own Schwarzschild radius 2Gm/c* is
called a black hole, because according to general relativity, no signals and no light from
inside the Schwarzschild radius can reach the outside world. In this text, black holes
are usually non-rotating and usually uncharged; in this case, the terms ‘black hole” and
‘Schwarzschild black hole” are synonymous.

The value of the maximum force, as well as being the mass—energy of a black hole
divided by its diameter, is also the surface gravity of a black hole times its mass. Thus the
force limit means that no physical system of a given mass can be concentrated in a region
of space-time smaller than a (non-rotating) black hole of that mass. (This is the so-called
hoop conjecture.) In fact, the mass—energy concentration limit can easily be transformed
algebraically into the force limit: they are equivalent.

It is easily checked that the maximum force limit is valid for all systems observed
in nature, whether they are microscopic, macroscopic or astrophysical. Neither the
‘gravitational force’ (as long as it is operationally defined) nor the electromagnetic or
nuclear interactions are ever found to exceed this limit.

But is it possible to imagine a system that exceeds the force limit? An extensive discus-
sion shows that this is impossible. For example, the force limit cannot be overcome with
Lorentz boosts. We might think that a boost can be chosen in such a way that a 3-force
value F in one frame is transformed into any desired value F " in another, boosted frame.
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This thought turns out to be wrong. In relativity, 3-force cannot be increased beyond all
bounds using boosts. In all reference frames, the measured 3-force can never exceed the
proper force, i.e., the 3-force value measured in the comoving frame.

Also changing to an accelerated frame does not help to overcome the force limit, be-
cause for high accelerations a, horizons appear at distance c*/a, and a mass m has a
minimum diameter given by I > 4Gm/c*.

In fact, the force and power limits cannot be exceeded in any thought experiment,
as long as the sizes of observers or of test masses are taken into account. All apparent
exceptions or paradoxes assume the existence of point particles or point-like observers;
these, however, are not physical: they do not exist in general relativity.

Fortunately for us, nearby black holes or horizons are rare. Unfortunately, this means
that neither the force limit nor the power limit are realized in any physical system at
hand, neither at everyday length scales, nor in the microscopic world, nor in astrophys-
ical systems. Even though the force and power limits have never been exceeded, a direct
experimental confirmation of the limits will take some time.

The formulation of general relativity as a consequence of a maximum force is not
common; in fact, it seems that it was only discovered 80 years after the theory of general
relativity had first been proposed.

DEDUCING GENERAL RELATIVITY®

In order to elevate the force or power limit to a principle of nature, we have to show that,
just as special relativity follows from the maximum speed, so general relativity follows
from the maximum force.

The maximum force and the maximum power are only realized at horizons. Horizons
are regions of space-time where the curvature is so high that it limits the possibility of
observation. The name ‘horizon’ is due to an analogy with the usual horizon of everyday
life, which also limits the distance to which we can see. However, in general relativity
horizons are surfaces, not lines. In fact, we can define the concept of horizon in general
relativity as a region of maximum force; it is then easy to prove that a horizon is always
a two-dimensional surface, and that it is essentially black (except for quantum effects).

The connection between horizons and the maximum force or power allows us to de-
duce the field equations in a simple way. First, there is always a flow of energy at a hori-
zon. Horizons cannot be planes, since an infinitely extended plane would imply an infin-
ite energy flow. To characterize the finite extension of a given horizon, we use its radius
R and its total area A.

The energy flow across a horizon is characterized by an energy E and a proper length
L of the energy pulse. When such an energy pulse flows perpendicularly across a horizon,
the momentum change dp/dt = F is given by

Since we are at a horizon, we need to insert the maximum possible values. In terms of

* This section can be skipped at first reading.
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the horizon area A and radius R, we can rewrite the limit case as

4
c _Earl (12)
G AL

where we have introduced the maximum force and the maximum possible area 47R* of
a horizon of (maximum local) radius R. The ratio E/A is the energy per unit area flowing
across the horizon.

Horizons are often characterized by the so-called surface gravity a instead of the radius
R. In the limit case, two are related by a = ¢*/2R. This leads to

1
E=—ad’AL. (13)
4nG

Special relativity shows that at horizons the product aL of proper length and accelera-

tion is limited by the value c*/2. This leads to the central relation for the energy flow at

horizons:
2

E=——aA. (14)
8nG

This horizon relation makes three points. First, the energy flowing across a horizon is lim-
ited. Secondly, this energy is proportional to the area of the horizon. Thirdly, the energy
flow is proportional to the surface gravity. These three points are fundamental, and char-
acteristic, statements of general relativity. (We also note that due to the limit property
of horizons, the energy flow towards the horizon just outside it, the energy flow across a
horizon, and the energy inside a horizon are all the same.)

Taking differentials, the horizon relation can be rewritten as

C2

0E=——afbA. (15)
8nG

In this form, the relation between energy and area can be applied to general horizons,
including those that are irregularly curved or time-dependent.”

In a well-known paper, Jacobson has given a beautiful proof of a simple connection:
if energy flow is proportional to horizon area for all observers and all horizons, and if
the proportionality constant is the correct one, then general relativity follows. To see
the connection to general relativity, we generalize the horizon relation (15) to general
coordinate systems and general directions of energy flow.

* The horizon relation (15) is well known, though with different names for the observables. Since no com-
munication is possible across a horizon, the detailed fate of energy flowing across a horizon is also unknown.
Energy whose detailed fate is unknown is often called heat, and abbreviated Q. The horizon relation (15)
therefore states that the heat flowing through a horizon is proportional to the horizon area. When quantum
theory is introduced into the discussion, the area of a horizon can be called ‘entropy’ S and its surface
gravity can be called ‘temperature’ T’ relation (15) can then be rewritten as §Q = T8S. However, this trans-
lation of relation (15), which requires the quantum of action, is unnecessary here. We only cite it to show
the relation between horizon behaviour and quantum aspects of gravity.
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The proof uses tensor notation. We introduce the general surface element d~ and the
local boost Killing vector field k that generates the horizon (with suitable norm). We then
rewrite the left-hand side of relation (15) as

5E:=J72wk“dzb, (16)

where T, is the energy-momentum tensor. This is valid in arbitrary coordinate sys-
tems and for arbitrary energy flow directions. Jacobson’s main result is that the right-
hand side of the horizon relation (15) can be rewritten, using the (purely geometric)
Raychaudhuri equation, as

aMz&J&Wﬂ#, (17)

where R, is the Ricci tensor describing space-time curvature.
Combining these two steps, we find that the energy-area horizon relation (15) can be

rewritten as
A

T k“de:—JR K dxb . 18
J ab 8nG ) (18)

Jacobson shows that this equation, together with local conservation of energy (i.e., van-
ishing divergence of the energy-momentum tensor), can only be satisfied if

4

c 1
T,=—— (R - (—R A) ) , 19
ab 81G ab 2 + Yab ( )

where A is a constant of integration whose value is not determined by the problem. These
are the full field equations of general relativity, including the cosmological constant A.
This value of this constant remains undetermined, though.

The field equations are thus shown to be valid at horizons. Now, it is possible, by
choosing a suitable coordinate transformation, to position a horizon at any desired
space-time event. To achieve this, simply change to the frame of an observer accelerat-
ing away from that point at the correct distance, as explained in the volume on relativity.
Therefore, because a horizon can be positioned anywhere at any time, the field equations
must be valid over the whole of space-time.

Since it is possible to have a horizon at every event in space-time, there is the same
maximum possible force (or power) at every event in nature. This maximum force (or
power) is thus a constant of nature.

In other words, the field equations of general relativity are a direct consequence of
the limited energy flow at horizons, which in turn is due to the existence of a maximum
force or power. We can thus speak of the maximum force principle. Conversely, the field
equations imply maximum force and power. Maximum force and general relativity are
thus equivalent.

By the way, modern scholars often state that general relativity and gravity follow from
the existence of a minimum measurable length. The connection was already stated by
Sakharov in 1969. This connection is correct, but unnecessarily restrictive. The maximum
force, which is implicit in the minimal length, is sufficient to imply gravity. Quantum


motionmountain-volume2.pdf{}{}{}#subsection*.166{}{}{}
http://www.motionmountain.net/research.html

Page 283

Page 302

Ref. 24

Ref. 25

36 2 PHYSICS IN LIMIT STATEMENTS

theory — or /i — is (obviously) not necessary to deduce gravity.

DEDUCING UNIVERSAL GRAVITATION

Universal gravitation follows from the force limit in the case where both forces and
speeds are much smaller than the maximum values. The first condition implies
V4GMa' < c? the second v < c and al < c*. Let us apply this to a specific case.
Consider a satellite circling a central mass M at distance R with acceleration a. This
system, with length I = 2R, has only one characteristic speed. Whenever this speed v is
much smaller than ¢, v* must be proportional both to the squared speed calculated by
al = 2aR and to the squared speed calculated from V4GMa . Taken together, these two
conditions imply that a = fGM/R?, where f is a numerical factor. A quick check, for
example using the observed escape velocity values, shows that f = 1.

Forces and speeds much smaller than the limit values thus imply that gravity changes
with the inverse square of distance. In other words, nature’s limit on force implies uni-
versal gravitation. Other deductions of universal gravity from limit quantities are given
later.

THE SIZE OF PHYSICAL SYSTEMS IN GENERAL RELATIVITY

General relativity, like the other theories of modern physics, implies a limit on the size
of systems. There is a limit to the amount of matter that can be concentrated into a small
volume:

4Gm
P> .

1> % (20)

C

The size limit is only realized for black holes, those well-known systems which swallow
everything that is thrown into them. The size limit is fully equivalent to the force limit.
(Also the hoop conjecture is understood to be true.) All composite systems in nature
comply with the lower size limit. Whether elementary particles fulfil or even match this
limit remains open at this point. This issue will be explored below.
General relativity also implies an ‘indeterminacy relation’ for the measurement errors
of size I and energy E of systems:
AE ¢!
N < i (21)
Experimental data are available only for composite systems; all known systems
comply with it. For example, the latest measurements for the Sun give GMy/c® =
4.925490947(1) us; the error in E is thus much smaller than the (scaled) error in its
radius, which is known with much smaller precision. The ‘indeterminacy relation” (21)
is not as well known as that from quantum theory. In fact, tests of it — for example with
binary pulsars — may distinguish general relativity from competing theories. We cannot
yet say whether this inequality also holds for elementary particles.

A MECHANICAL ANALOGY FOR THE MAXIMUM FORCE

The maximum force is central to the theory of general relativity. Indeed, its value (ad-
orned with a factor 2m) appears in the field equations. The importance of the maximum
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force becomes clearer when we return to our old image of space-time as a deformable
mattress. Like any material body, a mattress is described by a material constant that
relates the deformation values to the values of applied energy. Similarly, a mattress, like
any material, is described by the maximum stress it can bear before it breaks. These
two values describe all materials, from crystals to mattresses. In fact, for perfect crys-
tals (without dislocations), these two material constants are the same.

Empty space somehow behaves like a perfect crystal, or a perfect mattress: it has a
deformation-energy constant that is equal to the maximum force that can be applied
to it. The maximum force describes the elasticity of space-time. The high value of the
maximum force tells us that it is difficult to bend space.

Now, materials are not homogeneous: crystals are made up of atoms, and mattresses
are made up of foam bubbles. What is the corresponding structure of space-time? This is
a central question in the rest of our adventure. One thing is sure: unlike crystals, vacuum
has no preferred directions. We now take a first step towards answering the question of
the structure of space-time and particles by putting together all the limits found so far.

PLANCK LIMITS FOR ALL PHYSICAL OBSERVABLES

The existence of a maximum force in nature is equivalent to general relativity. As a result,
a large part of modern physics can be summarized in four simple and fundamental limit
statements on motion:

Quantum theory follows from the action limit: W zh
Thermodynamics follows from the entropy limit: S =2k
Special relativity follows from the speed limit: v <c
4
General relativity follows from the force limit: F < :—G . (22)

These (corrected) Planck limits are valid for all physical systems, whether composite or
elementary, and for all observers. Note that the limit quantities of quantum theory, ther-
modynamics, special and general relativity can also be seen as the right-hand sides of the
respective indeterminacy relations. Indeed, the set (4,7, 9, 21) of indeterminacy relations
is fully equivalent to the four limit statements (22).

We note that the different dimensions of the four fundamental limits (22) in nature
mean that the four limits are independent. For example, quantum effects cannot be used
to overcome the force limit; similarly, the power limit cannot be used to overcome the
speed limit. There are thus four independent limits on motion in nature.

By combining the four fundamental limits, we can obtain limits on a number of phys-
ical observables. The following limits are valid generally, for both composite and element-
ary systems:

4Gh
time interval: tz\— = L1- 107%s (23)
c
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4Gh _
time-distance product: td > — = 35-10%ms (24)
c
d 51 2
leration: <\— = 28-10 25
acceleration a “Ch m/s (25)
JE
angular frequency: w<2n e 5.8-10% /s. (26)

Adding the knowledge that space and time can mix, we get

4Gh
distance: dz\— = 32 10> m (27)
c
4Gh _
area: Az — = 1.0-10%m? (28)
c
4Gh\*" )
volume: V2 (—3> = 34-10"%m? (29)
c
¢’ 69 ;.2
curvature: K< —— = 10-10" /m 30
“Ch / (30)
¢’ 95 3
mass density: <— = 32-107kg/m’. 31
y PS Tecom g/ (31)

Of course, speed, action, angular momentum, entropy, power and force are also limited,
as already stated. The limit values are deduced from the commonly used Planck values
simply by substituting 4G for G. These limit values are the true natural units of nature. In
fact, the ideal case would be to redefine the usual Planck values for all observables to these
extremal values, by absorbing the numerical factor 4 into the respective definitions. In
the following, we call the limit values the corrected Planck units or corrected Planck limits
and assume that the numerical factor 4 has been properly included. In other words:

> Every natural unit or (corrected) Planck unit is the limit value of the corres-
ponding physical observable.

Most of these limit statements are found scattered throughout the research literature,
though the numerical factors often differ. Each limit has attracted a string of publications.
The existence of a smallest measurable distance and time interval of the order of the
Planck values is discussed in all approaches to quantum gravity. The maximum curvature
has been studied in quantum gravity; it has important consequences for the ‘beginning’
of the universe, where it excludes any infinitely large or small observable. The maximum
mass density appears regularly in discussions on the energy of the vacuum.

In the following, we often call the collection of Planck limits the Planck scales. We will
discover shortly that at Planck scales, nature differs in many ways from what we are used
to at everyday scales.
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Die Frage tiber die Giiltigkeit der Voraussetzungen der Geometrie im
Unendlichkleinen hidngt zusammen mit der Frage nach dem innern Grunde der
Massverhiltnisse des Raumes. Bei dieser Frage, welche wohl noch zur Lehre
vom Raume gerechnet werden darf, kommt die obige Bemerkung zur
Anwendung, dass bei einer discreten Mannigfaltigkeit das Princip der
Massverhiltnisse schon in dem Begriffe dieser Mannigfaltigkeit enthalten ist,
bei einer stetigen aber anders woher hinzukommen muss. Es muss also
entweder das dem Raume zu Grunde liegende Wirkliche eine discrete
Mannigfaltigkeit bilden, oder der Grund der Massverhiltnisse ausserhalb, in
darauf wirkenden bindenden Kriften, gesucht werden.*

Bernhard Riemann, 1854, Uber die Hypothesen, welche der Geometrie zu

Grunde liegen.

PHYSICS, MATHEMATICS AND SIMPLICITY

The four limits of nature of equation (22) - on action, entropy, speed and force — are as-
tonishing. Above all, the four limits are simple. For many decades, a silent assumption has
guided many physicists: physics requires difficult mathematics, and unification requires
even more difficult mathematics.

For example, for over thirty years, Albert Einstein searched with his legendary intens-
ity for the unified theory by exploring more and more complex equations. He did so even
on his deathbed!"* Also most theoretical physicists in the year 2000 held the prejudice
that unification requires difficult mathematics. This prejudice is a consequence of over a
century of flawed teaching of physics. Flawed teaching is thus one of the reasons that the
search for a unified theory was not successful for so long.

The summary of physics with limit statements shows that nature and physics are
simple. In fact, the essence of the important physical theories is extremely simple: spe-
cial relativity, general relativity, thermodynamics and quantum theory are each based on
a simple inequality.

The summary of a large part of physics with inequalities is suggestive. The summary
makes us dream that the description of the remaining parts of physics — gauge fields,
elementary particles and the complete theory — might be equally simple. Let us continue
to explore where the dream of simplicity leads us to.

LIMITS TO SPACE, TIME AND SIZE

Those are my principles, and if you don’t like
them ... well, I have others.
Groucho Marx***

* “The question of the validity of the hypotheses of geometry in the infinitely small is connected to the
question of the foundation of the metric relations of space. To this question, which may still be regarded as
belonging to the study of space, applies the remark made above; that in a discrete manifold the principles
of its metric relations are given in the notion of this manifold, while in a continuous manifold, they must
come from outside. Either therefore the reality which underlies space must form a discrete manifold, or the
principles of its metric relations must be sought outside it, in binding forces which act upon it.’

Bernhard Riemann is one of the most important mathematicians. 45 years after this statement, Max
Planck confirmed that natural units are due to gravitation, and thus to ‘binding forces’.
** Interestingly, he also regularly wrote the opposite, as shown on page 87.
*** Groucho Marx (b. 1890 New York City, d. 1977 Los Angeles), well-known comedian.
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We have seen that the four fundamental limits of nature (22) result in a minimum dis-
tance and a minimum time interval. As the expressions for the limits shows, these min-
imum intervals arise directly from the unification of quantum theory and relativity: they
do not appear if the theories are kept separate. In other terms, unification implies that
there is a smallest length in nature. This result is important: the formulation of phys-
ics as a set of limit statements shows that the continuum model of space and time is not
completely correct. Continuity and manifolds are only approximations, valid for large ac-
tions, low speeds and small forces. Formulating general relativity and quantum theory
with limit statements makes this especially clear.

The existence of a force limit in nature implies that no physical system can be smaller
than a Schwarzschild black hole of the same mass. In particular, point particles do not
exist. The density limit makes the same point. In addition, elementary particles are pre-
dicted to be larger than the corrected Planck length. So far, this prediction has not been
tested by observations, as the scales in question are so small that they are beyond ex-
perimental reach. Detecting the sizes of elementary particles — for example, with electric
dipole measurements — would make it possible to check all limits directly.

MASS AND ENERGY LIMITS

Mass plays a special role in all these arguments. The four limits (22) do not make it pos-
sible to extract a limit statement on the mass of physical systems. To find one, we have
to restrict our aim somewhat.

The Planck limits mentioned so far apply to all physical systems, whether composite
or elementary. Other limits apply only to elementary systems. In quantum theory, the
distance limit is a size limit only for composite systems. A particle is elementary if its size
I is smaller than any measurable dimension. In particular, it must be smaller than the
reduced Compton wavelength:

for elementary particles: < —. (32)
mc

Using this limit, we find the well-known mass, energy and momentum limits that are
valid only for elementary particles:

fh
for (real) elementary particles: m < é =11-10"° kg = 0.60 - 10" GeV/c?

5
for (real) elementary particles: E < Z% =9.8-10%] =0.60 - 10" GeV

3

for (real) elementary particles: p < Z% =3.2kgm/s = 0.60 - 10 GeV/c. (33)

These elementary-particle limits are the (corrected) Planck mass, Planck energy and
Planck momentum. They were discussed in 1968 by Andrei Sakharov, though with differ-
ent numerical factors. They are regularly cited in elementary particle theory. All known
measurements comply with them.
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VIRTUAL PARTICLES — A NEW DEFINITION

In fact, there are elementary particles that exceed all three limits that we have en-
countered so far. Nature does have particles which move faster than light, which show
actions below the quantum of action, and which experience forces larger than the force
limit.

We know from special relativity that the virtual particles exchanged in collisions move
faster than light. We know from quantum theory that the exchange of a virtual particle
implies actions below the minimum action. Virtual particles also imply an instantaneous
change of momentum; they thus exceed the force limit.

In short, virtual particles exceed all the limits that hold for real elementary particles.

CURIOSITIES AND FUN CHALLENGES ABOUT PLANCK LIMITS*

The (corrected) Planck limits are statements about properties of nature. There is no way
to measure values exceeding these limits, with any kind of experiment. Naturally, such a
claim provokes the search for counter-examples and leads to many paradoxes.

* k%

The minimum action may come as a surprise at first, because angular momentum and
spin have the same unit as action; and nature contains particles with spin 0 or with spin
1/2 h. A minimum action indeed implies a minimum angular momentum. However, the
angular momentum in question is total angular momentum, including the orbital part
with respect to the observer. The measured total angular momentum of a particle is never
smaller than %, even if the spin is smaller.

k) Kk

In terms of mass flows, the power limit implies that flow of water through a tube is limited
in throughput. The resulting limit drm/dt < ¢*/4G for the change of mass with time seems
to be unrecorded in the research literature of the twentieth century.

k) %k

A further way to deduce the minimum length using the limit statements which structure
this adventure is the following. General relativity is based on a maximum force in nature,
or alternatively, on a maximum mass change per time, whose value is given by dm/dt =
¢’/4G. Quantum theory is based on a minimum action W in nature, given by . Since a
distance d can be expressed as
2 w
~dm/dt’

(34)

we see directly that a minimum action and a maximum rate of change of mass imply
a minimum distance. In other words, quantum theory and general relativity force us to
conclude that in nature there is a minimum distance. In other words, at Planck scales the
term ‘point in space’ has no theoretical or experimental basis.

* Sections called ‘Curiosities’ can be skipped at first reading.
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k) k%

With the single-particle limits, the entropy limit leads to an upper limit for temperature:

hc® 13
T< @:0.71-10 K. (35)

This corresponds to the temperature at which the energy per degree of freedom is given
by the (corrected) Planck energy vhc>/4G. A more realistic value would have to take
account of the number of degrees of freedom of a particle at Planck energy. This would
change the numerical factor. However, no system that is even near this temperature value
has been studied yet. Only Planck-size horizons are expected to realize the temperature
limit, but nobody has managed to explore them experimentally, so far.

k) 3k

How can the maximum force be determined by gravity alone, which is the weakest in-
teraction? It turns out that in situations near the maximum force, the other interactions
are usually negligible. This is the reason why gravity must be included in a unified de-
scription of nature.

* k%

At first sight, it seems that electric charge can be used in such a way that the acceleration
of a charged body towards a charged black hole is increased to a value, when multi-
plied with the mass, that exceeds the force limit. However, the changes in the horizon for
charged black holes prevent this.

k) k%

The gravitational attraction between two masses never yields force values high enough
to exceed the force limit. Why? First of all, masses 1 and M cannot come closer together
than the sum of their horizon radii. Using F = GmM /r* with the distance r given by the
(naive) sum of the two black hole radii as r = 2G(M + m)/c?, we get

ct Mm

SO (36)

which is never larger than the force limit. Thus even two attracting black holes cannot
exceed the force limit — in the inverse-square approximation of universal gravity. In short,
the minimum size of masses means that the maximum force cannot be exceeded.

* k%

It is well known that gravity bends space. Therefore, if they are to be fully convincing,
our calculation for two attracting black holes needs to be repeated taking into account
the curvature of space. The simplest way is to study the force generated by a black hole
on a test mass hanging from a wire that is lowered towards a black hole horizon. For an
unrealistic point mass, the force would diverge at the horizon. Indeed, for a point mass
m lowered towards a black hole of mass M at (conventionally defined radial) distance d,
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the force would be oM
F=——m (37)

This diverges at d = 0, the location of the horizon. However, even a test mass cannot be
smaller than its own gravitational radius. If we want to reach the horizon with a realistic
test mass, we need to choose a small test mass m: only a small mass can get near the
horizon. For vanishingly small masses, however, the resulting force tends to zero. Indeed,
letting the distance tend to the smallest possible value by letting d = 2G(m + M)/c* —
2GM/c? requires m — 0, which makes the force F(m, d) vanish. If on the other hand,
we remain away from the horizon and look for the maximum force by using a mass as
large as can possibly fit into the available distance (the calculation is straightforward),
then again the force limit is never exceeded. In other words, for realistic test masses,
expression (37) is never larger than c*/4G. Taking into account the minimal size of test
masses, we thus see that the maximum force is never exceeded in gravitational systems.

* k%

An absolute power limit implies a limit on the energy that can be transported per unit
time through any imaginable physical surface. At first sight, it may seem that the com-
bined power emitted by two radiation sources that each emit 3/4 of the maximum value
should give 3/2 times the maximum value. However, the combination forms a black hole,
or at least prevents part of the radiation from being emitted by swallowing it between the
two sources.

k) %k

One possible system that actually achieves the Planck power limit is the final stage of
black hole evaporation. But even in this case, the power limit is not exceeded.

k) k%

The maximum force limit states that the stress-energy tensor, when integrated over any
physical surface, does not exceed the limit value. No such integral, over any physical
surface, of any tensor component in any coordinate system, can exceed the force limit,
provided that it is measured by a realistic observer, in particular, by an observer with a
realistic proper size. The maximum force limit thus applies to any component of any force
vector, as well as to its magnitude. It applies to gravitational, electromagnetic, and nuclear
forces; and it applies to all realistic observers. It is not important whether the forces are
real or fictitious; nor whether we are discussing the 3-forces of Galilean physics or the
4-forces of special relativity. Indeed, the force limit applied to the zeroth component of
the 4-force is the power limit.

k) 3k

The power limit is of interest if applied to the universe as a whole. Indeed, it can be used to
partly explain Olbers’ paradox: the sky is dark at night because the combined luminosity
of all light sources in the universe cannot be brighter than the maximum value.
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k) k%

The force limit and its solid state analogy might be seen to suggest that the appearance of
matter might be nature’s way of preventing space from ripping apart. Does this analogy
make sense?

k) k%

In fact, the connection between minimum length and gravity is not new. Already in 1967,
Andrei Sakharov pointed out that a minimum length implies gravity. He showed that
regularizing quantum field theory on curved space with a cut-off at small distances will
induce counter-terms that include to lowest order the cosmological constant and then
the Einstein—Hilbert action of general relativity.

k) %k

We said above that a surface is physical if an observer can be attached to each of its points.
The existence of a smallest length — and a corresponding shortest time interval — implies

> No surface is physical if any part of it requires a localization in space-time to
scales below the minimum length.

For example, a physical surface must not cross any horizon. Only by insisting on phys-
ical surfaces can we eliminate unphysical examples that contravene the force and power
limits. For example, this condition was overlooked in Bousso’s early discussion of Bek-
enstein’s entropy bound - though not in his more recent ones.

k) k%

The equation E = ¢*m implies that energy and mass are equivalent. What do the equa-
tions I = (4G/c*)m = (4G/c*)E for length and W = g for action imply?

k) k%

Our discussion of limits can be extended to include electromagnetism. Using the (low-
energy) electromagnetic coupling constant «, the fine structure constant, we get the fol-
lowing limits for physical systems interacting electromagnetically:

:

electric charge: q = \4nggach = e=0.16aC (38)

7 4
electric field: E < ¢ - - 1.9-10%V/m (39)
64ne,ahG?  4Ge
¢ e
magnetic field: B<||——— =—=63-10"T (40)
64ne,ahG?  4Ge
ct 1 |hAc
voltage: US\|—— =-\— =6.1-107V (41)
loneyaG e V4G

1 [4GR" 1 |4GH’ -
inductance: L> — == =44-10"H. (42)
e c

=t
(%]

w
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With the additional assumption that in nature at most one particle can occupy one Planck
volume, we get

charge density: \/ 16G3 % \’64G3 h3 =47-10%C/m? (43)

AGh
C3

capacitance: C> 4nsooc\/ =e \/ po 26-100YF. (44)
c

For the case of a single conduction channel, we get

1 h

electric resistance: R> = — =4.1kQ (45)
dnegoc e
2

electric conductivity: G < 4ngjac = % =0.24mS (46)

e oc® | c
electric current: I< 0 =e\l— =15-10A. (47)
G 4hG

The magnetic field limit is significant in the study of extreme stars and black holes. The
maximum electric field plays a role in the theory of gamma-ray bursters. For current,
conductivity and resistance in single channels, the limits and their effects were studied
extensively in the 1980s and 1990s.

The observation of quarks and of collective excitations in semiconductors with charge
e/3 does not necessarily invalidate the charge limit for physical systems. In neither case
is there is a physical system — defined as localized mass—energy interacting incoherently
with the environment - with charge e/3.

k) k%

The general relation that to every limit value in nature there is a corresponding inde-
terminacy relation is valid also for electricity. Indeed, there is an indeterminacy relation
for capacitors, of the form

ACAU > e, (48)

where e is the positron charge, C capacity and U potential difference. There is also an
indeterminacy relation between electric current I and time ¢

Al At >ze. (49)

Both these relations may be found in the research literature.
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COSMOLOGICAL LIMITS FOR ALL PHYSICAL OBSERVABLES

In our quest to understand motion, we have focused our attention on the four funda-
mental limitations to which motion is subject. Special relativity posits a limit to speed,
namely the speed of light c. General relativity limits force and power respectively by
¢*/4G and ¢°/4G, and quantum theory introduces a smallest value # for action. Nature
imposes the lower limit k on entropy. If we include the limit e on electric charge changes,
these limits induce extremal values for all physical observables, given by the correspond-
ing (corrected) Planck values.

A question arises: does nature also impose limits on physical observables at the op-
posite end of the measurement scale? For example, there is a highest force and a highest
power in nature. Is there also a lowest force and a lowest power? Is there also a lowest
speed? We will show that there are indeed such limits, for all observables. We give the
general method to generate such bounds, and explore several examples. This exploration
will take us on an interesting survey of modern physics. We start by deducing system-
dependent limits and then go on to cosmological limits.

SIZE AND ENERGY DEPENDENCE

While looking for additional limits in nature, we note a fundamental fact. Any upper
limit for angular momentum, and any lower limit for power, must be system-dependent.
Such limits will not be absolute, but will depend on properties of the system. Now, a
physical system is a part of nature characterized by a boundary and its content.” Thus the
simplest properties shared by all systems are their size (characterized in the following by
the diameter) L and their energy E. With these characteristics we can deduce system-
dependent limits for every physical observable. The general method is straightforward:
we take the known inequalities for speed, action, power, charge and entropy, and then
extract a limit for any observable, by inserting the length and energy as required. We
then have to select the strictest of the limits we find.

ANGULAR MOMENTUM AND ACTION

The ratio of angular momentum D to energy E times length L has the dimensions of
inverse speed. Since rotation speeds are limited by the speed of light, we get

1 LE. (50)

D system < c
Indeed, in nature there do not seem to be any exceptions to this limit on angular mo-
mentum. In no known system, from atoms to molecules, from ice skaters to galaxies,
does the angular momentum exceed this value. Even the most violently rotating objects,
the so-called extremal black holes, are limited in angular momentum by D < LE/c. (Ac-
tually, this limit is correct for black holes only if the energy is taken as the irreducible
mass times ¢?; if the usual mass is used, the limit is too large by a factor of 4.) The limit

* Quantum theory refines this definition: a physical system is a part of nature that in addition interacts
incoherently with its environment. In the following discussion we will assume that this condition is satisfied.
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deduced from general relativity, given by D < L*c’/4G, is not stricter than the one just
given. By the way, no system-dependent lower limit for angular momentum can be de-
duced.

The maximum value for angular momentum is also interesting when it is seen as an
action limit. Action is the time integral of the difference between kinetic and potential
energy. Though nature always seeks to minimize the action W, systems, of size L, that
maximize action are also interesting. You might check for yourself that the action limit

W < LE/c (51)
is not exceeded in any physical process.

SPEED

Speed times mass times length is an action. Since action values in nature are limited from
below by #, we get a limit for the speed of a system:

he” — . (52)

This is not a new result; it is just a form of the indeterminacy relation of quantum theory.
It gives a minimum speed for any system of energy E and diameter L. Even the extremely
slow radius change of a black hole by evaporation just realizes this minimal speed.

Continuing with the same method, we also find that the limit deduced from general
relativity, v < (c*/AG)(L/E), gives no new information. Therefore, no system-dependent
upper speed limit exists — just the global limit c.

Incidentally, the limits are not unique. Other limits can be found in a systematic way.
Upper limits can be multiplied, for example, by factors of (L/E)(c*/4G) or (LE)(2/hc),
yielding less strict upper limits. A similar rule can be given for lower limits.

FORCE, POWER AND LUMINOSITY

We have seen that force and power are central to general relativity. The force exerted
by a system is the flow of momentum out of the system; emitted power is the flow of
energy out of the system. Thanks to the connection W = FLT between action W, force
F, distance L and time T', we can deduce

h 1

F, z2— = .
system 2¢ T2

(53)
Experiments do not reach this limit. The smallest forces measured in nature are those
in atomic force microscopes, where values as small as 1 aN are observed. But even these
values are above the lower force limit.

The power P emitted by a system of size L and mass M is limited by

M M
e —=>P >th§. (54)

7 Z Lsystem &
L Y
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The limit on the left is the upper limit for any engine or lamp, as deduced from relativity;
not even the universe exceeds it. The limit on the right is the minimum power emit-
ted by any system through quantum gravity effects. Indeed, no physical system is com-
pletely tight. Even black holes, the systems with the best ability to keep components in-
side their enclosure, radiate. The power radiated by black holes should just meet this
limit, provided the length L is taken to be the circumference of the black hole. Thus the
claim of the quantum gravity limit is that the power emitted by a black hole is the smal-
lest power that is emitted by any composite system of the same surface gravity. (However,
the numerical factors in the black hole power appearing in the research literature are not
yet consistent.)

THE STRANGE CHARM OF THE ENTROPY BOUND

In 1973, Bekenstein discovered a famous limit that connects the entropy S of a physical
system with its size and mass. No system has a larger entropy than one bounded by a
horizon. The larger the horizon surface, the larger the entropy. We write

S A
< (55)
Sc.Planck A c.Planck
which gives
ke?
S<—A, 56
4Gh (56)

where A is the surface of the system. Equality is realized only for black holes. The old
question of the origin of the factor 4 in the entropy of black holes is thus answered here:
it is due to the factor 4 in the force or power bound in nature. Time will tell whether this
explanation will be generally accepted.

We can also derive a more general relation by using a mysterious assumption, which
we will discuss afterwards. We assume that the limits for vacuum are opposite to those
for matter. We can then write ¢?/4G < M/L for the vacuum. Using

S < M A Lc.Planck (57)
Sc.Planck Mc.Planck Ac.Planck L
we get
k 2tk
Ss%ML: T;CMR. (58)

This is called Bekenstein’s entropy bound. It states that the entropy of any physical sys-
tem is finite and limited by its mass M and size L. No exception has ever been found or
constructed, despite many attempts. Again, the limit value itself is only realized for black
holes.

We need to explain the strange assumption used above. We are investigating the en-
tropy of a horizon. Horizons are not matter, but limits to empty space. The entropy of
horizons is due to the large number of virtual particles found at them. In order to de-
duce the maximum entropy of expression (57) we therefore have to use the properties of
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the vacuum. In other words, either we use a mass-to-length ratio for vacuum above the
Planck limit, or we use the Planck entropy as the maximum value for vacuum.

Other, equivalent limits for entropy can be found if other variables are introduced. For
example, since the ratio of the shear viscosity # to the volume density of entropy (times
k) has the dimensions of action, we can directly write

St &

S<=-4V. (59)

Again, equality is only attained in the case of black holes. In time, no doubt, the list of
similar bounds will grow longer.

Is there also a smallest, system-dependent entropy? So far, there does not seem to be a
system-dependent minimum value for entropy: the present approach gives no expression
that is larger than k.

The establishment of the entropy limit is an important step towards making our de-
scription of motion consistent. If space-time can move, as general relativity maintains, it
also has an entropy. How could entropy be finite if space-time were continuous? Clearly,
because of the existence of a minimum distance and minimum time in nature, space-
time cannot be continuous, but must have a finite number of degrees of freedom, and
thus a finite entropy.

CURIOSITIES AND FUN CHALLENGES ABOUT SYSTEM-DEPENDENT LIMITS TO
OBSERVABLES

Like the Planck values, also the system-dependent limit values for all physical observ-
ables yield a plethora of interesting questions. We study a few examples.

k) Kk

The content of a system is characterized not only by its mass and charge, but also by
its strangeness, isospin, colour charge, charge and parity. Can you deduce the limits for
these quantities?

k) k%

In our discussion of black hole limits, we silently assumed that they interact, like any
thermal system, in an incoherent way with the environment. Which of the results of this
section change when this condition is dropped, and how? Which limits can be overcome?

k) k%
Can you find a general method to deduce all limits of observables?
k) k%

Bekenstein’s entropy bound leads to some interesting speculations. Let us speculate that
the universe itself, being surrounded by a horizon, meets the Bekenstein bound. The
entropy bound gives a bound to all degrees of freedom inside a system: it tells us that the
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number Ny ¢ of degrees of freedom in the universe is roughly
Nyof, = 10, (60)

Compare this with the number Ny, ., of Planck volumes in the universe

NPI. vol. = 10183 (61)
and with the number N,,,,, of particles in the universe
Ny, = 107" (62)

We see that particles are only a tiny fraction of what moves around. Most motion must be
movement of space-time. At the same time, space-time moves far less than might be na-
ively expected. To find out how all this happens is the challenge of the unified description
of motion.

k) k%

A lower limit for the temperature of a thermal system can be found using the following
idea: the number of degrees of freedom of a system is limited by its surface, or more
precisely, by the ratio between the surface and the Planck surface. We get the limit

T> aGh M . (63)
nke L?

This is the smallest temperature that a system of mass M and size L can have. Al-

ternatively, using the method given above, we can use the limit on the thermal energy

kT/2 > hc/2nL (the thermal wavelength must be smaller than the size of the system)

together with the limit on mass ¢*/4G > M/L, and deduce the same result.

We have met the temperature limit already: when the system is a black hole, the limit
yields the temperature of the emitted radiation. In other words, the temperature of black
holes is the lower limit for all physical systems for which a temperature can be defined,
provided they share the same boundary gravity. The latter condition makes sense: bound-
ary gravity is accessible from the outside and describes the full physical system, since it
depends on both its boundary and its content.

So far, no exception to the claim on the minimum system temperature is known. All
systems from everyday life comply with it, as do all stars. Also the coldest known sys-
tems in the universe, namely Bose-Einstein condensates and other cold gases produced
in laboratories, are much hotter than the limit, and thus much hotter than black holes
of the same surface gravity. (We saw earlier that a consistent Lorentz transformation for
temperature is not possible; so the minimum temperature limit is only valid for an ob-
server at the same gravitational potential as the system under consideration and station-
ary relative to it.)

By the way, there seems to be no consistent way to define an upper limit for a size-
dependent temperature. Limits for other thermodynamic quantities can be found, but
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we do not discuss them here.
* Xk

When electromagnetism plays a role in a system, the system also needs to be character-
ized by a charge Q. Our method then gives the following limit for the electric field E:

M2
We write the field limit in terms of the elementary charge e, though it might be more ap-

propriate to write it using the fine structure constant via e = /4mne,ahic . In observations,
the electric field limit has never been exceeded. For the magnetic field we get

2
p> 2o 2 (65)
c QL?
Again, this limit is satisfied by all known systems in nature.

Similar limits can be found for the other electromagnetic observables. In fact, several
of the limits given earlier are modified when electric charge is included. Does the size
limit change when electric charge is taken into account? In fact, an entire research field
is dedicated to deducing and testing the most general limits valid in nature.

k) 3k

Many cosmological limits have not been discussed here nor anywhere else. The following
could all be worth a publication: What is the limit for momentum? Energy? Pressure?
Acceleration? Mass change? Lifetime?

SIMPLIFIED COSMOLOGY IN ONE STATEMENT

We now continue our exploration of limits by focussing on the largest systems possible
in nature. In order to do that, we have a simplified look at cosmology.
The dark sky at night tells us there is a cosmological horizon. This implies

> There is a maximum distance value in nature, given by the radius of the
cosmological horizon R..

For all systems and all observers, sizes, distances and lengths [ are observed to be limited

by
I<R-=43%x10°m =4.4x10"al = 3.3ct, . (66)

The cosmological horizon limits system sizes. The observed radius is about 3.3 times the
age of the universe ¢, times c.
The cosmological horizon also limits the age of systems.
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THE COSMOLOGICAL LIMITS TO OBSERVABLES

From the system-dependent limits for speed, action, force and entropy we can deduce
system-dependent limits for all other physical observables. In addition, we note that the
system-dependent limits can (usually) be applied to the universe as a whole; we only need
to insert the size and energy content of the universe. Usually, we can do this through a
limit process, even though the universe itself is not a physical system. In this way, we
get an absolute limit for every physical observable that contains the cosmological radius
Rc. These limits are on the opposite end of the Planck limit for each observable. We call
these limits the cosmological limits.

The simplest cosmological limit is the upper limit to length in the universe. Since the
cosmological length limit also implies a maximum possible Compton wavelength, we
get a minimum particle mass and energy. We also get an cosmological lower limit on
luminosity.

For single particles, we find an absolute lower speed limit, the cosmological speed limit,
given by

L

Upartidle = —C'Islamkc ~7-10m/s. (67)
c

This speed value has never been reached or approached by any observation.

Many cosmological limits are related to black hole limits. For example, the observed
average mass density of the universe is not far from the corresponding black hole limit.
As another example, the black hole lifetime limit might be imagined to provide an upper
limit for the full lifetime of the universe. However, the age of the universe is far from that
limit by a large factor. In fact, since the universe’s size and age are increasing, the lifetime
limit is pushed further into the future with every second that passes. The universe could
be said to evolve so as to escape its own decay...

MINIMUM FORCE

The negative energy volume density —Ac*/4nG introduced by the positive cosmological
constant A corresponds to a negative pressure (both quantities have the same dimen-
sions). When multiplied by the minimum area it yields a force value

F = Ahe _ 48-107°N. (68)
27

Apart from the numerical factor, this is the cosmological force limit, the smallest possible
force in nature. This is also the gravitational force between two corrected Planck masses
located at the cosmological distance \/n/4A = R.

As a note, this leads to the fascinating conjecture that the full theory of general re-

lativity, including the cosmological constant, might be defined by the combination of a
maximum and a minimum force in nature.

SUMMARY ON COSMOLOGICAL LIMITS

The above short exploration of cosmological limits could be extended. Overall, it appears
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> Nature provides two limits for each observable: a Planck limit and a cosmo-
logical limit.

Every observable has a lower and an upper limit. You may want to summarize them into
a table.

All these limits only appear when quantum theory and gravity are brought together.
But the existence of these limits, and in particular the existence of limits to measurement
precision, forces us to abandon some cherished assumptions.

LIMITS TO MEASUREMENT PRECISION

We now know that in nature, every physical measurement has a lower and an upper
bound. One of the bounds is cosmological, the other is given by the (corrected) Planck
unit. As a consequence, for every observable, the smallest relative measurement error
that is possible in nature is the ratio between the smaller and the larger limit. In particu-
lar, we have to conclude that all measurements are limited in precision.

NO REAL NUMBERS

Because of the fundamental limits to measurement precision, the measured values of
physical observables do not require the full set of real numbers. In fact, limited precision
implies that observables cannot be described by the real numbers! This staggering result
appears whenever quantum theory and gravity are brought together. But there is more.

VACUUM AND MASS: TWO SIDES OF THE SAME COIN

There is a limit to the precision of length measurements in nature. This limit is valid both
for length measurements of empty space and for length measurements of matter (or ra-
diation). Now let us recall what we do when we measure the length of a table with a ruler.
To find the ends of the table, we must be able to distinguish the table from the surround-
ing air. In more precise terms, we must be able to distinguish matter from vacuum.

Whenever we want high measurement precision, we need to approach Planck scales.
But at Planck scales, the measurement values and the measurement errors are of the
same size. In short, at Planck scales, the intrinsic measurement limitations of nature im-
ply that we cannot say whether we are measuring vacuum or matter. We will check this
conclusion in detail later on.

In fact, we can pick any other observable that distinguishes vacuum from matter -
for example, colour, mass, size, charge, speed or angular momentum - and we have the
same problem: at Planck scales, the limits to observables lead to limits to measurement
precision, and therefore, at Planck scales it is impossible to distinguish between matter
and vacuum. At Planck scales, we cannot tell whether a box is full or empty.

To state the conclusion in the sharpest possible terms: vacuum and matter do not differ
at Planck scales. This counter-intuitive result is one of the charms of the search for a
complete, unified theory. It has inspired many researchers in the field and some have
written best-sellers about it.

The conclusion of indistinguishability of matter and vacuum also arises at cosmolo-
gical scale: it is intrinsic to the properties of a horizon.
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NoO POINTS

Limited measurement precision also implies that at the Planck energy it is impossible to
speak about points, instants, events or dimensionality. Similarly, at the Planck length it
is impossible to distinguish between positive and negative time values: so particles and
antiparticles are not clearly distinguished at Planck scales. All these conclusions are so
far-reaching that we must check them in more detail. We will do this shortly.

MEASUREMENT PRECISION AND THE EXISTENCE OF SETS

In physics, it is generally assumed that nature is a set of components or parts. These com-
ponents, called elements by mathematicians, are assumed to be separable from each other.
This tacit assumption is introduced in three main situations: it is assumed that matter
consists of separable particles, that space-time consists of separable events or points, and
that the set of states consists of separable initial conditions. Until the year 2000, physics
has built the whole of its description of nature on the concept of a set.

The existence of a fundamental limit to measurement precision implies that nature is
not a set of such separable elements. Precision limits imply that physical entities can be
distinguished only approximately. The approximate distinction is only possible at ener-
gies much lower than the Planck energy #c®/4G . As humans, we do live at such small
energies, and we can safely make the approximation. Indeed, the approximation is excel-
lent in practice; we do not notice any error. But at Planck energy, distinction and separ-
ation is impossible in principle. In particular, at the cosmic horizon, at the big bang, and
at Planck scales, any precise distinction between two events, two points or two particles
becomes impossible.

Another way to reach this result is the following. Separation of two entities requires
different measurement results — for example, different positions, different masses or dif-
ferent velocities. Whatever observable is chosen, at the Planck energy the distinction
becomes impossible because of the large measurements errors. Only at everyday ener-
gies is a distinction possible. In fact, even at everyday energies, any distinction between
two physical systems — for example, between a toothpick and a mountain - is possible
only approximately. At Planck scales, a boundary can never be drawn.

A third argument is the following. In order to count any entities in nature — a set of
particles, a discrete set of points, or any other discrete set of physical observables - the
entities have to be separable. But the inevitable measurement errors contradict separab-
ility. Thus at the Planck energy it is impossible to count physical objects with precision:

> Nature has no parts.

In summary, at Planck scales, perfect separation is impossible in principle. We cannot
distinguish observations. At Planck scales it is impossible to split nature into separate parts
or entities. In nature, elements of sets cannot be defined. Neither discrete nor continuous
sets can be constructed:

> Nature does not contain sets or elements.

Since sets and elements are only approximations, the concept of a ‘set’, which assumes
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separable elements, is foo specialized to describe nature. Nature cannot be described at
Planck scales - i.e., with full precision - if any of the concepts used for its description
presupposes sets. However, all concepts used in the past 25 centuries to describe nature
— particles, space, time, observables, phase space, wave functions, Hilbert space, Fock
space, Riemannian space, particle space, loop space or moduli space - are based on sets.
They must all be abandoned at Planck energy.

> No correct mathematical model of nature can be based on sets.

This is a central requirement for the complete theory. In other terms, nature has no parts:
nature is one.

None of the approaches to unification pursued in the twentieth century has aban-
doned sets. The requirement about the unified description tells us too search for other
approaches. But the requirement about the complete description does more than that.
Indeed, the requirement to abandon sets will be an efficient guide in our search for the
unification of relativity and quantum theory. The requirement will even settle Hilbert’s
sixth problem.

SUMMARY ON LIMITS IN NATURE

If we exclude gauge interactions, we can summarize the rest of physics five limit state-
ments:

The speed limit is equivalent to special relativity.
The force limit is equivalent to general relativity.
The action limit is equivalent to quantum theory.
The entropy limit is equivalent to thermodynamics.
The distance limit is equivalent to cosmology.

vV VvV Vv VvV

All these limits are observer-invariant. The invariance of the limits suggests interesting
thought experiments, none of which leads to their violation.

The invariant limits imply that in nature every physical observable is bound on one
end by the corresponding (corrected) Planck unit and on the other end by a cosmological
limit. Every observable in nature has an upper and lower limit value.

The existence of lower and upper limit values to all observables implies that meas-
urement precision is limited. As a consequence, matter and vacuum are indistinguish-
able, the description of space-time as a continuous manifold of points is not correct, and
nature can be described by sets and parts only approximately. At Planck scales, nature
does not contain sets or elements.

Nature’s limits imply that Planck units are the key to the unified theory. Since the
most precise physical theories known, quantum theory and general relativity, can be re-
duced to limit statements, there is a good chance that the complete, unified theory of
physics will allow an equally simple description. Nature’s limits thus suggest that the
mathematics of the complete, unified theory might be simple.
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At this point of our adventure, many questions are still open. Answering any of the
open issues of the millennium list still seems out of reach. But this impression is too
pessimistic. Our discussion implies that we only need to find a description of nature that
is simple and without sets. And a natural way to avoid the use of sets is a description of
empty space, radiation and matter as being made of common constituents. But before we
explore this option, we check the conclusions of this chapter in another way. In particu-
lar, as a help to more conservative physicists, we check all conclusions we found so far
without making use of the maximum force principle.
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CHAPTER 3

GENERAL RELATIVITY VERSUS
QUANTUM THEORY

Man muf3 die Denkgewohnheiten durch
Denknotwendigkeiten ersetzen.**
Albert Einstein

he two accurate descriptions of motion available in the year 2000, namely

hat of general relativity and that of the standard model, are both useful and

horoughly beautiful. This millennium description of motion is useful because its
consequences are confirmed by all experiments, to the full measurement precision. We
are able to describe and understand all examples of motion that have ever been en-
countered. We can use this understanding to save lives, provide food and enjoy life. We
have thus reached a considerable height in our mountain ascent. Our quest for the full
description of motion is not far from completion.

The results of twentieth century physics are also beautiful. By this, physicists just mean
that they can be phrased in simple terms. This is a poor definition of beauty, but physicists
are rarely experts on beauty. Nevertheless, if a physicist has some other concept of beauty
in physics, avoid him, because in that case he is really talking nonsense.

The simplicity of twentieth-century physics is well-known: all motion observed in
nature minimizes action. Since in physics, action is a measure of change, we can say that
all motion observed in nature minimizes change. In particular, every example of motion
due to general relativity or to the standard model of particle physics minimizes action:
both theories can be described concisely with the help of a Lagrangian.

On the other hand, some important aspects of any type of motion, the masses of the
involved elementary particles and the strength of their coupling, are unexplained by gen-
eral relativity and by the standard model of particle physics. The same applies to the ori-
gin of all the particles in the universe, their initial conditions, and the dimensionality of
space-time. Obviously, the millennium description of physics is not yet complete.

The remaining part of our adventure will be the most demanding. In the ascent of
any high mountain, the head gets dizzy because of the lack of oxygen. The finite amount
of energy at our disposal requires that we leave behind all unnecessary baggage and
everything that slows us down. In order to determine what is unnecessary, we need to
focus on what we want to achieve. Our aim is the precise description of motion. But even
though general relativity and quantum theory are extremely precise, useful and simple,
we do carry a burden: the two theories and their concepts contradict each other.

** ‘One needs to replace habits of thought by necessities of thought.’
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THE CONTRADICTIONS

In classical physics and in general relativity, the vacuum, or empty space, is a region with
no mass, no energy and no momentum. If particles or gravitational fields are present, the
energy density is not zero, space is curved and there is no complete vacuum.

In everyday life, vacuum has an energy density that cannot be distinguished from
zero. However, general relativity proposes a way to check this with high precision: we
measure the average curvature of the universe. Nowadays, cosmological measurements
performed with dedicated satellites reveal an average energy density E/V of the inter-
galactic ‘vacuum’ with the value of

5 ~ 0.5n]/m> . (69)

In short, cosmological data show that the energy density of intergalactic space is not
exactly zero; nevertheless, the measured value is extremely small and can be neglected
in all laboratory experiments.

On the other hand, quantum field theory tells a different story on vacuum energy
density. A vacuum is a region with zero-point fluctuations. The energy content of a va-
cuum is the sum of the zero-point energies of all the fields it contains. Indeed, the Casimir
effect ‘proves’ the reality of these zero-point energies. Following quantum field theory,
the most precise theory known, their energy density is given, within one order of mag-
nitude, by

Vo3 -

(70)

= Viax -

E - 41th Jvmax \}3d nh 4

0

The approximation is valid for the case in which the cut-off frequency v, ,, is much larger
than the rest mass m of the particles corresponding to the field under consideration. The
limit considerations given above imply that the cut-off energy has to be of the order of
the Planck energy Vhc3/4G), about 0.6 - 10'° GeV= 1.0 GJ. That would give a vacuum

energy density of

E 117/ 3
— =10 m”, 71
v J/ (71)

which is about 10'?° times higher than the experimental measurement. In other words,

something is slightly wrong in the calculation due to quantum field theory.*

General relativity and quantum theory contradict each other in other ways. Gravity
is curved space-time. Extensive research has shown that quantum field theory, which
describes electrodynamics and nuclear forces, fails for situations with strongly curved
space-time. In these cases the concept of ‘particle’ is not precisely defined. Quantum
field theory cannot be extended to include gravity consistently, and thus to include gen-
eral relativity. Without the concept of the particle as a discrete entity, we also lose the
ability to perform perturbation calculations — and these are the only calculations possible

* It is worthwhile to stress that the ‘slight’ mistake lies in the domain of quantum field theory. There is no
mistake and no mystery, despite the many claims to the contrary found in newspapers and in bad research
articles, in general relativity. This well-known point is made especially clear by Bianchi and Rovelli.
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in quantum field theory. In short, quantum theory only works because it assumes that
gravity does not exist. Indeed, the gravitational constant G does not appear in quantum
field theory.

On the other hand, general relativity neglects the commutation rules between physical
quantities discovered in experiments on a microscopic scale. General relativity assumes
that the classical notions of position and momentum of material objects are meaningful.
It thus ignores Planck’s constant #, and only works by neglecting quantum effects.

The concept of measurement also differs. In general relativity, as in classical physics,
it is assumed that arbitrary precision of measurement is possible — for example, by using
finer and finer ruler marks. In quantum mechanics, on the other hand, the precision of
measurement is limited. The indeterminacy relation yields limits that follow from the
mass M of the measurement apparatus.

The contradictions also concern the concept of time. According to relativity and clas-
sical physics, time is what is read from clocks. But quantum theory says that precise
clocks do not exist, especially if gravitation is taken into account. What does ‘waiting 10
minutes’ mean, if the clock goes into a quantum-mechanical superposition as a result of
its coupling to space-time geometry? It means nothing.

Similarly, general relativity implies that space and time cannot be distinguished,
whereas quantum theory implies that matter does make a distinction between them. A
related difference is the following. Quantum theory is a theory of - admittedly weird —
local observables. In general relativity, there are no local observables, as Einstein’s hole
argument shows.

The contradiction between the two theories is shown most clearly by the failure of
general relativity to describe the pair creation of particles with spin 1/2, a typical and
essential quantum process. John Wheeler* and others have argued that, in such a case, the
topology of space necessarily has to change; in general relativity, however, the topology
of space is fixed. Equivalently, quantum theory says that matter is made of fermions, but
fermions cannot be incorporated into general relativity.**

Another striking contradiction was pointed out by Jiirgen Ehlers. Quantum theory is
built on point particles, and point particles move on time-like world lines. But following
general relativity, point particles have a singularity inside their black hole horizon; and
singularities always move on space-like world lines. The two theories thus contradict each
other at smallest distances.

No description of nature that contains contradictions can lead to a unified or to a
completely correct description. To eliminate the contradictions, we need to understand
their origin.

THE ORIGIN OF THE CONTRADICTIONS

All contradictions between general relativity and quantum mechanics have the same
origin. In 20th-century physics, motion is described in terms of objects, made up of

* John Archibald Wheeler (b. 1911, Jacksonville, d. 2008, Hightstown ), was a physicist and influential teacher
who worked on general relativity.

** As we will see below, the strand conjecture provides a way to incorporate fermions into an extremely
accurate approximation of general relativity, without requiring any topology change. This effectively inval-
idates Wheeler’s argument.
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particles, and space-time, made up of events. Let us see how these two concepts are
defined.

A particle - and in general any object - is defined as a conserved entity that has a
position and that can move. In fact, the etymology of the word object is connected to the
latter property. In other words, a particle is a small entity with conserved mass, charge,
spin and so on, whose position can vary with time.

An event is a point in space and time. In every physics text, time is defined with the
help of moving objects, usually called ‘clocks’, or moving particles, such as those emit-
ted by light sources. Similarly, length is defined in terms of objects, either with an old-
fashioned ruler or in terms of the motion of light, which is itself motion of particles.

Modern physics has sharpened our definitions of particles and space-time. Quantum
mechanics assumes that space-time is given (as a symmetry of the Hamiltonian), and
studies the properties of particles and their motion, both for matter and for radiation.
Quantum theory has deduced the full list of properties that define a particle. General re-
lativity, and especially cosmology, takes the opposite approach: it assumes that the prop-
erties of matter and radiation are given (for example, via their equations of state), and
describes in detail the space-time that follows from them, in particular its curvature.

However, one fact remains unchanged throughout all these advances: in the millen-
nium description of nature, the two concepts of particle and of space-time are each defined
with the help of the other. This circular definition is the origin of the contradictions
between quantum mechanics and general relativity. In order to eliminate the contradic-
tions and to formulate a complete theory, we must eliminate this circular definition.

THE DOMAIN OF CONTRADICTIONS: PLANCK SCALES

Despite their contradictions and the underlying circular definition, both general relativ-
ity and quantum theory are successful theories for the description of nature: they agree
with all data. How can this be?

Each theory of modern physics provides a criterion for determining when it is neces-
sary and when classical Galilean physics is no longer applicable. These criteria are the
basis for many arguments in the following chapters.

General relativity shows that it is necessary to take into account the curvature of empty
space* and space-time whenever we approach an object of mass m to within a distance
of the order of the Schwarzschild radius g, given by

rg = 2Gm/c* . (72)

The gravitational constant G and the speed of light c act as conversion constants. Indeed,
as the Schwarzschild radius of an object is approached, the difference between general
relativity and the classical 1/¢* description of gravity becomes larger and larger. For ex-
ample, the barely measurable gravitational deflection of light by the Sun is due to the
light approaching the Sun to within 2.4 - 10° times its Schwarzschild radius. Usually, we
are forced to stay away from objects at a distance that is an even larger multiple of the
Schwarzschild radius, as shown in Table 2. Only for this reason is general relativity unne-

* In the following, we use the terms ‘vacuum’ and ‘empty space’ interchangeably.
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TABLE 2 The size, Schwarzschild radius and Compton wavelength of some objects appearing in nature.
The lengths in quotation marks make no physical sense, as explained in the text.

OBJECT Dia- Massm ScHwARZ- RaTti1o ComMPTON RATIO

METER SCHILD dfrg WAVE- dfdg
d RADIUS fg LENGTH A¢
(red.)

galaxy ~1Zm =5-10kg =70Tm ~ 10’ <10%m> =10
neutronstar 10km  2.8-10°kg 4.2km 2.4 1.3-107m> 8.0-107°
Sun 14Gm 20-10°kg 3.0km 48-10° “1.0-107”m’> 8.0-10"
Earth 13Mm  6.0-10*kg 8.9mm 14-10° 58-10%m’ 22-10™
human 1.8m  75kg 0.11ym 1.6-10° 47-10"m’ 3.8-10*
molecule  10nm  0.57zg 85-10"m> 1.2-10® 62-100¥"m  1.6-10"
atom (*2C) 0.6nm 20yg 3.0-10"m> 2.0-10® 18-100"m  3.2-107
protonp  2fm 1.7yg 2.5-107*m> 8.0-10® 20-10"m 96
pion 1t 2fm  0.24yg 3.6-10°m’ 56-10° 15-10°m 14

up-quarku < 0.1fm 5-107°kg 7-1007m’  <1-10° 7.-10™m < 0.001
electrone  <4am 91-107'kg 14-1007m’ <3-10® 39-10”m <1-107°
neutrinov, <4am <3-10°kg ‘<5-10°m’ na. >1-107m  <3-107"

cessary in everyday life. We recall that objects whose size is given by their Schwarzschild
radius are black holes; smaller objects cannot exist.

Similarly, quantum mechanics shows that Galilean physics must be abandoned and
quantum effects must be taken into account whenever an object is approached to within
distances of the order of the (reduced) Compton wavelength A, given by

Ao=—. (73)

In this case, Planck’s constant / and the speed of light ¢ act as conversion factors to
transform the mass m into a length scale. Of course, this length is only relevant if the
object is smaller than its own Compton wavelength. At these scales we get relativistic
quantum effects, such as particle-antiparticle pair creation or annihilation. Table 2 shows
that the approach distance is near to or smaller than the Compton wavelength only in
the microscopic world, so that such effects are not observed in everyday life. Only for
this reason we do not need quantum field theory to describe common observations.

Combining concepts of quantum field theory and general relativity is required in situ-
ations where both conditions are satisfied simultaneously. The necessary approach dis-
tance for such situations is calculated by setting r¢ = 21 (the factor 2 is introduced for
simplicity). We find that this is the case when lengths or times are - within a factor of
order 1 - of the order of

Ip = ,FIG/C3 1.6 - 107* m, the Planck length, (74)

tp = VhG/C 54-10"*s, the Planck time.
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Whenever we approach objects at these scales, both general relativity and quantum
mechanics play a role, and effects of quantum gravity appear. Because the values of the
Planck dimensions are extremely small, this level of sophistication is unnecessary in
everyday life, in astronomy and even in particle physics.

In the millennium description of nature, all the contradictions and also the circular
definition just mentioned are effective only at Planck scales. You can check this yourself.
This is the reason that general relativity and quantum theory work so well in practice.

However, to answer the questions posed at the beginning - why do we live in three di-
mensions, why are there three interactions, and why is the proton 1836.15 times heavier
than the electron? - we require a precise and complete description of nature. To answer
these questions, we must understand physics at Planck scales.

In summary, general relativity and quantum theory do contradict each other. How-
ever, the domains where these contradictions play a role, the Planck scales, are not ac-
cessible by experiment. As a consequence, the contradictions and our lack of knowledge
of how nature behaves at the Planck scales have only one effect: we do not see the solu-
tions to the millennium issues.

We note that some researchers argue that the Planck scales specify only one of sev-
eral domains of nature where quantum mechanics and general relativity apply simultan-
eously. They mention horizons and the big bang as separate domains. However, it is more
appropriate to argue that horizons and the big bang are situations where Planck scales
are essential.

RESOLVING THE CONTRADICTIONS

The contradictions between general relativity and quantum theory have little practical
consequences. Therefore, for a long time, the contradictions were accommodated by
keeping the two theories separate. It is often said that quantum mechanics is valid at
small scales and general relativity is valid at large scales. This attitude is acceptable as
long as we remain far from the Planck length. However, this accommodating attitude
also prevents us from resolving the circular definition, the contradictions and therefore,
the millennium issues.

The situation resembles the well-known drawing, Figure 2, by Maurits Escher (b. 1898
Leeuwarden, d. 1972 Hilversum) in which two hands, each holding a pencil, seem to
be drawing each other. If one hand is taken as a symbol of vacuum and the other as a
symbol of particles, with the act of drawing taken as the act of defining, the picture gives
a description of twentieth-century physics. The apparent circular definition is solved by
recognizing that the two concepts (the two hands) both originate from a third, hidden
concept. In the picture, this third entity is the hand of the artist. In physics, the third
concept is the common origin of vacuum and particles.

We thus conclude that the contradictions in physics and the circular definition are
solved by common constituents for vacuum and matter. In order to find out what these
common constituents are and what they are not, we must explore the behaviour of nature
at the Planck scales.


http://www.motionmountain.net/research.html

Page 58

GENERAL RELATIVITY VERSUS QUANTUM THEORY 63

FIGURE 2 ‘Tekenen’ by Maurits
Escher, 1948 — a metaphor for the
way in which ‘particles’ and
‘space-time’ are defined: each with
the help of the other (© M.C. Escher
Heirs).

THE ORIGIN OF POINTS

General relativity is built on the assumption that space is a continuum of points. Already
at school we learn that lines, surfaces and areas are made of points. We take this as gran-
ted, because we imagine that finer and finer measurements are always possible. And all
experiments so far agree with the assumption. Fact is: in this reasoning, we first ideal-
ized measurement rulers — which are made of matter — and then ‘deduced’ that points
in space exist.

Quantum theory is built on the assumption that elementary particles are point-like.
We take this as granted, because we imagine that collisions at higher and higher energy
are possible that allow elementary particles to get as close as possible. And all experi-
ments so far agree with the assumption. Fact is: in this reasoning, we first imagined in-
finite energy and momentum values — which is a statement on time and space properties
- and then ‘deduce’ that point particles exist.

> The use of points in space and of separate, point-like particles are the reasons
for the mistaken vacuum energy calculation (71) that is wrong by 120 orders
of magnitude.

In short, only the circular definition of space and matter allows us to define points
and point particles. This puts us in a strange situation. On the one hand, experiment tells
us that describing nature with space points and with point particles works. On the other
hand, reason tells us that this is a fallacy and cannot be correct at Planck scales. We need
a solution.
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SUMMARY ON THE CLASH BETWEEN THE TWO THEORIES

General relativity and quantum theory contradict each other. In practice however, this
happens only at Planck scales; and this includes horizons. The reason for the contra-
diction is our insistence on a circular definition of space and particles. Indeed, we need
this circularity: Only such a circular definition allows us to define space points and point
particles at all.

In order to solve the contradictions between general relativity and quantum theory
and in order to understand nature at Planck scales, we must introduce common constitu-
ents for space and particles. But common constituents have an important consequence:
common constituents force us to stop using points to describe nature. We now explore
this connection.



http://www.motionmountain.net
http://www.motionmountain.net/research.html

Vol. ll, page 24

Ref. 50, Ref. 51

Ref. 52, Ref. 53
Ref. 54

Page 75

CHAPTER 4

DOES MATTER DIFFER FROM
VACUUM?

he appearance of the quantum of action in the description of motion leads

o limitations for all measurements: Heisenberg’s indeterminacy relations.

hese relations, when combined with the effects of gravitation, imply an almost
unbelievable series of consequences for the behaviour of nature at Planck scales. The
most important ones are the necessity to abandon points, instants and events, and the
equivalence of vacuum and matter. Here we show how these surprising and important
conclusions follow from simple arguments based on the indeterminacy relations, the
Compton wavelength and the Schwarzschild radius.

FAREWELL TO INSTANTS OF TIME

Time is composed of time atoms ... which in
fact are indivisible.
Maimonides**

Measurement limits appear most clearly when we investigate the properties of clocks and
metre rules. Is it possible to construct a clock that is able to measure time intervals shorter
than the Planck time? Surprisingly, the answer is no, even though the time-energy inde-
terminacy relation AEAt > h seems to indicate that by making AE large enough, we can
make At arbitrary small.

Every clock is a device with some moving parts. The moving parts can be mech-
anical wheels, or particles of matter in motion, or changing electrodynamic fields (i.e.,
photons), or decaying radioactive particles. For each moving component of a clock the
indeterminacy relation applies. As explained most clearly by Michael Raymer, the inde-
terminacy relation for two non-commuting variables describes two different, but related,
situations: it makes a statement about standard deviations of separate measurements on
many identical systems; and it describes the measurement precision for a joint measure-
ment on a single system. In what follows, we will consider only the second situation.

For a clock to be useful, we need to know both the time and the energy of each hand.
Otherwise it would not be a recording device. More generally, a clock must be a clas-
sical system. We need the combined knowledge of the non-commuting variables for each
moving component of the clock. Let us focus on the component with the largest time in-
determinacy At. It is evident that the smallest time interval 8¢ that can be measured by

** Moses Maimonides (b. 1135 Cordoba, d. 1204 Egypt) was a physician, philosopher and influential theo-
logian. However, there is no evidence for ‘time atoms’ in nature, as explained below.
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a clock is always larger than the quantum limit, i.e., larger than the time indeterminacy
At for the most “‘uncertain’ component. Thus we have

Ot = At > L , (75)
AE

where AE is the energy indeterminacy of the moving component. Now, AE must be smal-
ler than the total energy E = c*m of the component itself: AE < c*m.* Furthermore, a
clock provides information, so signals have to be able to leave it. Therefore the clock must
not be a black hole: its mass 7 must be smaller than a black hole of its size, i.e., m < ¢l /G,
where [ is the size of the clock (neglecting factors of order unity). Finally, for a sensible
measurement of the time interval 8¢, the size I of the clock must be smaller than ¢ 8¢,
because otherwise different parts of the clock could not work together to produce the
same time display: I < ¢8t.** If we combine these three conditions, we get

hG
St > o (76)
or
5t > TZ—S =ty . (77)

In summary, from three simple properties of any clock — namely, that it is only a single
clock, that we can read its dial, and that it gives sensible read-outs — we conclude that
clocks cannot measure time intervals shorter than the Planck time. Note that this argument
is independent of the nature of the clock mechanism. Whether the clock operates by
gravitational, electrical, mechanical or even nuclear means, the limit still applies.***
The same conclusion can be reached in other ways. For example, any clock small
enough to measure small time intervals necessarily has a certain energy indeterminacy
due to the indeterminacy relation. Meanwhile, on the basis of general relativity, any en-
ergy density induces a deformation of space-time, and signals from the deformed region
arrive with a certain delay due to that deformation. The energy indeterminacy of the
source leads to an indeterminacy in the deformation, and thus in the delay. The expres-
sion from general relativity for the deformation of the time part of the line element due
to a mass m is 8t = mG/Ic’. From the mass—energy relation, we see that an energy spread

* Physically, this condition means being sure that there is only one clock: if AE > E, it would be impossible
to distinguish between a single clock and a clock-anticlock pair created from the vacuum, or a component
together with two such pairs, and so on.

** It is amusing to explore how a clock larger than c 6t would stop working, as a result of the loss of rigidity
in its components.

*** Gravitation is essential here. The present argument differs from the well-known study on the limitations
of clocks due to their mass and their measuring time which was published by Salecker and Wigner and
summarized in pedagogical form by Zimmerman. In our case, both quantum mechanics and gravity are
included, and therefore a different, lower, and more fundamental limit is found. Also the discovery of black
hole radiation does not change the argument: black hole radiation notwithstanding, measurement devices
cannot exist inside black holes.
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AE produces an indeterminacy At in the delay:

AE G

At ===

lc (78)

This determines the precision of the clock. Furthermore, the energy indeterminacy of the
clock is fixed by the indeterminacy relation for time and energy AE > //At. Combining
all this, we again find the relation 8t > ¢y for the minimum measurable time.

We are forced to conclude that in nature, it is impossible to measure time intervals
shorter than the Planck time. Thus

> In nature there is a minimum time interval.

In other words, at Planck scales the term ‘instant of time’ has no theoretical or experimental
basis. But let us go on. Special relativity, quantum mechanics and general relativity all rely
on the idea that time can be defined for all points of a given reference frame. However,
two clocks a distance [ apart cannot be synchronized with arbitrary precision. Since the
distance between two clocks cannot be measured with an error smaller than the Planck
length I, and transmission of signals is necessary for synchronization, it is not possible
to synchronize two clocks with a better precision than Ip/c = tp, the Planck time. So
use of a single time coordinate for a whole reference frame is only an approximation.
Reference frames do not have a single time coordinate at Planck scales.

Moreover, since the time difference between events can only be measured within a
Planck time, for two events distant in time by this order of magnitude, it is not possible
to say with complete certainty which of the two precedes the other. But if events cannot
be ordered, then the very concept of time, which was introduced into physics to describe
sequences, makes no sense at Planck scales. In other words, after dropping the idea of a
common time coordinate for a complete frame of reference, we are forced to drop the
idea of time at a single ‘point’ as well. The concept of ‘proper time’ loses its meaning at
Planck scales.

FAREWELL TO POINTS IN SPACE

Our greatest pretenses are built up not to hide
the evil and the ugly in us, but our emptiness.
The hardest thing to hide is something that is
not there.

Eric Hoffer,* The Passionate State of Mind

In a similar way, we can deduce that it is impossible to make a metre rule, or any other
length-measuring device, that is able to measure lengths shorter than the Planck length.
Obviously, we can already deduce this from Ip; = c tp}, but an independent proof is also
possible.

For any length measurement, joint measurements of position and momentum are ne-
cessary. The most straightforward way to measure the distance between two points is to
put an object at rest at each position. Now, the minimal length 1 that can be measured

* Eric Hoffer (b. 1902 New York City, d. 1983 San Francisco), philosopher.
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must be larger than the position indeterminacy of the two objects. From the indeterm-
inacy relation we know that neither object’s position can be determined with a precision
Al better than that given by Al Ap = ki, where Ap is the momentum indeterminacy. The
requirement that there be only one object at each end (avoiding pair production from
the vacuum) means that Ap < mc: together, these requirements give

Ol>2Al> —. (79)
mc

Furthermore, the measurement cannot be performed if signals cannot leave the objects;
thus, they cannot be black holes. Therefore their masses must be small enough for their
Schwarzschild radius rg = 2Gm/c* to be less than the distance ! separating them. Again
omitting the factor of 2, we get

51> hc—f 1y (80)

Length measurements are limited by the Planck length.

Another way to deduce this limit reverses the roles of general relativity and quantum
theory. To measure the distance between two objects, we have to localize the first object
with respect to the other within a certain interval Ax. The corresponding energy in-
determinacy obeys AE = c(c*m” + (Ap)*)"/* > ch/Ax. However, general relativity shows
that a small volume filled with energy changes the curvature of space-time, and thus
changes the metric of the surrounding space. For the resulting distance change Al, com-
pared with empty space, we find the expression Al =~ GAE/c*. In short, if we localize the
first particle in space with a precision Ax, the distance to a second particle is known
only with precision Al. The minimum length &I that can be measured is obviously larger
than either of these quantities; inserting the expression for AE, we find again that the
minimum measurable length 81 is given by the Planck length.

We note that every length measurement requires a joint measurement of position and
momentum. This is particularly obvious if we approach a metre ruler to an object, but it
is equally true for any other length measurement.

We note that, since the Planck length is the shortest possible length, there can be
no observations of quantum-mechanical effects for a situation where the correspond-
ing de Broglie or Compton wavelength is smaller than the Planck length. In proton-
proton collisions we observe both pair production and interference effects. In contrast,
the Planck limit implies that in everyday, macroscopic situations, such as car—car col-
lisions, we cannot observe embryo-antiembryo pair production and quantum interfer-
ence effects.

Another way to convince oneself that points have no meaning is to observe that a
point is an entity with vanishing volume; however, the minimum volume possible in
nature is the Planck volume Vp; = I3,

We conclude that the Planck units not only provide natural units; they also provide -
within a factor of order one - the limit values of space and time intervals.

In summary, from two simple properties common to all length-measuring devices,
namely that they are discrete and that they can be read, we arrive at the conclusion that
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> Lengths smaller than the Planck length cannot be measured.

Whatever method is used, be it a metre rule or time-of-flight measurement, we cannot
overcome this fundamental limit. It follows that the concept of a ‘point in space’ has no
experimental or theoretical basis. In other terms,

> In nature there is a minimum length interval.

The limitations on length measurements imply that we cannot speak of continuous space,
except in an approximate sense. As a result of the lack of measurement precision at Planck
scales, the concepts of spatial order, of translation invariance, of isotropy of the vacuum
and of global coordinate systems have no experimental basis.

THE GENERALIZED INDETERMINACY RELATION

The limit values for length and time measurements are often expressed by the so-called
generalized indeterminacy relation

G
ApAx = h/2+ fc—3(Ap)2 (81)
or
By o
ApAx > h/2+fE(Ap) , (82)

where f is a numerical factor of order unity. A similar expression holds for the time-
energy indeterminacy relation. The first term on the right-hand side is the usual
quantum-mechanical indeterminacy. The second term is negligible for everyday ener-
gies, and is significant only near Planck energies; it is due to the changes in space-time
induced by gravity at these high energies. You should be able to show that the generalized
principle (81) implies that Ax can never be smaller than f'/[y,.

The generalized indeterminacy relation is derived in exactly the same way in which
Heisenberg derived the original indeterminacy relation ApAx > f/2, namely by studying
the scattering of light by an object under a microscope. A careful re-evaluation of the
process, this time including gravity, yields equation (81). For this reason, all descriptions
that unify quantum mechanics and gravity must yield this relation, and indeed all known
approaches do so.

FAREWELL TO SPACE-TIME CONTINUITY

Ich betrachte es als durchaus moglich, dass die Physik nicht auf dem Feldbegriff

begriindet werden kann, d.h. auf kontinuierlichen Gebilden. Dann bleibt von

meinem ganzen Luftschloss inklusive Gravitationstheorie nichts bestehen.*
Albert Einstein, 1954, in a letter to Michele Besso.

* ‘T consider it as quite possible that physics cannot be based on the field concept, i.e., on continuous struc-
tures. In that case, nothing remains of my castle in the air, gravitation theory included.’
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The classical description of nature is based on continuity: it involves and allows differ-
ences of time and space that are as small as can be imagined. Between any two points
in time or space, the existence of infinitely many other points is assumed. Measurement
results of arbitrary small values are deemed possible. The same is valid for action values.

However, quantum mechanics begins with the realization that the classical concept of
action makes no sense below the value of #/2; similarly, unified theories begin with the
realization that the classical concepts of time and length make no sense below Planck
scales. Therefore, the continuum description of space-time has to be abandoned in favour
of a more appropriate description.

The minimum length distance, the minimum time interval, and equivalently, the new,
generalized indeterminacy relation appearing at Planck scales show that space, time and
in particular, space-time, are not well described as a continuum. Inserting cAp > AE >
h/At into equation (81), we get

AxAt > hG/c* = tyly (83)

which of course has no counterpart in standard quantum mechanics. This shows that
also space-time events do not exist. The concept of an ‘event’, being a combination of a
‘point in space’ and an ‘instant of time’, loses its meaning for the description of nature
at Planck scales.

Interestingly, the view that continuity must be abandoned is almost one hundred years
old. Already in 1917, Albert Einstein wrote in a letter to Werner Déllenbach:

Wenn die molekulare Auffassung der Materie die richtige (zweckmis-
sige) ist, d.h. wenn ein Teil Welt durch eine endliche Zahl bewegter Punkte
darzustellen ist, so enthélt das Kontinuum der heutigen Theorie zu viel Man-
nigfaltigkeit der Moglichkeiten. Auch ich glaube, dass dieses zu viel daran
schuld ist, dass unsere heutige Mittel der Beschreibung an der Quanten-
theorie scheitern. Die Frage scheint mir, wie man {iber ein Diskontinuum
Aussagen formulieren kann, ohne ein Kontinuum (Raum-Zeit) zu Hilfe zu
nehmen; letzteres wire als eine im Wesen des Problems nicht gerechtfertigte
zusitzliche Konstruktion, der nichts “Reales” entspricht, aus der Theorie zu
verbannen. Dazu fehlt uns aber leider noch die mathematische Form. Wie
viel habe ich mich in diesem Sinne schon geplagt!

Allerdings sehe ich auch hier prinzipielle Schwierigkeiten. Die Elektro-
nen (als Punkte) wéren in einem solchen System letzte Gegebenheiten (Bau-
steine). Gibt es {iberhaupt letzte Bausteine? Warum sind diese alle von glei-
cher Grosse? Ist es befriedigend zu sagen: Gott hat sie in seiner Weisheit alle
gleich gross gemacht, jedes wie jedes andere, weil er so wollte; er hitte sie
auch, wenn es ihm gepasst hitte, verschieden machen koénnen. Da ist man
bei der Kontinuum-Auffassung besser dran, weil man nicht von Anfang an
die Elementar-Bausteine angeben muss. Ferner die alte Frage vom Vakuum!
Aber diese Bedenken miissen verblassen hinter der blendenden Tatsache:
Das Kontinuum ist ausfiihrlicher als die zu beschreibenden Dinge...

Lieber Déllenbach! Was hilft alles Argumentieren, wenn man nicht bis zu
einer befriedigenden Auffassung durchdringt; das aber ist verteufelt schwer.
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Es wird einen schweren Kampf kosten, bis man diesen Schritt, der uns da
vorschwebt, wirklich gemacht haben wird. Also strengen Sie Ihr Gehirn an,
vielleicht zwingen Sie es.*

The second half of this text will propose a way to rise to the challenge. At this point
however, we first complete the exploration of the limitations of continuum physics.

In 20th century physics, space-time points are idealizations of events — but this ideal-
ization is inadequate. The use of the concept of ‘point’ is similar to the use of the concept
of ‘aether’ a century ago: it is impossible to measure or detect.

> Like the ‘aether’, also ‘points’ lead reason astray.

All paradoxes resulting from the infinite divisibility of space and time, such as Zeno’s
argument on the impossibility of distinguishing motion from rest, or the Banach-Tarski
paradox, are now avoided. We can dismiss them straight away because of their incorrect
premises concerning the nature of space and time.

The consequences of the Planck limits for measurements of time and space can be
expressed in other ways. It is often said that given any two points in space or any two
instants of time, there is always a third in between. Physicists sloppily call this property
continuity, while mathematicians call it denseness. However, at Planck scales this prop-
erty cannot hold, since there are no intervals smaller than the Planck time. Thus points
and instants are not dense, and

> Between two points there is not always a third.

This results again means that space and time are not continuous. Of course, at large scales
they are — approximately — continuous, in the same way that a piece of rubber or a liquid
seems continuous at everyday scales, even though it is not at a small scale. But in nature,
space, time and space-time are not continuous entities.

* “If the molecular conception of matter is the right (appropriate) one, i.e., if a part of the world is to be
represented by a finite number of moving points, then the continuum of the present theory contains too
great a manifold of possibilities. I also believe that this ‘too great’ is responsible for our present means of
description failing for quantum theory. The questions seems to me how one can formulate statementsabout
a discontinuum without using a continuum (space-time) as an aid; the latter should be banned from the
theory as a supplementary construction not justified by the essence of the problem, which corresponds to
nothing “real”. But unfortunately we still lack the mathematical form. How much have I already plagued
myself in this direction!

Yet I also see difficulties of principle. In such a system the electrons (as points) would be the ultimate
entities (building blocks). Do ultimate building blocks really exist? Why are they all of equal size? Is it sat-
isfactory to say: God in his wisdom made them all equally big, each like every other one, because he wanted
it that way; he could also have made them, if he had wanted, all different. With the continuum viewpoint
one is better off, because one doesn’t have to prescribe elementary building blocks from the outset. Fur-
thermore, the old question of the vacuum! But these considerations must pale beside the dazzling fact: The
continuum is more ample than the things to be described...

Dear Diéllenbach! All arguing does not help if one does not achieve a satisfying conception; but this is
devilishly difficult. It will cost a difficult fight until the step that we are thinking of will be realized. Thus,
squeeze your brain, maybe you can force it.’

Compare this letter to what Einstein wrote almost twenty and almost forty years later.
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But there is more to come. The very existence of a minimum length contradicts the
theory of special relativity, in which it is shown that lengths undergo Lorentz contraction
when the frame of reference is changed. There is only one conclusion: special relativity
(and general relativity) cannot be correct at very small distances. Thus,

> Space-time is not Lorentz-invariant (nor diffeomorphism-invariant) at
Planck scales.

All the symmetries that are at the basis of special and general relativity are only approx-
imately valid at Planck scales.

The imprecision of measurement implies that most familiar concepts used to describe
spatial relations become useless. For example, the concept of a metric loses its usefulness
at Planck scales, since distances cannot be measured with precision. So it is impossible
to say whether space is flat or curved. The impossibility of measuring lengths exactly is
equivalent to fluctuations of the curvature, and thus of gravity.

In short, space and space-time are not smooth at Planck scales. This conclusion has
important implications. For example, the conclusion implies that certain mathematical
solutions found in books on general relativity, such as the Eddington-Finkelstein co-
ordinates and the Kruskal-Szekeres coordinates do not describe nature! Indeed, these
coordinate systems, which claim to show that space-time goes on behind the horizon of
a black hole, are based on the idea that space-time is smooth everywhere. However,
quantum physics shows that space-time is not smooth at the horizon, but fluctuates
wildly there. In short, quantum physics confirms what common sense already knew:
Behind a horizon, nothing can be observed, and thus there is nothing there.

FAREWELL TO DIMENSIONALITY

Even the number of spatial dimensions makes no sense at Planck scales. Let us remind
ourselves how to determine this number experimentally. One possible way is to determ-
ine how many points we can choose in space such that all the distances between them
are equal. If we can find at most n such points, the space has n — 1 dimensions. But if
reliable length measurement at Planck scales is not possible, there is no way to determine
reliably the number of dimensions of space with this method.

Another way to check for three spatial dimensions is to make a knot in a shoe string
and glue the ends together: since it stays knotted, we know that space has three dimen-
sions, because there is a mathematical theorem that in spaces with greater or fewer than
three dimensions, knots do not exist. Again, at Planck scales, we cannot say whether a
string is knotted or not, because measurement limits at crossings make it impossible to
say which strand lies above the other.

There are many other methods for determining the dimensionality of space.” In all
cases, the definition of dimensionality is based on a precise definition of the concept of

* For example, we can determine the dimension using only the topological properties of space. If we draw a
so-called covering of a topological space with open sets, there are always points that are elements of several
sets of the covering. Let p be the maximal number of sets of which a point can be an element in a given
covering. The minimum value of p over all possible coverings, minus one, gives the dimension of the space.

In fact, if physical space is not a manifold, the various methods for determining the dimensionality may
give different answers. Indeed, for linear spaces without norm, the dimensionality cannot be defined in a
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neighbourhood. At Planck scales, however, length measurements do not allow us to say
whether a given point is inside or outside a given region. In short, whatever method we
use, the lack of precise length measurements means that

> At Planck scales, the dimensionality of physical space is not defined.

FAREWELL TO THE SPACE-TIME MANIFOLD

The reasons for the problems with space-time become most evident when we remember
Euclid’s well-known definition: ‘A point is that which has no part.” As Euclid clearly un-
derstood, a physical point, as an idealization of position, cannot be defined without some
measurement method. Mathematical points, however, can be defined without reference
to a metric. They are just elements of a set, usually called a ‘space’. (A ‘measurable’ or
‘metric’ space is a set of points equipped with a measure or a metric.)

In the case of physical space-time, the concepts of measure and of metric are more
fundamental than that of a point. Confusion between physical and mathematical space
and points arises from the failure to distinguish a mathematical metric from a physical
length measurement.”

Perhaps the most beautiful way to make this point is the Banach-Tarski theorem,
which clearly shows the limits of the concept of volume. The theorem states that a sphere
made up of mathematical points can be cut into five pieces in such a way that the pieces
can be put together to form two spheres, each of the same volume as the original one.
However, the necessary ‘cuts’ are infinitely curved and detailed: the pieces are wildly dis-
connected. For physical matter such as gold, unfortunately — or fortunately - the exist-
ence of a minimum length, namely the atomic distance, makes it impossible to perform
such a cut. For vacuum, the puzzle reappears. For example, the energy of zero-point
fluctuations is given by the density times the volume; following the Banach-Tarski the-
orem, the zero-point energy content of a single sphere should be equal to the zero-point
energy of two similar spheres each of the same volume as the original one. The paradox
is resolved by the Planck length, which provides a fundamental length scale even for va-
cuum, thus making infinitely complex cuts impossible. Therefore, the concept of volume
is only well defined at Planck scales if a minimum length is introduced.

To sum up:

> Physical space-time cannot be a set of mathematical points.

But there are more surprises. At Planck scales, since both temporal and spatial order
break down, there is no way to say if the distance between two nearby space-time regions

unique way. Different definitions (fractal dimension, Lyapunov dimension, etc.) are possible.

* Where does the incorrect idea of continuous space-time have its roots? In everyday life, as well as in phys-
ics, space-time is a book-keeping device introduced to describe observations. Its properties are extracted
from the properties of observables. Since observables can be added and multiplied, like numbers, we in-
fer that they can take continuous values, and, in particular, arbitrarily small values. It is then possible to
define points and sets of points. A special field of mathematics, topology, shows how to start from a set of
points and construct, with the help of neighbourhood relations and separation properties, first a topological
space, then, with the help of a metric, a metric space. With the appropriate compactness and connectedness
relations, a manifold, characterized by its dimension, metric and topology, can be constructed.
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is space-like or time-like.
> At Planck scales, time and space cannot be distinguished from each other.

In addition, we cannot state that the topology of space-time is fixed, as general relativity
implies. The topology changes, mentioned above, that are required for particle reactions
do become possible. In this way another of the contradictions between general relativity
and quantum theory is resolved.

In summary, space-time at Planck scales is not continuous, not ordered, not endowed
with a metric, not four-dimensional, and not made up of points. It satisfies none of the
defining properties of a manifold.* We conclude that the concept of a space-time manifold
has no justification at Planck scales. This is a strong result. Even though both general
relativity and quantum mechanics use continuous space-time, the combined theory does
not.

FAREWELL TO OBSERVABLES, SYMMETRIES AND MEASUREMENTS

If space and time are not continuous, no quantities defined as derivatives with respect
to space or time are precisely defined. Velocity, acceleration, momentum, energy and
so on are only well defined under the assumption of continuity. That important tool,
the evolution equation, is based on derivatives and can thus no longer be used. There-
fore the Schrodinger and Dirac equations lose their basis. Concepts such as ‘derivative’,
‘divergence-free’ and ‘source free’ lose their meaning at Planck scales.

All physical observables are defined using length and time measurements. Each phys-
ical unit is a product of powers of length and time (and mass) units. (In the SI system,
electrical quantities have a separate base quantity, the ampere, but the argument still
holds: the ampere is itself defined in terms of a force, which is measured using the three
base units of length, time and mass.) Since time and length are not continuous, at Planck
scales, observables cannot be described by real numbers.

In addition, if time and space are not continuous, the usual expression for an observ-
able field, A(¢, x), does not make sense: we have to find a more appropriate description.
Physical fields cannot exist at Planck scales. Quantum mechanics also relies on the possib-
ility to add wave functions; this is sometimes called the superposition principle. Without
fields and superpositions, all of quantum mechanics comes crumbling down.

The lack of real numbers has severe consequences. It makes no sense to define multi-
plication of observables by real numbers, but only by a discrete set of numbers. Among
other implications, this means that observables do not form a linear algebra. Observ-
ables are not described by operators at Planck scales. In particular, the most important
observables are the gauge potentials. Since they do not form an algebra, gauge symmetry
is not valid at Planck scales. Even innocuous-looking expressions such as [x;, x;] = 0 for
x; # x;, which are at the root of quantum field theory, become meaningless at Planck
scales. Since at those scales superpositions cannot be backed up by experiment, even
the famous Wheeler-DeWitt equation, sometimes assumed to describe quantum grav-
ity, cannot be valid.

* A manifold is what looks locally like a Euclidean space. The exact definition can be found in the previous
volume.
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Similarly, permutation symmetry is based on the premise that we can distinguish two
points by their coordinates, and then exchange particles between those locations. As we
have just seen, this is not possible if the distance between the two particles is very small.
We conclude that permutation symmetry has no experimental basis at Planck scales.

Even discrete symmetries, like charge conjugation, space inversion and time reversal,
cannot be correct in this domain, because there is no way to verify them exactly by meas-
urement. CPT symmetry is not valid at Planck scales.

Finally we note that all types of scaling relations break down at small scales, because
of the existence of a smallest length. As a result, the renormalization group breaks down
at Planck scales.

In summary, due to the impossibility of accurate measurements,

> All symmetries break down at Planck scales.

For example, supersymmetry cannot be valid at Planck scale. All mentioned conclusions
are consistent: if there are no symmetries at Planck scales, there are also no observables,
since physical observables are representations of symmetry groups. And thus,

> The concept of measurement has no significance at Planck scales.
This results from the limitations on time and length measurements.

CAN SPACE OR SPACE-TIME BE A LATTICE?

Let us take a breath. Can a space or even a space-time lattice be an alternative to con-
tinuity?

Discrete models of space-time have been studied since the 1940s. Recently, the idea
that space or space-time could be described as a lattice — like a crystal — has been explored
most notably by David Finkelstein and by Gerard "t Hooft. The idea of space as a lattice
is based on the idea that, if there is a minimum distance, then all distances are multiples
of this minimum.

In order to get an isotropic and homogeneous situation for large, everyday scales,
the structure of space cannot be periodic, but must be random. But not only must it be
random in space, it must also be fluctuating in time. In fact, any fixed structure for space-
time would violate the result that there are no lengths smaller than the Planck length: as
a result of the Lorentz contraction, any moving observer would find lattice distances
smaller than the Planck value. Worse still, the fixed lattice idea conflicts with general
relativity, in particular with the diffeomorphism-invariance of the vacuum.

Thus, neither space nor space-time can be a lattice. A minimum distance does exist in
nature; however, we cannot hope that all other distances are simple multiples of it.

> Space is not discrete. Neither is space-time.

We will discover more evidence for this negative conclusion later on.
But in fact, many discrete models of space and time have a much bigger limitation.
Any such model has to answer a simple question: Where is a particle during the jump
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from one lattice point to the next? This simple question eliminates most naive space-time
models.

A GLIMPSE OF QUANTUM GEOMETRY

Given that space-time is not a set of points or events, it must be something else. We have
three hints at this stage. The first is that in order to improve our description of motion
we must abandon ‘points’, and with them, abandon the local description of nature. Both
quantum mechanics and general relativity assume that the phrase ‘observable at a point’
has a precise meaning. Because it is impossible to describe space as a manifold, this
expression is no longer useful. The unification of general relativity and quantum physics
forces the adoption of a non-local description of nature at Planck scales. This is the first
hint.

The existence of a minimum length implies that there is no way to physically distin-
guish between locations that are even closer together. We are tempted to conclude that
no pair of locations can be distinguished, even if they are one metre apart, since on any
path joining two points, no two locations that are close together can be distinguished.
The problem is similar to the question about the size of a cloud or of an atom. If we
measure water density or electron density, we find non-vanishing values at any distance
from the centre of the cloud or the atom; however, an effective size can still be defined,
because it is very unlikely that the effects of the presence of a cloud or of an atom can
be seen at distances much larger than this effective size. Similarly, we can guess that two
points in space-time at a macroscopic distance from each other can be distinguished be-
cause the probability that they will be confused drops rapidly with increasing distance.
In short, we are thus led to a probabilistic description of space-time. This is the second
hint. Space-time becomes a macroscopic observable, a statistical or thermodynamic limit
of some microscopic entities. This is our second hint.

We note that a fluctuating structure for space-time also avoids the problems of fixed
structures with Lorentz invariance. In summary, the experimental observations of spe-
cial relativity — Lorentz invariance, isotropy and homogeneity - together with the notion
of a minimum distance, point to